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Abstract

Progress in fundamental physics requires new experimental data. The point of view of this thesis is
that there are a finite, manageable number of signals that new physics could produce in the laboratory,
and that each of them can be precisely searched for by dedicated experiments using modern technology.
For example, axions only have three qualitatively different leading couplings, to photons, gluons, and
fermions. I will discuss a new way to probe axion dark matter through each of these couplings, using
excited superconducting cavities for the axion-photon coupling, nuclear spin-polarized haloscopes for
the axion-gluon coupling, and magnetized multilayers for the axion-fermion coupling. Dark matter
could also exist in the form of macroscopic clumps, or light particles. In the former case, I show that
collisions of these clumps with stars produce distinctive transients, which can be effectively searched
for with ultraviolet telescopes. In the latter case, I show that production of dark matter particles
through the decays of light vector mesons can be detected in “missing energy” experiments. In all of
the cases discussed, it is possible to improve sensitivity to these effects by orders of magnitude, using
only existing technology. Finally, I will discuss the intriguing possibility that the known massless
particles in nature actually have “continuous” spin. Though most effects of new physics emerge in
the ultraviolet, I will show that this particular question can only be settled by looking in the far

infrared, motivating an entirely new class of experiments.
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Existing constraints on the axion-electron coupling. Laboratory constraints are from
torsion pendulums [25, 26], atomic clocks [27], comagnetometers [28], ferromagnetic
haloscopes [29, 30, 31, 32], and electron g — 2 measurements [33, 34] (using the
20 uncertainty of the latest measurement [35]). Astrophysical constraints are from
XENONNT solar axion searches [36] and from considerations of additional energy
loss from the Sun [37], white dwarfs [38], and red giants [39]. However, the red giant
bound may be significantly weakened when uncertainties in stellar parameters are
accounted for [40]. Furthermore, all of these astrophysical constraints are relaxed
in axion models with environment-dependent couplings [41]. Bounds derived from
supernova 1987A [42, 43] and Big Bang nucleosynthesis [43, 44] are about two orders
of magnitude weaker than the solar bound and not shown here for clarity. The orange
band corresponds to QCD axion models, reviewed in, e.g., Ref. [45]. . . . ... ...
Proposed searches for the axion-electron coupling, with existing limits (shaded gray)
as in Fig. 5.1. The new directions we explore are shown in solid green, and discussed
in the corresponding sections. Dotted gray projections [46, 47] should be revised,
as discussed in Sec. 5.5. As solid gray lines, we show projections from torsion pen-
dulums [48], comagnetometers [28], an electron storage ring [49], nitrogen vacancy
centers [50], ferromagnetic haloscopes using MnCOg [51] and YIG [52], and absorption
into electronic excitations in atoms [53], superconductors [54], spin-orbit coupled ma-
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Schematic representation of the axion-induced electromagnetic signals considered in
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view of HST, which encompasses the entire stellar core, but only part of the DM core.
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Bounds on invisible meson decay, summarizing information from Tables 7.1 and 7.3. We
show the best current bound, our projected 90% C.L. exclusions for four experimental
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Differential cross sections for coherent (dashed) and incoherent (solid) w photoproduc-
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Constraints on the dark photon model with fermionic DM. At left, we show existing
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I [79]. « o o
Same as Fig. 7.6, but in the U(1) 5 model. In this case, the leading existing constraints
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Chapter 1

Introduction

1.1 Progress and Stagnation

What is the root cause of progress in fundamental physics? We imagine a balding professor sunk deep
in an armchair. Hours pass with no discernable motion until — suddenly — the moment of inspiration
arrives. At an instant, a totally new conception of reality is born, fully formed, owing nothing to
anything but the physicist’s own creativity. He knows, from its mathematical perfection, that his
idea must be right. All that’s left to do is to collect the Nobel prizes.

Such a corny picture would be offered by the vast majority of laypeople, and even the majority
of physics students. The wiser students might offer a more refined story: creativity comes from
collaboration. In this more modern picture, we imagine several physicists from around the world,
with hair, huddling together while sipping espresso in a beautiful sunlit room. Chalk dust flies until
the true description of Nature appears on the board. The new friends triumphantly elbow bump and
submit a paper to arXiv with an alphabetically ordered author list.

In my opinion, both of these pictures miss the true root cause of progress, which has more to do
with the electricians installing power lines and solar panels outside the physics building. The problem
is that it is very, very difficult to guess laws of nature, because of the combinatorial explosion of
the number of possibilities, and the mental effort required to investigate each one. When we look
at the history of physics we find (with perhaps the sole exception of general relativity) that every
correct guess came only when it was forced by experiment. Experimental null results rule out entire
classes of theories, anomalies sharply focus attention on a place existing theories broke down, and
when the way forward is unclear, a large collection of new data presents patterns to explain. After a
huge number of incorrect guesses, now forgotten, the correct theoretical guess is finally made once it
becomes one of the two or three simplest remaining options. (And of course, it isn’t even identified
as the correct one until later experimental data arrives.) This is the story of the Standard Model,

which was assembled by dozens of theorists, one particle at a time.
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So we have experimentalists to thank, but experimentalists in turn rely on the level of technology
and industrial production in their society [89], and external financial support. This is illustrated by
countless examples from the history of physics. The Carnot cycle came from the mind of Carnot
in 1824, but it was a consequence of exposure to a variety of steam engines, funded by the French
government to compete with the British. Maxwell’s derivation of the speed of electromagnetic waves
was brilliant, but it was inspired by Faraday’s physical picture of retardation in telegraph cables,
which had been laid at great expense to connect the British empire. Special relativity was motivated
by experiments by Fizeau, Michelson and Morley, Lodge, and Trouton and Noble; Michelson and
Morley’s experiment, which cost a significant fraction of their department’s entire budget, required
tons of stone and mercury, fitted with the finest optical equipment. More generally, many advances in
physics are rooted in improvements in optics. Quantum mechanics owes a debt to atomic spectroscopy,
and for centuries, our changing view of our place in the universe has come from telescopes with ever
larger mirrors. Certainly, experiments can stimulate advances in technology, but more commonly
technology is developed for economic or military ends, and applied to experiment.

One might object that this viewpoint is too broad to be useful, but I believe it gives the best
explanation of the incredible pace of progress in particle physics in the mid-20*" century, and its
present situation. Discoveries in that era were made with better particle colliders, and colliders are big
infrastructure, requiring enormous amounts of concrete, steel, magnets, coolant, and electrical power.
In the United States, the maximum attainable particle energy rose exponentially in the postwar
period, from the Bevatron in the 1950s to the Tevatron in the 1980s, ending with the cancellation
of the Superconducting Super Collider (SSC) in 1993 [90]. At the same time, the United States
became the preeminent industrial power in the world, its government invested heavily in R&D, and
particle physics received a larger share of that funding partly due to its proximity to the prestigious
Manhatten Project. But after the cancellation of the SSC, particle colliders ceased to grow larger,
and improvements in particle energy dramatically slowed. The European particle physics community,
scrambling to make up for the loss of the SSC, designed the Large Hadron Collider to fit in a tunnel
originally dug for another collider in the 1980s. That tunnel is now 40 years old, and remains the
longest used for particle physics in the world.

Why hasn’t another tunnel been dug? On paper, there seems to be no obstacle. The costs for
larger colliders are higher, but the American GDP (adjusted for inflation) has tripled since 1980.
By now, we should be able to afford the Superconducting Super Collider! But the more important
limiting factor is that measures of industrial production, such as American energy consumption and
steel production, have stayed flat or declined since 1980. It is unrealistic to expect particle physics to
claim an ever increasing share of a society’s material budget. As a result, our field predominantly
reuses old infrastructure, and when their use is exhausted, further scientific advances seem unlikely.
No amount of new thinking can replace getting new data, and new data can only be gathered when

we gain the ability to make measurements we couldn’t before.
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This “materialist” explanation of progress and stagnation in particle physics works far better
than the common narratives one finds in popular science. For example, one often hears a “vitalist”
argument that progress in particle physics ceased because of a depletion of bold ideas sprung from
creative genius. But in the golden age of particle physics, correct new ideas were incremental. They
relied on the same principles of relativistic quantum field theory, introduced only one or two new
particles or interactions at a time, and often were discovered by many workers simultaneously, as was
the case for the Englert—Brout—Higgs—Guralnik—Hagen—Kibble (now just “Higgs”) mechanism. If
anything, theoretical ideas have been steadily growing bolder since the golden age, introducing more
parameters at once, discarding more cherished principles, or requiring higher energies to test.

There is also the “metaphysical” argument that the entire endeavor of fundamental physics is
intrinsically doomed, for some reason beyond human comprehension. For example, some claim that
anthropic arguments can explain the mass of the Higgs boson, removing any pressing need for new
particles. That might be true at the TeV scale, but anthropic arguments can’t explain most of the
Standard Model’s open questions, such as the nature of dark matter, the origin of baryons, the strong
CP problem, or the detailed structure of fermion masses. Furthermore, even in the absence of such
problems, it would still be surprising for new particles to be roughly evenly distributed in mass on
a logarithmic scale, only to abruptly and permanently stop at the TeV scale; that in itself would
require a compelling explanation.

One such explanation is the “great desert” hypothesis. In order to speculate about grand
unification, a phenomenon which might occur at energies a trillion times above experimental reach,
one must know the properties of all particles coupled to Standard Model gauge fields up to that
scale. A priori, this is as difficult as trying to guess the entirety of the Standard Model (up to
my ~ 102 GeV) in the 1800s, when the highest energy particles we were aware of were visible light.
The traditional assumption is that many supersymmetric particles sit at the TeV scale, followed by a
desert containing no particles all the way up to the unification scale. This is a reasonable first guess,
for which there is no strong evidence. But it is thought that since we’ve passed the TeV scale and
found nothing, we are presumably now in the desert and can’t find anything else. This feeling isn’t
just unjustified, it’s logically self-contradictory: the failure of models of weak-scale supersymmetry
decreases our confidence in traditional grand unification and the great desert, increasing the chance
that new particles exist above the TeV scale.

Still, the materialist narrative seems even more pessimistic than the others. Under the metaphysical
narrative, we have done excellently, and found all there is to find. According to the vitalists, we
simply need to adjust how we think, or tweak the academic funding system. But if progress requires
ever larger quantities of steel and electricity, there seems to be nothing a particle physicist can do.

A common comforting response is simply to declare that this isn’t a theorist’s problem, and retreat
to the study of toy models, or thought experiments centuries beyond experimental test. (Indeed, I

have been told that if a theorist does not work on untestable physics, then that theorist is “merely”
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Figure 1.1: A schematic of known physics, and several directions to search for new physics.

an experimentalist — as if this were an insult!) But in my view, physics is interesting precisely because
it can relate abstract mathematics to the real world. Quantum fields certainly exhibit some tricky
mathematical subtleties, but they’re fascinating because nature apparently “breathes life” into some
of them. Without its connection to reality, physics would just become an undistinguished branch of
pure mathematics.

Fortunately, there is a way forward. Though our capacity to build larger colliders has stagnated,
other aspects of technology have advanced rapidly since the 1980s. We can now prepare and control
particles to much greater precision than before. Detectors are more sensitive, with some using
quantum mechanical effects to go beyond the standard quantum limit. Telescopes are larger, and can
measure a broader range of radiation than ever before — including, for the first time, gravitational
radiation. The key question is to find a way to put this technology to work, in the search for new

fundamental physics.

1.2 The Landscape of New Physics

But where might this new fundamental physics be hiding? A rough schematic of the situation is
shown in Fig. 1.1. Known particles, encapsulated in the Standard Model, feature a reasonably strong
coupling to other known particles, as well as a mass within reach of the Large Hadron Collider.
Smaller masses correspond to longer distances, and long-distance physics is tested through precision
terrestrial and astrophysical experiments.

If funded, new large-scale colliders would extend the energy frontier upward in mass. However,
the largest American particle physics experiment currently being built is the Deep Underground
Neutrino Detector (DUNE), which seeks to measure the properties of neutrinos more precisely. If

one doesn’t count telescopes, the next-largest effort is the search for Weakly Interacting Massive
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Particles (WIMPs), which are particles with masses comparable to nuclei, that could comprise the
dark matter that seems to account for most of the universe’s matter content.

These are well-motivated efforts which explore important places where new physics could be
hiding, but far from exhaustive. For example, one of the main motivations to search for WIMPs was
the fact that they emerged naturally in theories of weak-scale supersymmetry, which have since failed
experimental test. Without this anchor, the possibilities are much broader. For example, dark matter
could exist in the form of macroscopic clumps. If they are comparable in mass to asteroids, then
they would be too rare to detect via impacts on Earth, and too light to detect at a distance through
gravitational lensing. Alternatively, dark matter could consist of discrete particles lighter than a
WIMP, which would deposit too little energy in each impact to be detectable in existing experiments.
Furthermore, in the “ultralight” limit, each field mode is occupied by many dark matter particles, so
that they collectively act on detectors like a classical field. The resulting experimental signatures
look nothing like discrete impacts. Instead, they are extremely weak, but persistent signals, which
penetrate conventional shielding.

Particle physics also has an underappreciated frontier, associated with low energies and long
distances. It is usually assumed that if one understands a perturbative theory at some energy
scale, then one automatically understands it at all lower energy scales; it is only at higher energies
that unknown interactions and particles can enter. This is true for many familiar examples, but
it breaks down dramatically for theories containing massless particles with “continuous spin”.
Counterintuitively, such particles can behave like the known photon or graviton at high energies,
but also carry additional degrees of freedom, which are only revealed by interactions at very low
energies. This immediately raises the question of whether the photon and graviton actually have
continuous spin. Answering this question requires probing them in the exact opposite regime that
particle physics experiments traditionally focus on.

A common theme of the above discussion is the diversity of possible signals of new physics, and
their often unexpected nature. Discovering these kinds of signals requires a plan. Sometimes new
effects are discovered through serendipitous accident — the cosmic microwave background, superfluidity,
and superconductivity come to mind — but this generally only happens when a new technology makes
it possible to rapidly explore a previously unknown frontier. By contrast, the Standard Model is very
well-tested, and experiments that probe well beyond it generally need to be designed intentionally.

As a historical example, the sensitivity of the Michelson-Morley experiment was not surpassed for
40 years, when a series of new experiments were performed to test special relativity. It is therefore
completely plausible that, if not for Michelson and Morley, the first ether wind null result would
only have come decades later. By performing a careful search for a well-motivated signal, using the
maximum available sensitivity from the technology of their time, these experimentalists accelerated
the development of modern physics. We may hope that the same strategy employed today can
accelerate the discovery of physics beyond the Standard Model.
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1.3 Searching for Signals

One key challenge of such an approach is to know where and how to look. How can we know what
we don’t know? For instance, should we entertain the possibility that a distant star isn’t there when
nobody is looking at it? If not, what separates that hypothesis from more reasonable ones?

I once received a kindly worded, nicely illustrated letter from a gentleman who wanted to explain
why the universe seems to have more matter than antimatter. He reasoned that by symmetry, the
amounts of matter and antimatter were actually equal. However, stars made of antimatter would
emit anti-photons which, compared to ordinary photons, would “anti-refract” upon entering a lens.
Since telescopes are designed to focus the light from ordinary stars, they would defocus light from
antimatter stars, rendering them invisible. To test this theory, one simply has to build a single
telescope with an inverted lens.

To the layperson, this proposal probably seems reasonable, and possibly more reasonable than
most searches for dark matter. But the particle physicist can see many reasons that it’s completely
impossible given what we already know about the universe, which sharply limits the kinds of
experimental signatures that can appear.

First, we know that special relativity works. Generations of successors to the Michelson—Morley
experiment have found no deviations, time dilation is routinely measured, and observations of gamma
rays show that light of different frequencies travels at the same limiting speed, to extreme precision.
It is possible that there are very small deviations to special relativity, which can be parametrized
with Lorentz-violating terms in the Lagrangian, but the physical effects of these terms are often
equivalent to those of additional external fields, such as ultralight dark matter fields.

Second, we know that quantum mechanics works: time evolution is linear and measurements
obey the Born rule, which together logically imply that time evolution is unitary. The linearity of
quantum mechanics is tested through interference experiments with increasingly large objects, and
“loophole-free” Bell tests show that measurements on entangled states yield the expected results,
regardless of how the entangled state is produced. Quantum mechanics admits a huge variety of
interpretations, but interpretations by definition imply the same experimental results. Modifications
of quantum mechanics, which do change experimental results, usually do so by introducing an
additional source of wavefunction collapse. Such effects would appear in relevant experiments as an
irreducible source of decoherence. Again, the same signature can be produced by other effects, such
as collisions with dark matter particles.

As a result, for determining potential experimental signatures, we might as well assume that
special relativity and quantum mechanics hold exactly. However, these two assumptions together
imply a great deal about nature [91]. First, they sharply restrict the kinds of fundamental particles
that can exist in nature, and the way these particles can interact. They imply that massive particles
are classified by a mass m and a integer or half-integer spin s, while massless particles with zero

spin scale are classified by an integer or half-integer helicity h. They further imply that interactions
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between these particles can be written in the Lagrangian in terms of local products of relativistic
fields, which create and annihilate the particles.

Massless bosonic particles are particularly interesting, as in the regime of high mode occupancy,
they collectively behave like classical fields. These fields mediate the familiar macroscopic forces,
with the electromagnetic field corresponding to A = 1, and the gravitational field corresponding
to h = 2. For h > 1, the mismatch between the number of degrees of freedom of a particle and
the simplest tensor field that can create it implies that the Lagrangian must have gauge symmetry.
This in turn requires the fields to couple to appropriate tensorial conserved quantities, so that the
electromagnetic field couples to ordinary charge and the gravitational field couples to stress-energy.
(These considerations also doom our polite gentleman’s idea: since only two polarizations of light are
observed, the photon must be its own antiparticle, and particles and antiparticles must couple to
it in the same way, up to an unimportant sign.) The absence of other observed macroscopic fields
is neatly explained by the fact that for A = 0 there is no gauge symmetry, and thereby no reason
the particle’s mass is protected from quantum corrections, while for A > 2 a “minimal” coupling is
impossible, as there are no appropriate conserved tensors to couple to.

Another important piece of information comes from thinking about how physics at a high energy
scale A impacts physics at lower energy scales E. Terms in the Lagrangian have mass dimension 4.
Given a set of fields, one can typically write a small number of interaction terms with dimension
less than 4, some more with precisely dimension 4, and an arbitrarily larger number at progressively
higher dimensions. However, by dimensional analysis, the coefficient of a term with mass dimension
n > 4 must have dimensions 1/M" =4, where M is a mass scale. It can be shown quite generally that
if the unknown high energy physics is perturbative with order-one couplings, can induce such a term,
and has no other special structure, then we have M ~ A. By dimensional analysis, the physical effect
of this term at the lower energy E is weighted by powers of E, so that the relative effect depends on
(E/A)"=%, and therefore smaller the higher n becomes. This heuristic works very well throughout
physics as a whole, so much so that practitioners outside of particle physics often use it without
explicitly realizing it, and it has led to successful predictions in particle physics as well [92].

This paradigm of parametrizing the unknown effects of high energy physics in terms of a series of
increasingly suppressed terms involving low energy fields is known as effective field theory. For our
purposes, effective field theory is useful because it strongly constrains how new physics can appear.
For example, suppose that a new spin 1/2 field 1 couples to the electromagnetic field. The simplest,
“minimal” coupling is the dimension 4 term A#z/;'y“w, which gives the particle an electric charge. The
next-simplest possibilities are the dimension 5 terms it[y*, v*]1F),, and ¥[y*, v*]y>1 F,,,, which give
the particle a magnetic or electric dipole moment, respectively. At dimension 6, we can write down
terms like ¢y#p0" F,, and Yy ~v°pd" F,,,, which correspond to charge radii and anapole moments.
Each term yields different experimental signatures, but they can be enumerated and sorted by

importance. Furthermore, because the high energy physics induces all terms allowed by symmetries,
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Figure 1.2: A schematic of how the low-energy axion couplings arise from the ultraviolet. The final
boxed expressions are the axion-gluon coupling, the axion-photon coupling, and the axion-fermion
couplings, to electrons and nucleons.

the search space is finite. It only makes sense to search for a higher dimensional term if there exists
a plausible reason that effects from all lower dimensional terms would be suppressed.

Even though the choices of terms in the Lagrangian are quite restricted, the number of potential
models of new physics suffers from a combinatorial explosion, whenever one introduces multiple
families of particles with independent properties. Worse, within each model the number of possible
terms in the Lagrangian can range from dozens to hundreds, due to the same combinatorial explosion,
which can make it difficult to determine when a model is thoroughly tested. The solution to the
problem is to insist on absolute minimality. For example, if one wants to explain dark matter, one
could suppose it is due to a single new field with a single coupling of interest. If one must introduce
a second field (such as a force mediator between Standard Model and dark matter particles), then
the interactions of the mediator should be as simple as possible.

Certainly, it’s true that the physics of dark matter can be extremely complex, just as the Standard
Model is. But if it’s complex, the chances of guessing it correctly are exponentially small. Fortunately,
complex models often yield the same basic types of observable signals as minimal ones, so that
searches targeting minimal models still automatically cover the complex ones.

Motivated by these considerations, let’s consider one of the simplest possible models of dark
matter: that it is a single light scalar field. As discussed earlier, scalar fields are not naturally light,
and require a mechanism to protect their mass. This can happen when they are the Goldstone bosons
of a spontaneously broken global symmetry. The simplest cases are when the symmetry is dilation
symmetry, yield a parity-even scalar called the dilaton, and when it is a fermion’s chiral symmetry,
yielding a parity-odd scalar called an axion. Here we’ll focus on the latter case.

The breaking of chiral symmetry at a high energy scale f, gives the axion a coupling to fermions
of the form awivy®1. As illustrated in Fig. 1.2, performing chiral field redefinitions converts these
couplings to the form (8#11)1/_)7”751/) which explicitly contains a derivative on the axion field, reflecting
its status as a Goldstone boson. In the presence of chiral anomalies, this redefinition can also produce

couplings to gauge fields, aF'F and aGG where F and G are the photon and gluon field strengths.
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The first coupling can be rewritten in the form (9,,a) K}, by integration by parts, where Kp,, is the
electromagnetic Chern—Simons current. The second coupling can’t be simply rewritten in this way,
because of QCD instanton field configurations, and accordingly it can give the axion a small mass,
suppressed by powers of f,.

One could have arrived at the same couplings (minus the axion-gluon coupling) by naively applying
effective field theory. Here, one would simply enumerate terms consistent with the axion’s odd parity
and shift symmetry. One finds that no terms are possible at dimension 4 or lower. The leading terms
at dimension 5 are precisely the axion-fermion and axion-photon couplings, and are accordingly
suppressed by 1/f,. Dimension 6 couplings would be suppressed by 1/f2, and thus usually have
negligible effects. Another consequence of the smallness of axion couplings is that laboratory searches
for axion dark matter are typically never sensitive to processes which depend on pairs of couplings, as
these would be suppressed by at least 1/f2, which implies that we can search for each single coupling
independently.

Through either route, we conclude that axion dark matter has only a few leading experimental
signatures. This theoretical background, largely already known in the 1980s, allows us to focus on

developing experiments sensitive to each one.

1.4 Outline

The first half of this thesis is devoted to new experimental searches for axion dark matter.

In chapter 2, we propose a new search for the axion-photon coupling. In the presence of axion
dark matter and a background electric or magnetic field, this coupling induces “effective” currents
which yield other electric or magnetic fields, shifted in angular frequency from the background field
by the axion mass m,. Previously, most proposals to search for such effects considered a static
background field, and used the axion to drive an electromagnetic resonator with resonant angular
frequency m,. We instead propose to excite a “loaded” mode of a microwave cavity, and detect
axion-induced transitions to a “signal” mode whose angular frequency differs by m,. This approach
tends to generate a higher signal power, particularly at low m,, and allows orders of magnitude in
mg to be scanned by slightly tuning the frequency difference for a single cavity. To effectively store
energy in the loaded mode, one must use superconducting cavities, which have fortuitously been
developed for decades for particle accelerators; the sensitivity is determined by how well one can
cool the cavity and isolated the signal mode from the loaded mode. Experimental efforts in this
direction are underway at both the SLAC National Accelerator Laboratory and the Fermi National
Accelerator Laboratory.

In chapter 3, we adapt the analysis of chapter 2 to the case where the signal and loaded mode
frequencies are set equal to each other, and one searches for energy off-resonance in the signal mode.

This method has the advantage of broadband sensitivity, covering a large range of axion masses
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without any need for scanning, at the cost of lower sensitivity at each individual axion mass. The
work also contains a detailed exploration of the subtler noise sources relevant in such an experiment,
such as drifts in the cavity mode frequencies and the frequency of the driving oscillator.

In chapter 4, we turn to the axion-gluon coupling. Famously, this coupling allows the axion
field value to influence the electric dipole moment of the neutron. One of the strongest theoretical
motivations for the axion is that when it minimizes its potential, the neutron’s electric dipole moment
is set to zero, explaining why this quantity is much smaller than the Standard Model expectation.
However, if the axion carries the energy density of dark matter, then it oscillates about its potential
minimum, producing a small neutron electric dipole moment which oscillates with angular frequency
mg. For appropriate atoms, we show that these such effects can propagate to a comparable oscillating
atomic electric dipole moment, parallel to the nuclear spin. In a solid sample of such atoms, with
nuclear spins aligned, these dipole moments correspond to an oscillating polarization and therefore a
polarization current, which can excite a microwave cavity surrounding the sample. We find that if
the axion mass is identified by other experiments, and lies in the well-motivated microwave regime
mg ~ peV, then existing cavity and detector technology outfitted with a hyperpolarized sample of
an appropriate rare earth element can detect the axion’s coupling to gluons.

In chapter 5, we turn to the axion-fermion couplings, and in particular the coupling of the axion
to electrons. The main physical effects of this coupling are a torque on electron spins, proportional to
Va, and a force on electrons proportional to @ S.. We review a variety of mechanical, electromagnetic,
and solid state experiments sensitive to such effects throughout the entire axion mass range. We also
explain why the axion does not induce an electron electric dipole moment proportional to a, contrary
to several recent proposals. Finally, we outline a new proposal which centers around the use of layers
of ferromagnetic material. The axion’s torque on the electron spins causes the magnetization of such
materials to precess, yielding a oscillating magnetization current on the surface of each layer. This
current produces radiation, whose amplitude can be increased through constructive interference using
multiple layers, and focused on a detector. Furthermore, the resonant frequency of each layer can be
easily adjusted by tuning an external magnetic field. This proposal requires only mass produced
magnetic materials and existing detector technology. It yields the strongest projected sensitivity for
a axion search in the peV to meV range.

In chapter 6, we consider a completely different possibility: that dark matter might come in the
form of macroscopic clumps. Such clumps could arise in various ways in the early universe, and are
worth considering because almost all experiments would be blind to them. There is no simple way
to enumerate all possible interactions of clumps with Standard Model matter, so in the spirit of
minimality, we suppose they are characterized by a mass M and a radius R, and scatter Standard
Model matter elastically with geometric cross section. We identify a new experimental signature,
relevant if the clumps have asteroid-like mass, within a few orders of magnitude of M ~ 10*°kg. In

this case, “dark asteroids” colliding with stars dissipate their energy to shock waves in the star’s
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interior, which subsequently travel to the star’s surface and produce a burst of ultraviolet light.
Unlike other known transients, these events would occur to all types of main sequence stars, and
produce unusually powerful transients which track the local dark matter distribution. We show
that ultraviolet space telescopes such as Hubble can effectively search for such events, potentially
improving sensitivity to macroscopic dark matter by orders of magnitude.

In chapter 7, we turn to the most well-studied possibility that dark matter is a particle of mass
m,. “Direct” detection experiments search for the energy deposited in scattering events. However,
for m,, < GeV, WIMP searches lose sensitivity since the energy deposited becomes too low to detect.
Moreover, some of the simplest theories of particle dark matter predict an extremely suppressed
scattering rate, due to the fact that dark matter moves nonrelativistically with speed vpy/c ~ 1073,
However, in these cases, dark matter can still be effectively produced in relativistic scattering events.
The resulting dark matter travels out of the experiment undetected, and its signal is apparently
“missing” energy and momentum. Detecting such anomalous events is the focus of the proposed
Light Dark Matter eXperiment (LDMX). In this work, we refine sensitivity projections for LDMX
by considering the case where dark matter is produced through the decay of a light meson, such as
the p, w, or ¢. Considering these processes improves the sensitivity of LDMX by several orders of
magnitude for m, 2 0.1 GeV, where previously considered production channels become ineffective.

Finally, in chapter 8, we consider a radical new possibility which, on its face, has nothing to do
with dark matter. As mentioned above, massless particles are generally classified by a spin scale,
which is traditionally assumed to be zero. A particle with nonzero spin scale can carry arbitrary
integer helicity, with the spin scale quantifying how much the helicity states mix under boosts. We
show, however, that one can formulate a theory with fields that create and annihilate massless
particles of nonzero spin scale, and couple the fields to matter. The result is that at high energies, the
behavior of the field automatically mimics that of a minimally coupled scalar, photon, or graviton;
at low energies, the response remains well-behaved, but arbitrarily many helicity states play an
important role. These results spectacularly break conventional effective field theory intuition, and
are possible because the effective Lagrangian necessarily contains an infinite series of dimension 3
operators, which conspire to guarantee good behavior in the infrared. Deriving our results requires
the use of a new mathematical tool called vector superspace, within which the entire Lagrangian can
be neatly encapsulated in a few terms. They motivate an entirely new set of experimental searches

focused on the deep infrared.



Chapter 2

Superconducting Resonant

Frequency Conversion

This chapter is based on Axion Dark Matter Detection by Superconducting Resonant Frequency
Conversion, by A.Berlin, R.T.D’Agnolo, S. A.R. Ellis, C. Nantista, J. Neilson, P.Schuster, S. Tantawi,
N. Toro, K. Zhou, JHEP 07, 088 (2020).

Abstract

We propose an approach to search for axion dark matter with a specially designed superconducting
radio frequency cavity, targeting axions with masses m, < 107% eV. Our approach exploits axion-
induced transitions between nearly degenerate resonant modes of frequency ~ GHz. A scan over
axion mass is achieved by varying the frequency splitting between the two modes. Compared to
traditional approaches, this allows for parametrically enhanced signal power for axions lighter than a
GHz. The projected sensitivity covers unexplored parameter space for QCD axion dark matter for

1078 eV < my < 107° eV and axion-like particle dark matter as light as m, ~ 10714 eV.

12
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2.1 Introduction

The axion is a hypothetical parity-odd real scalar, protected by a shift symmetry and derivatively
coupled to Standard Model fields. It is predicted by the Peccei-Quinn solution to the strong CP
problem [93, 94, 95, 96] and expected to arise generically from string theory compactifications [97,
98, 99]. It was shown to be a viable dark matter (DM) candidate four decades ago [100, 101]. A
generic prediction of axion models is the coupling to photons [102, 103, 104, 105, 106],

Engi%aFF:fgawaE~B. (2.1)

This interaction can induce axion-photon conversion in the presence of a background electromagnetic
field via the Primakoff process [107], which has been exploited in various axion searches [6, 7, 9, 10, 12,
13,18, 108, 109, 110, 4]. These searches have started to cover parameter space motivated by the Peccei—
Quinn solution to the strong CP problem [102, 103, 104, 105, 106}, ggyy =~ 3x 10716 GeV ™! (my/pueV),
but for now without a positive detection.’

More generally, an attractive motivation for axion-like particles (axions that do not solve the
strong CP problem) is that they are a simple DM candidate. A very light axion can acquire a
cosmological abundance from the misalignment mechanism that is in agreement with the observed
DM energy density if gg,-, ~ 10716 GeV ™! (mg/peV) /4, where we have taken Gayy ~ Qem /27 fo and
assumed an O(1) initial misalignment angle (see Ref. [19] for a recent discussion). This relation thus
provides a cosmologically motivated target for axion-like particle searches.

Cold axion DM produced by any mechanism generically virializes in the galactic halo. The typical
virial velocity dispersion v, ~ 1072 leads to an effective quality factor of Q, ~ 1/{v2) ~ 105. For
timescales shorter than the axion coherence time 7, ~ Q,/m,, we can thus treat the axion as a
monochromatic field of the form

a(t) = —2% cosmgt, (2.2)

where p,,, ~ 0.4 GeV/cm? is the local DM energy density. Properly speaking, we model the axion
DM field in the galaxy as a Gaussian random field” with (a(t)) = 0 and (a(t)?) = p,,,/m?2, since
it is a superposition of a large number of waves with random phases. This implies O(1) amplitude
fluctuations on timescales t < 7,, which we suppress in Eq. (2.2) for simplicity.®

Resonant detectors are well-suited to exploit the coherence of the axion field. To date, most axion
search experiments have matched the resonant frequency of the experiment to the mass of the axion DM
being searched for. For m, ~ peV, the axion oscillates at ~ GHz frequencies. This enables resonant

searches using high-Q normal-conducting cavities in static magnetic fields [6, 7, 9, 10, 12, 13, 18],

IThe value quoted is the average of the DFSZ [102, 103] and KSVZ [104, 105, 106] predictions.

2Detailed coherence properties of the axion DM field have been discussed in Refs. [111, 112], but do not change the
features noted above.

3These fluctuations lead to statistical subtleties for t < 7,, as discussed in Appendix 2.10, but these will not be
relevant.
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(a) Cartoon of cavity setup. (b) Signal parametrics.

Figure 2.1: (a) A schematic depiction of a potential cavity setup. A photon of frequency wy is
converted by the axion dark matter background into a photon of frequency wg & m,, where m, is
the axion mass. The cavity is designed to have two nearly degenerate resonant modes at wy and
w1 = wp + mgy. One possibility, as discussed in Section 2.4, is to split the frequencies of the two
polarizations of a hybrid HE;;, mode in a corrugated cylindrical cavity. These two polarizations
effectively see distinct cavity lengths, Ly and L;, allowing wy and w; to be tuned independently. In
this case, larger frequency steps could be achieved by adjusting the fins (shown in red), while smaller
frequency steps could be achieved with piezo-actuator tuners.

(b) A schematic comparison between the proposed frequency conversion scheme (right of the dotted
line) and typical searches using static magnetic fields (left of the dotted line). The vertical and
horizontal axes correspond to differential power and frequency, respectively, of either the driven field
(vertical arrows) or the axion-induced signal (resonant curves). The parametric signal power derived
in Section 2.2 is shown for both setups, where we assume wgig ~ V—1/3 for our proposed scheme and
factored out a common volume dependence of V5/3.

where a cavity mode is rung up through the interaction of Eq. (2.1), sourced by the axion field and
the external B field. These experiments take advantage of strong magnetic fields, the large quality
factors (Q < 10°) achievable in GHz normal-conducting cavities, and low-noise readout electronics
operating at the GHz scale. However, extending this approach to smaller axion masses would require
the use of prohibitively large cavities. To probe lighter axions, experiments have been proposed using
systems whose resonant frequencies are not directly tied to their size, such as lumped-element LC
circuits [113, 114, 115] or nuclear magnetic resonance [116].*

In this chapter, we explore an alternative approach to resonant axion detection, where the
frequency difference between two modes is tuned to be on-resonance with the axion field, while
the mode frequencies themselves remain parametrically larger. Because of their very large quality
factors (Q = 10'9), superconducting radio frequency (SRF) cavities are ideal resonators for such a

setup. More concretely, as illustrated in Figure 2.1, we consider an SRF cavity with a small, tunable

4Ideas for resonant detection of axions heavier than a GHz can also involve decoupling the resonant frequency from
the size of the apparatus, for instance via modifications to the photon dispersion relation in tunable plasmas [117] and
dielectrics [118, 119].
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Figure 2.2: The anticipated reach to axion dark matter in the gq—mq plane, for various experimental
configurations, compared to existing constraints, shown in gray. Along the right axis, we relate the
axion-photon coupling to the symmetry breaking scale fo by gayy ~ Qem/27 fo. As two representative
examples, we show the projected sensitivity assuming an intrinsic quality factor and readout-pump
mode coupling (see Section 2.5.2) of Qi = 1019, 10'2 and €14 = 1075, 1077, respectively. The
dashed line shows the thermal noise limited sensitivity for Qine = 10'2 and €14 = 10~ 7. In all cases,
we assume a pump mode frequency of wy/2m = GHz, a cavity volume of V = 1m?, a peak magnetic
field of By = 0.2 T, a mode overlap of 19 = 1 (see Eq. (2.21)), a cavity temperature of T = 1.8K,
an average wall displacement of gyms = 107! nm (as defined in Section 2.5.3), and an e-fold time
of t, = 10”s. The orange band denotes the range of couplings and masses as motivated by the
strong CP problem. Along the red band, axion production through the misalignment mechanism
is consistent with the observed dark matter energy density, assuming an O(1) initial misalignment
angle. As discussed in Section 2.5.3, the feature near m, ~ kHz is due to our assumption that there
are no mechanical resonances below a kHz.
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frequency difference between two low-lying modes, which we call the “pump mode” and the “signal
mode.” The cavity is prepared by driving the pump mode, which has frequency wy ~ GHz > m,. If
the signal mode is tuned to a frequency wi ~ wy + m,, then the axion DM field resonantly drives
power from the pump mode to the signal mode.

The idea of detecting axions through photon frequency conversion has been studied in other
contexts.” These include axion detection with optical cavities [124, 125, 126] and frequency conversion
in SRF cavities with GHz-scale mode splittings [127]. More generally, frequency conversion is a
commonly used technique in signal processing, under the name of “heterodyne detection.”

However, frequency conversion in SRF cavities is particularly powerful because of the combination
of high @Q-factors and the large amount of stored energy in the pump mode. In this chapter, we
highlight the parametric advantages of this approach at low axion masses, discuss scenarios for
realizing the mode overlap and tunability requirements for such an experiment, and analyze key
sources of noise. In the latter two aspects, we benefit from the decades-long effort to detect kHz-
to-MHz gravitational waves with SRF cavity resonators [128]. The results from the prototypes of
Refs. [129, 130, 131, 132] are particularly useful in anticipating the experimental challenges of our
proposed approach.

Our study shows that axion-induced frequency conversion in SRF cavities could be sensitive to
QCD axions for 107%eV < m, < 107%eV and axion DM as light as m, ~ 10714 eV. The projected
sensitivity for two representative sets of experimental parameters is shown in Figure 2.2, with a
larger set of parameters shown in Figure 2.5. Compared to traditional resonant searches, fixing the

signal to GHz frequencies leads to several advantages for lower axion masses:

1. High frequency readout leverages the large quality factors of SRF cavities, which are typically
of order @ > 10'°. In this case, the signal power saturates once Q > (GHz/mg,) Q,, unlike

static-field detectors whose signal power saturates once @ 2 Q.

2. Ouly a small fraction of the signal power (m,/GHz < 1) is sourced directly by the axion DM field.
Therefore, the signal is not suppressed by the small axion mass when its Compton wavelength is
much larger than the detecting apparatus. This is unlike static-field electromagnetic resonators,

where the signal power scales as m, in this limit.

3. Operating readout electronics near the standard quantum limit has been demonstrated at GHz

frequencies [9].

In the next section, we present a parametric estimate of the axion-induced signal power and
compare it to that of other resonant setups. In Section 2.3, we provide a more detailed calculation,

using a simple model without explicit reference to cavity parameters. We discuss a more complete

5Different SRF setups have also been considered for production and detection of light, non-DM axions [120, 121].
Another, distinct idea is the proposal of Refs. [122, 123] to drive two modes and detect the resulting axion-induced
frequency shifts.
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experimental setup in Section 2.4, deferring a detailed discussion of SRF cavity geometries to
Appendix 2.8. In Section 2.5, we study the expected sources of noise, with additional details in
Appendix 2.9. In Section 2.6, we estimate the physics reach, with further detail regarding optimization

of the readout coupling presented in Appendix 2.10. Finally, we conclude in Section 2.7.

2.2 Conceptual Overview

At the level of Maxwell’s equations, an oscillating axion DM field sources a time-dependent effective

current density, Jog, in the presence of an applied magnetic field By(t), of magnitude

Jet(t) ~ Gayy Bo(t) \/Pom COSMqt . (2.3)

This effective current density leads to a real magnetic field, B, « Jeg. The oscillations of this field

generate a small electromotive force
E,~ VOB, , (2.4)

which can drive power into a resonant detector of volume V. In typical setups, the applied magnetic
field is static, such that 5,5“““) x mg. In the approach we advocate for here, the applied magnetic
field oscillates in time, By (t) = By coswpt. Compared to static-field detectors of comparable size, the

electromotive force is significantly larger,

gc(bosc) wo + Mg ﬂ

gf(bstatic) ~ Mg Ma . (25)
This is the essential reason for the parametric enhancement of our approach at low axion masses
(ma <K (,«)0).6
To make this intuition more precise, it is useful to compute the signal power explicitly and
compare it to that of static-field resonators. In general, the power delivered to a resonator of volume
V and resistance R is
P(r) 5@ . Ta 2 p2 .
sig ~ g min 1, g Ry Wiig BaV min(Qr /wsig, Qu/ma) (2.6)
where 7, ~ Q,/wsig is the ring-up time for a resonator with quality factor @, and readout frequency
wsig, and in the second equality, we expressed R in terms of (). Note that as a function of ),, the
signal power saturates once the axion coherence time is smaller than the resonator ring-up time,

since only a fraction of the axion power resides within the resonator bandwidth, as encapsulated in

6There is a well-known argument that axion signals must degrade at small m,, since the massless limit at fixed
axion field amplitude would be equivalent to a static QED 6-angle. The scaling of Eq. (2.4) does not violate this
argument because Joff X /Py ~ Ma a. Thus, for a fixed axion field amplitude, the electromotive force in our setup
scales as mq, compared to m2 for static-field experiments.
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the second factor in both equalities.

To date, most resonant experiments searching for electromagnetically coupled axion DM employ
static magnetic fields, since these are more easily sourced at large field strengths. In this case,
Jei(t) ox cos mgt implies that this current density sources photons of energy and frequency comparable
to mg, which can be detected with an apparatus whose resonant frequency is matched to the axion
rest mass. For m, ~ GHz, this is the strategy employed by resonant cavity experiments such as
ADMX [6, 7]. However, for any static-field cavity detector, this approach becomes increasingly
difficult for m, < GHz, since the resonant frequency is typically controlled by the inverse length-scale
of the apparatus.

By contrast, LC resonators can search for sub-GHz axions because their resonant frequency is not
directly tied to the geometric size of their circuit components. In such a setup, when the Compton
wavelength of the axion is much larger than the shielded detection region of volume Vi,¢, the size
of the axion-induced magnetic field follows simply from the quasistatic expectation, B, ~ Jog Vl/ 3
Since the readout frequency of static-field setups is dictated by the axion mass, the signal power of

an LC circuit with quality factor Q¢ is parametrically
LC
P~ mg I VEE min(Qre, Qu) - 2.7)

The saturation of signal power at @, = Q, as well as the overall suppression at small axion masses is
characteristic of static-field setups. This latter point can also be understood from the fact that for a
static-field configuration, the axion-induced electromotive force vanishes for zero axion mass and
fixed DM energy density, since £, x mg.

Our setup instead involves driving a resonant cavity at a frequency wg > m,. An axion DM

background converts the frequency, sourcing an effective current oscillating at wsigz = w1 = wo £ Mg,

Jet(t) ~ Garyy Bo v/Pom €OS (wo £ mg)t, (2.8)

which drives power into the signal mode. In this case, B, ~ Je/w1, and for a fixed DM energy
density, the electromotive force is not suppressed for m, < GHz since £, « w;. By the same logic as

the previous calculation, the axion-induced signal power is

Pyg ~ Jig V min(Qr /w1, Qa/ma) , (2.9)

which yields a parametric advantage” over LC resonators when m, < VI;CU 3, Intuitively, this is
because each axion-photon interaction in the cavity involves a photon of energy wq, and so only a small
fraction (mg,/wp < 1) of this signal power is contributed by the axion background, with the remainder

originating from the pump mode. Since w; > m,, maximizing the signal power in our setup requires

7Axion detection by frequency conversion in a radio frequency cavity was also briefly considered in Ref. [122], but
the authors did not find the same parametric enhancement we demonstrate here.
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resonator quality factors much larger than Q,, saturating only when Q, > (w1/mg) Qq > 10°. This
motivates the choice of using an SRF cavity, as superconducting resonators have been built with
quality factors as large as Q, ~ few x 10'1.

To complete our overview, we give a parametric comparison of the reach. This can be done
straightforwardly when our approach is thermal noise limited, which occurs in the right half of
Figure 2.2. As we will see in Section 2.6, accounting for the scan rate and coupling optimization
leads to simple expressions for the signal-to-noise ratio (SNR), which do not require the casework of

Egs. (2.7) and (2.9). Instead, for general quality factors,

SNR @Vt v P Quu \ M Tic V2B \? (2.10)
SNR(EC) ma VI \Vic QLc T Bic '
~ (G - fie - oy’ (2.11)
mq \ Qrc T Bic) ' '

where Qi is the intrinsic quality factor of the SRF cavity, and for comparison we took w;V1/3 ~ 1,
appropriate for low-lying cavity modes, and V' = V[, in the second line. For the reference parameters
Qint ~ 10'2, T ~ 1.8K, and By ~ 0.2 T, and comparison parameters Qrc = Qq ~ 10%, T1,c = 0.1K,
and Brc = 4T, the last three factors roughly cancel, leaving only the factor w;/m, which enhances
our frequency conversion approach compared to an LC resonator operating in the quasistatic regime.®
In the next section, we begin the work of establishing these results, by directly solving the relevant

equations of motion to compute the signal power.

2.3 Signal Power

In this section, we explicitly compute the signal induced by axion DM interacting with a loaded
cavity. For this calculation, it suffices to use a simplified model that treats the cavity as a collection
of fixed cavity modes. In the following two sections, we refine this model by including the additional
layers of complexity needed to describe the system in the presence of noise.

Our starting point is Maxwell’s equations modified by the axion interaction of Eq. (2.1),

V-E=p—gqyB-Va,
VxB=0E+J—goyy (ExVa—-Boa) . (2.12)

Since the spatial gradients of the axion field are small, the dominant effect is that the axion sources
an effective current, Jeg = goyyBOra. The effective current Jeg inherits its time-dependence from the

oscillating axion and pump mode magnetic field and can resonantly drive power into other cavity

8Fixing the geometry and other factors, scaling up both approaches in volume would decrease the relative advantage
of the SRF approach. However, increasing the volume of either approach much beyond O(1) m? would constitute an
engineering challenge.
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modes with matching characteristic frequency.
To compute the steady state signal power, it is convenient to work in frequency space. In doing

so, we adopt the following convention for the Fourier transform of a function f,

=5 [doc i), fw) = [,

When unspecified, the region of integration for w or t is implicitly —oo to oco. We define the power
spectral density (PSD) of f, denoted as Sy(w), by

(f)f* (W) = Sf(w) 6(w — ), (2.13)

so that the steady state average power can be expressed as’

(0 = s [/ (214)

Note that all PSDs in this chapter are two-sided.
Given the tiny backreaction of the axion field on the cavity, it is useful to decompose the electric

and magnetic fields into a set of vacuum cavity modes:

E(t,r) =) Eu(t,r)=> en(t)En(r),

B(t,r) = > By(t,r) =Y b(t)Bu(r), (2.15)
where the resonant modes satisfy the conditions

V2]:]n = —w,% En , V2]§n = —wfl Bn ,

/E;-Elzanl/ B2, /B;;-Bl:(snl/ B2 (2.16)
1% 1% \% \%

Here, V is the volume of the cavity and w,, are the resonant frequencies. Using the above definitions,
Maxwell’s equations in Eq. (2.12) can be rewritten as an equation of motion for the cavity’s electric

field in the presence of background axion and magnetic fields,

3 (w2 —w?—i wa”> E, () = garr / dt =t 8,(B dya), (2.17)

n
n

where we have neglected terms proportional to the small axion velocity. Each mode has a distinct

quality factor, @), that is dictated by the electric field profile near the walls and power losses through

9n Eq. (2.13), the brackets denote an ensemble average, where a signal f(¢) is Fourier transformed in many different
time intervals, which are then averaged in a given frequency bin. Eq. (2.14) then defines (f(¢)2), which can equivalently
be described as a time average of f(t)2.
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the loading and readout ports, and determines the dissipative terms on the left-hand side. Above,
we have neglected the motion of the cavity walls, which can couple distinct modes and shift their
resonant frequencies; we account for this source of noise in Section 2.5.3.

To complete the calculation, we note that the magnetic field in Eq. (2.17) is dominated by the
pump mode such that B ~ Bg. We then define the characteristic amplitude of the pump mode

By EM%/VIB()I? . (2.18)

The steady state average power delivered to the signal mode (n = 1) can be written in terms of a
signal PSD defined analogously to Eq. (2.14),

magnetic field as

w1 1

BT T

/dw Ssig(w) , (2.19)

where Uj is the electromagnetic energy stored in the signal mode. From Eq. (2.17), we find that

$4s(0) = G (0020 B0V s [ g (40 S0, Sulos), (2:20)

where S, (w) is the axion PSD, Sy, (w) is the PSD for by(t) (defined in Eq. (2.15)), and 719 is an O(1)

mode overlap factor,

[Jy Bi - Bo|
v <1. (2.21)

N0 = \/fv By 2 \/fv|]§o|2 =

We have ignored backreaction on the axion field, as this is negligible even for very large quality
factors. We note that Eq. (2.20) is only valid when the experimental integration time ti,; exceeds
both the ring-up time of the signal mode, 7, ~ Q1 /w1, and the axion coherence time, 7, ~ Q,/mq.
The steady state power is achieved when ¢ 2 75, but if ¢,y < 74, the axion PSD is not resolved,
and S, (w) must be convolved with a window function.!’

If the spectral width of the pump mode magnetic field is sufficiently narrow, then it may be

approximated as a monochromatic source, by(t) = cos wpt, which corresponds to

Spo (W) = 72 [§(w — wp) + d(w + wo)] - (2.22)

100ur result also breaks down in the extreme case mq S wi1/Q1 ~ 10717 eV x (10'2/Q1), where the axion oscillates
on a longer timescale than the ring-up time. In this case, the signal power does not reach a steady value, but rather
depends on the instantaneous phase of the axion field. Eq. (2.24) remains valid only if P, is taken to denote the
average power over an entire axion field oscillation. This is not relevant for any of the parameter space shown in
Figure 2.2. For the smaller intrinsic quality factors or e-fold times shown in Figure 2.5 (which affect Q1, as described
in Section 2.6), we restrict our calculations to mq 2 wi1/Q1.
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Eq. (2.20) then reduces to

w
Ssig(w) = — (Garyy Mo By)’V

w? [(w = wo)? Sa(w — wo) + (w4 wp)? Sa(w + wo)]
4@ '

(W? —wf)? + (wwr/Q1)?

(2.23)

As we will see in Section 2.6, this is a valid approximation in most of the parameter space considered
in this chapter. This is possible because the magnetic field can have a much narrower width than the
pump mode itself, as its width is determined by the frequency stability of the oscillator that loads
the cavity.

To understand Eq. (2.23) parametrically, we assume the signal mode frequency is on resonance and
consider two limiting cases. The frequency spread of the axion PSD is controlled by its effective quality
factor Q, ~ 10°. If the axion is narrow compared to the signal mode’s bandwidth (m,/Q, < w1/Q1),
we can evaluate the integral of Eq. (2.19) by treating the axion PSD as a delta function. Instead,
if the axion is broad compared to the signal bandwidth (m,/Qq > w1/Q1), we can evaluate the
integral using the narrow width approximation for the Breit—Wigner response of the signal mode.

The result is

1 2 Qi/wr g
Puig = 7 (9ary 1o Bo)™ poas V o @ (2.24)
TQa/Ma G > G-,
which matches the parametric estimate of Eq. (2.9). Here we use the normalization
(a(t)?) = — / des S (w) = Pou (2.25)
(271—)2 a m?l I .

and take S, (w) to be governed by a virialized Maxwellian velocity distribution [133].

For large axion masses, the axion is broad, and the signal power in Eq. (2.24) is suppressed by
m ! since only a small fraction of the axion PSD lies within the detector bandwidth. As the axion
mass decreases, the signal power increases, saturating when these two bandwidths are comparable,
i.e., when the axion coherence time matches the ring-up time of the signal mode, 7, ~ 7.. As
discussed in the previous section, this differs from resonant experiments where the readout frequency
is comparable to the axion mass, in which case the signal power saturates once Q1 2 Q.

Expanding on the intuition developed in Section 2.2, we now compare more carefully the parametric
form of the signal power in Eq. (2.24) to that of static-field experiments designed to resonantly detect
axions with masses m, < GHz. For example, near-future LC resonators plan on using magnetic
fields of size B¢ ~ 4 T, while the magnetic fields for our setup can be no larger than roughly 0.2 T,
to preserve the superconducting properties of the cavity. However, this is compensated by the much
larger quality factors attainable by SRF cavities. To see this, note that a static-field LC resonator is

required to operate in the quasistatic limit once m, < V~1/3. In this case, as discussed in Section 2.2,
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the parametric form of the signal power is

Ps(izC) ~ (ga’Y’YBLC)Z Pom vo/s min(Qrc, Qa) Ma - (2.26)

The factor of m, in Eq. (2.26) stands in contrast to Eq. (2.24), and appears because the signal
frequency in such an experiment is comparable to the axion mass. This is not the case for the setup
discussed here because the signal frequency is always fixed to be wy + m, ~ w; ~ GHz even for

mg < GHz. Comparing Egs. (2.24) and (2.26), we have

2 2 (Wi/Q1) mg w
Psig - 02T % (Ql/Qa) (mi/Qla) m < Qill (2 27)
prLe 4T 2 Ma sy w1 '
sig (Wl/ma) Qu > Q1

where we took the cavity and LC resonator to be of comparable size, fixed w;V1/3 ~ 1 for the cavity
setup, and set Qrc ~ Q4. Eq. (2.27) shows that a frequency conversion setup using an SRF cavity
has a parametric advantage in signal power when m, < wy, which is the regime shown in Figure 2.2.
For a broad axion, m, < w1/20 is already enough to overcome the weaker magnetic field, while for a
narrow axion the larger quality factors achievable in SRF cavities more than suffice to compensate at
any axion mass.

Of course, this does not suffice to establish a comparably enhanced sensitivity, since noise sources
can vary drastically across different experimental setups. We investigate these noise sources in detail
in Section 2.5. Realistic values for the relevant cavity parameters are discussed in more detail in the

next section.

2.4 A Cavity Concept

In this section, we discuss the choice of cavity geometry and pump and signal modes, as well as the
quality factors attainable in SRF cavities. We also outline possible methods for tuning the mode
splitting w; — wp, loading the cavity, and reading out the signal.

As mentioned in Section 2.3, the peak magnetic field in an SRF cavity will be smaller than in
a conventional RF cavity, and this must be compensated by a larger quality factor. In multi-cell
elliptical cavities operating at GHz frequencies designed for accelerating charged particle beams,
intrinsic quality factors of Qi ~ 4 x 1010 (and in one case as high as Qi = 2 X 1011) have been
achieved [134, 135], a factor of over 10° greater than what the same geometry would display in
warm copper. However, we are not restricted to geometries useful for particle acceleration. Quality
factors of Qi ~ 10° are commonly achieved in overmoded non-superconducting RF cavities with
non-accelerator geometries [136, 137, 138]. This suggests that SRF counterparts can be constructed

with quality factors as large as Qin¢ ~ 1012.'!

'The power dissipation of a cavity with the parameters of Fig. 2.2 would be Py, ~ 10* x (101°/Q;,¢) W. As such,
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We now consider the choice of cavity geometry, where the goal is to find a cavity design with
two nearly degenerate modes and an O(1) geometric overlap factor 719, as defined in Eq. (2.21).
Rectangular, cylindrical, and spherical cavities can be treated analytically straightforwardly; realistic
cavities are often variations on these shapes. We do not consider spherical cavities, as they typically
do not have pairs of nearly degenerate modes.'? Furthermore, it is difficult to manufacture rectangular
cavities with the required large quality factors. We hence focus on cylindrical cavities.

An ordinary cylindrical cavity supports transverse electric (TE,,,,) and transverse magnetic
(TMnnp) modes, indexed by integers m, n, and p, as described in Appendix 2.8. Because the axion
carries no spin, and we have neglected its spatial gradients, it can only mediate transitions between
modes with the same m. Furthermore, since the axion is a pseudoscalar, it must change the parity of
p. Finally, axions cannot mediate transitions between pairs of TM modes.

A simple option would be to use transitions between the two polarizations of a single TE mode,
after splitting them in frequency by perturbing the cavity. However, this cannot work because
the axion transition must change the parity of p. Instead, since the frequencies of the modes each
depend differently on the cavity radius R and length L, two modes could be arranged to be nearly
degenerate by manufacturing the cavity with an appropriate aspect ratio L/R. As discussed further in
Appendix 2.8, overlap factors of ;9 >~ 0.5 can then be achieved for the transitions TMg 41,0 <> TEqn:1.
For example, for a cavity loaded in the TMy3¢ mode, the loaded mode frequency is wy = 2w GHz if
the cylinder has radius R ~ 0.4m. The TEg2; signal mode is degenerate if the length is L ~ 0.25 m,
and a frequency difference of m, ~ GHz is attained if L ~ 0.21 m. Thus, many orders of magnitude
in axion mass can be scanned by tuning the length through a relatively small range.

Larger overlap factors of 19 >~ 0.8 can be achieved by corrugating the outer wall with ridges.
Similarly, using orthogonally oriented ridges on the end-walls of a square cross-section cavity to
align the electric and magnetic fields of cross-polarized TEj¢,/TEq1, modes can also provide a large
overlap factor, limited by how large/overmoded the cavity is. To further improve the quality factor,
one can do the same with the cross-polarized HE11, hybrid modes in a cylindrical cavity with outer
wall corrugations. This final approach is mathematically developed in Appendix 2.8.

We now turn to physical mechanisms for tuning the frequency difference w; — wp. Small changes
in the cavity length can be achieved by applying pressure on the end-walls with a piezoelectric device.
Concretely, the smallest scan steps we consider in Section 2.6 are of order 0.1 Hz, which corresponds
to changes in length of order 0.1 nm. This tuning mechanism can deform a meter-long cavity by a few
millimeters at most, leading to a scannable range of axion masses of about ~ MHz. Larger changes in
the cavity length can be achieved with mechanically retractable fins, as shown in Figure 2.1(a). For

non-corrugated cylindrical cavities, these fins effectively serve to change the length L of the cavity,

operating SRF cavities with intrinsic quality factors significantly lower than 1010 is not practical due to power and
cooling demands.

121t might be possible to use spherical cavities with the poles cut off, where the only modes that can be supported
are nearly degenerate high harmonics. Alternatively, one could couple two spherical cavities with a small tunable
aperture as in Refs. [132, 130, 131].
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while for corrugated cylindrical cavities, they change the length seen by only one of the hybrid mode
polarizations.

Using fins, one can cover the full parameter space shown in Figure 2.2 with a single cavity.
However, introducing such sharp features into the cavity increases the peak surface fields, and hence
has the potential to degrade the quality factor and lead to enhancement of field emission, as discussed
in Section 2.5.4.

Since detailed numeric simulations of the cavity are required to understand these effects, we defer
further discussion to future work. As such, the reach shown in Figure 2.2 should be interpreted
as indicating the potential of our general approach. However, we note that even an uncorrugated
cylindrical cavity tuned solely with piezoelectric devices can probe a wide range of motivated
parameter space, over orders of magnitude in axion mass.

Finally, loading and readout can be achieved either through coaxial antennae fed into the cavity
or with waveguides. For concreteness, we will employ the term “waveguide” when discussing the
loading/readout architecture. When we discuss the reach of the proposed approach in Section 2.6,
we will explore the optimization of the readout architecture. The language of waveguides lends itself
well to this discussion, but the conclusions we reach do not depend on what specific instrument is
used to extract the signal from the cavity.

To summarize, as reference cavity parameters we consider V ~ m? sized cylindrical SRF cavities
operating at frequencies of w/2m ~ GHz, with typical magnetic fields of B ~ 0.2 T, and intrinsic
quality factors of Qi = 10°. The level of frequency stability of modes planned for similar SRF
cavities [139] suggests that scanning step sizes of ~ 0.1 Hz — 1 Hz are achievable. We therefore limit
our analysis to frequency steps of 0.1 Hz and above, and do not consider axion masses corresponding
to frequencies below 1 Hz, where the effects of such a frequency instability become more dramatic.
Furthermore, we do not consider the possibility of large frequency separations between the pump
and signal mode, since this would involve accounting for intermediate modes. We therefore restrict

our analysis to m, < GHz.'?

~

2.5 Noise Sources

In this section, we describe the expected dominant noise sources for our setup, shown schematically
in Figure 2.3. Some of these noise sources, such as amplifier and thermal noise, are common to
axion DM experiments using static background magnetic fields [6, 7, 108, 9, 10, 12, 13, 18]. The
remaining contributions, however, are particular to our setup. These include phase noise from the
master oscillator that drives the pump mode, mechanical vibrations of the cavity walls, and field
emission, commonly known in the accelerator community as “dark current.”

The relative sizes of the noise sources, as a function of axion mass, are shown in Figure 2.4.

13 An initial exploration of the use of higher harmonics of a loaded cavity was conducted in Ref. [127].
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Thermal noise in the cavity, and amplifier noise in the readout system are both independent of m,,.
Of the two sources, thermal noise in the cavity dominates, and plays the most important role at the
largest axion masses that we consider. At smaller axion masses, two other sources of noise become
relevant: frequency instability of the resonant modes from mechanical vibrations and power leakage
from the pump to the signal mode. These both grow as the axion mass is decreased. As we discuss
in the following, they are also both strongly sensitive to the quality factor of the cavity. Increasing
the quality factor, other than increasing the signal power, decreases these two sources of noise.
In Figure 2.4, the sharp feature evident in the mechanical noise power is due to our assumptions,
motivated by the experimental characterization of similar cavities performed in Ref. [130]; we assume
that there exists a spectrum of mechanical resonances above a kHz, each maximally coupled to the
pump and signal modes of the cavity.

Before turning to a more detailed description of each of these noise sources, it is useful to

distinguish the two contributions to the quality factor @} of the signal mode,

L_1 1
Ql Qint Qcpl7

(2.28)

where Qint depends only on losses intrinsic to the cavity (such as the residual resistance of the walls)
and Qcp) is determined by the rate at which power is transmitted to the readout. Critical coupling
occurs when the two losses are equal, Qint = Qcp1, but we will see in Section 2.6 that it is optimal
to strongly overcouple, @1 ~ Qcp1 € Qint, even though this degrades the total signal power. The
readout is set to predominantly couple to the signal mode, as discussed further in Section 2.5.2; so
that the pump mode’s quality factor is not affected, Q¢ ~ Qint- The PSDs derived in this section
represent the total noise power delivered to the cavity and to the readout apparatus in the signal

mode.

2.5.1 Thermal and Amplifier Noise

Thermal emission of radio waves from the the cavity walls constitutes an irreducible noise source. If

the cavity is cooled to a temperature 7', then the PSD of this thermal noise is

_ Ql 47TT(WW1/Q1)2
Qint (W? —w?)2 + (wWw1/Q1)?

Sen(w) (2.29)
Here, the prefactor of 47 stems from our use of two-sided PSDs and the convention of Eq. (2.13), and
the factor of QQ1/Qint arises because the coupling to the readout does not source thermal noise; it is

only the cavity walls that are at temperature T'. This corresponds to an average total noise power of

Pth ~ . (230)
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Figure 2.3: A diagram depicting the main expected sources of noise specific to our detection strategy.
In counterclockwise order are depictions of individual noise sources: thermal emission, discussed
in Section 2.5.1; the effects of oscillator phase noise, as discussed in Section 2.5.2; the precision of
the geometric coupling of the loading and readout waveguides, relevant to several noise sources;
vibrations of the cavity walls, discussed in Section 2.5.3; and field emission, discussed in Section 2.5.4.
Not shown is amplifier noise, discussed in Section 2.5.1.
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Figure 2.4: Comparisons of total power in thermal (yellow), amplifier (cyan), oscillator phase
(red), and mechanical vibration (blue) noise, shown as a function of the axion mass m,. The cavity
parameters match the (a) lower and (b) upper curves in Figure 2.2. The figure shows the total power
delivered to the readout architecture assuming critical coupling, and thus has appropriate factors of
Qn/Qqp included as discussed in Section 2.6. The estimated size of mechanical noise depends on
the degree of degeneracy between the axion mass and the resonant frequency of mechanical modes
of the cavity. The solid line corresponds to the same model incorporated into the reach shown in
Figures 2.2 and 2.5, while the dashed lines serve to bracket the variation in such noise, depending on
the scan/instrumental strategy employed (see Section 2.5.3 for discussion).

Driven SRF cavities can be efficiently cooled using a superfluid helium bath to a temperature of
T = 1.8 K. This temperature is below the superfluid transition at 2.2 K, which mitigates vibrational
noise from the bubbling of gaseous helium. Dissipation of the pump mode increases the temperature
of the cavity walls slightly above that of the helium bath, but we neglect this since the typical
temperature change is small, of order 0.1 K [140]. For reference, a 1 m? cavity operating at GHz
with By ~ 0.2 T dissipates Pioss ~ 10 W — 1 kW for Qine ~ 1012 — 1010,

The signal is to be read out with an amplifier coupled to the resonant cavity. We assume that
amplifier noise can be reduced to its standard quantum limit, resulting in one photon of power per
unit bandwidth [141, 142]. One half of this power is due to quantum zero-point fluctuations, while
the other half accounts for the backaction and imprecision noise associated with the amplifier [143].

The corresponding noise power can be described as a spectrally flat PSD of the form
Sql(w) = 7w . (2.31)

This assumption is equivalent to that made for other experiments targeting similar axion parameter
space [115] and has been achieved in practice at GHz frequencies [9]. For context, at critical
coupling, amplifier noise is smaller than thermal noise by a factor of the thermal occupation number,
Noee = T /w1 ~ 100.
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Overcoupling the cavity to the readout can enhance the reach of a thermal noise limited search [115].
Intuitively, this is possible since a quantum-limited readout has an effective noise temperature given
by a single photon of noise per unit bandwidth (Teg ~ w1 ~ 10 mK <« 1.8 K), and so overcoupling
lowers the effective noise temperature of the system. Similar statements can be made when other

noise sources dominate. We discuss these aspects in more detail in Section 2.6 and Appendix 2.10.

2.5.2 Oscillator Phase Noise

The pump mode is excited by driving a waveguide at frequency wy with an external oscillator. The
loading waveguide possesses a geometric coupling to the pump mode €pq ~ 1 and is adjusted to have
a small coupling to the signal mode, €14 < 1. Similarly, the signal is detected through a readout
waveguide, which is adjusted to have a small coupling to the pump mode, €¢j, < 1. Since minimizing
the unwanted geometric couplings €19 and gg, requires precisely controlling the geometry of the two
waveguides, we take €14 ~ €g;. The mechanical precision required to achieve a certain rejection value
is discussed further in Appendix 2.9.

The oscillator is centered around the frequency wg, but is broadened due to fluctuations in the

amplitude and phase of its output voltage, which can be parametrized as
Vosc(t) = Vo (1 + a(t)) cos(wot + ¢(t)) . (2.32)

The PSD of the amplitude noise S, (w) typically has flat (white) and 1/w components, the latter
due to so-called “flicker noise.” The PSD of the phase noise S, (w) has additional 1/w? and 1/w?
components due to the Leeson effect, whose effects dominate over amplitude noise for the small
frequency splittings that we consider [144, 145]. The component of Vo (t) at frequency wy can be
inadvertently read out as signal through the coupling €14 or €g,.

Oscillator manufacturers typically report the one-sideband noise power per unit bandwidth,
relative to the carrier power. From this we extract the phase noise PSD S, (w). We fit the reported

spectrum of a low-noise commercially available oscillator [146] to the functional form

3
Sp(w) =Y bpw™, (2.33)

n=0

yielding the values
bo=10"1Hz™ !, by =107, by =107% Hz, b3 = 107° HZ? . (2.34)
Defining the total power input to the cavity as

Pn= 2BV, (2.35)
0



CHAPTER 2. SUPERCONDUCTING RESONANT FREQUENCY CONVERSION 30

the PSD due to oscillator phase noise is given by

1 (wwi/Q1)? wo@1

Sphase(w) >~ 3 2y Sy(w —wo)

Py . 2.36
(W —wi)? + (w1 /Q1)? wiQo (2.36)
Note that because the width wy/Qo of the pump mode is much smaller than the axion mass
mg = wy — wy for all parameters we consider, the noise due to the coupling €, is suppressed by the
Breit-Wigner tail of the pump mode, (wp/m,Qo)* < 1, and is hence negligible. Taking S, (w) to be
spectrally flat within the signal mode bandwidth, which is a good approximation for all parameters
shown in Figure 2.2, the above PSD corresponds to an average total noise power of
2
€14 Sp(Ma) wo
Pphase ~ # @ Pin . (237)
Projected sensitivities are shown in Figure 2.2 for 14 = 107°, 10~7. Geometric rejections at the
level of O(10~7) have been experimentally demonstrated in Refs. [130, 132] for a different signal and
pump mode geometry. As discussed in greater detail in Appendix 2.9, achieving e;q4 = 10~7 in our
setup requires controlling the cavity components at the few nm level, which is a level of precision that
is already envisioned for other applications [139]. For such small rejection factors, €1q scales linearly
with this distance scale. As shown in Figure 2.4, we find that phase noise is subdominant compared

to thermal noise for the largest axion masses that we consider, while it dominates at smaller masses.

2.5.3 Mechanical Vibration Noise

Mechanical oscillations of the cavity boundaries lead to time-dependent shifts in the resonant modes
and their corresponding frequencies. Such perturbations can impede the ability to reliably scan over
the axion mass range and may also induce transitions between the pump and signal modes, thus
constituting a potential background to the axion-induced signal. Various forces can contribute to
mechanical noise such as thermal excitations of the cavity, external vibrations from the cryogenic
cooling system or seismic activity, and radiation pressure due to the electromagnetic energy stored
in the loaded mode. Of these sources, the last is negligible, because it does not source significant
vibrations at frequency O(m,). Instead, its dominant effect is to introduce a static shift in the cavity
mode frequencies, known in the accelerator community as “Lorentz force detuning,” which we may
simply absorb into the definitions of wy and w;.'* Thermal effects are irreducible but, as we will
argue below, subdominant, while power from external sources can be significantly attenuated through
active feedback or isolation of the suspended cavity from its immediate surroundings.

To estimate both thermal and vibrational effects, we follow the discussion in Ref. [131]. The

14Note that precise knowledge of the central pump and signal mode frequencies is necessary to conduct a search for
the axion-induced transition. This can be achieved by active monitoring. Maintaining the stability of mode frequencies
within their bandwidth has been demonstrated in SRF cavities over timescales of a few minutes longer than our longest
integration time [147].
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displacement of the cavity wall from its equilibrium position, denoted as u(x,t), can be decomposed

as a sum over the various dimensionless mechanical normal modes of the cavity, &, (x),

U’(X’ t) = QOL(t) €a(x) ) (238)

where the expansion coefficients are given by the time-dependent generalized coordinates, g,(t), and

a sum over the integer « is implied. The mode vectors are normalized such that

[ p0) (€ €)= 300 (2.39)

where p and M are the mass density and total mass of the cavity, respectively. In the following,
we focus on an individual mechanical resonance, labeled by @ = m. The noise power from multiple
resonances can be summed, but in most cases only the nearest resonance will be relevant. The

response of the generalized coordinate of the cavity boundary is described by the PSD,

1 St (W)
S (W) = M? (w2 — w2)? + (Wmw/Qm)?

(2.40)

where w,,, is the resonant frequency of the excited mechanical mode, @, is the mechanical quality
factor, and f,, is the force projected onto mode o = m. In our estimates, we adopt Q,,, = 10° as a
representative value [132]. The force term on the right-hand side of Eq. (2.40) contains contributions
from radiation pressure, thermal fluctuations, and other environmental sources.

The force generated from thermal fluctuations is negligible compared to seismic or cryogenic
noise for realistic attenuation capabilities. For the cavity parameters we consider, thermal vibrations
source Sy (w) ~ 10723 N?/Hz x (M/kg) (T/K) (wp, /kHz) (10°/Qm ), while, e.g., the authors of
Ref. [132] directly measured the unattenuated force PSD for a similar resonant cavity design and
found values spanning from O(10~7) N? /Hz—©(10~3) N? /Hz within the measured frequency range of
10 Hz — 10 kHz, stemming from vibrations of the surrounding environment. For realistic attenuation
factors, the latter vibrational sources are dominant.

Rather than directly reporting an attenuated external force PSD, experiments frequently charac-
terize mechanical noise by the RMS wall displacement ¢,,5 induced by these forces. For example,
near-term light-shining-through-wall type experiments at FNAL plan on controlling wall displacements
of loaded cavities to within sub-nanometer precision through the use of piezo-actuator tuners [139].
To infer a force PSD from this level of vibration, we note that Eq. (2.40) implies an RMS displacement

of the m’th normal mode

Sf (wnL)Qm Sf (Wm) Qm M 2 Wm 3

2 m 6 2 m

q ~ 2 " ~ 10° nm _— —_— —_ — . 2.41
< > dm -ZMQW»%«L % (10 4 N2 Hz 1 103 kg (kHZ) ( )
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The scaling with w,, implies that, for an approximately flat S¢, (w), (¢2,) is largest for the lowest-

frequency mechanical mode. Thus, we normalize the attenuated force PSD to
Sf'm. ~ 4w M2 w?nin qus/Qm ) (242)

where ¢rms ~ 0.1 nm and wyin ~ kHz is the lowest-lying mechanical resonance of the cavity. This
estimate of wp, is motivated by the measurements of a similar apparatus to search for gravitational
waves, which showed a growing number of mechanical resonances above w ~ 0.5 kHz [130]. Hence,
we will assume that externally sourced vibrations are controlled to {(¢2,) ~ (0.1 nm)?, which from
Eq. (2.41) implies an attenuation ability of O(10~%). Note that even assuming a considerably worse
control of the cavity walls, gums ~ 102 um, the estimated sensitivity at large axion masses, and in
particular the ability to probe the QCD axion, is not appreciably affected, as shown in Figure 2.5.

These mechanical vibrations couple to the electromagnetic cavity modes by, e.g., shifting their
resonant frequencies, )

Swn () ~ —=

5 am () CT wy, (2.43)

where the coupling coefficients, C™, are given in terms of the electromagnetic modes,'”

cm — fds “Em(x) (|Bn(x)|2 - |En(x)|2) '

. T Bx [En (P (2.44)

In the numerator of Eq. (2.44), the integral is performed over the surface boundary of the deformed
cavity. Note that the size of the coupling coefficient C)*, and hence also the frequency shift of
Eq. (2.43), depends on the specific nature of the mechanical and electromagnetic resonances of the
unperturbed cavity. We will pessimistically assume maximum overlap between the mechanical and
electromagnetic modes, in which case the coupling coeflicient is parametrically of size C)* ~ V13,
where V' is the geometric volume of the cavity.

The shift in the cavity mode frequencies in Eq. (2.43) results in a modification of the equation of

motion for a mode (labeled n) driven by an external field D(t,r),

[33 + Wn Oy + (wn + 5wn)2} B,(t,r) = w?D(t,r) . (2.45)

n

When the time-dependent shifts in the cavity mode frequencies are small, we can perturbatively

solve the above equation to find the noise PSD due to vibrations of the cavity walls, Spech(w). To

15We have assumed that the off-diagonal generalizations of the coupling coefficient involving pairs of distinct
electromagnetic modes vanish to leading order in the cavity perturbation. We have checked that this is satisfied for
various nearly-degenerate modes of cylindrical cavities, which have orthogonal E and B fields at every point in space.
If this is not the case, additional source terms in the coupled electromagnetic-mechanical equations of motion should
be included. See Ref. [131] for additional details.
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leading order in dw? /w2 < 1, we find

Smean(@) = Y S () (2.46)
n=0,1
~ Eld “o (Sqm (w— WO)/Vz/S) (wn/Qn) wi w?
10 2 [+ /@ [ - a2 + g 247

where the sum is over the pump (n = 0) and signal (n = 1) modes. To understand Eq. (2.47)
parametrically, we note that for m, ~ wy,, and wy,/Qm < w,/Qy, evaluating Spech(w) near the

positive frequency resonance (w ~ wq) and applying Egs. (2.40) and (2.41) yields

2 2
€1d Qm wiw m1n qrms P

T
Smecn (W1 + Aw) = 2 1+ (Aw/Aw,)2 m§ vz

(2.48)

where we defined the width of the mechanical mode Aw,,, = wy, /2Q .

In the coupled superconducting cavity setup of Ref. [130], direct probes of the designed apparatus
revealed the presence of mechanical resonances above wpni, ~ kHz, separated in frequency by
0O(100) Hz. For m, < wmin, mechanical noise is driven by the tail of the lowest-frequency resonance.
In this regime, the scaling of mechanical noise is dominated by the cavity’s response to an off-resonance
driving force, as expected from the form of Eqs. (2.40) and (2.47). Therefore, the noise power scales
as roughly 1/m2. As shown in Figure 2.4, mechanical noise is significant in this mass range and is
roughly comparable to oscillator phase noise.

The behavior of mechanical noise in the vicinity of resonances is more subtle, and so merits
further discussion. Egs. (2.40) and (2.47) imply that the power in mechanical noise is maximized
for w;, ~ w; —wg. Thus, in a scan over wy, the mechanical noise PSD has a forest of local maxima
around each resonance wg + wy,, with minima in between. In Figure 2.3, we bound the total power
in mechanical noise for m, > wniy by considering two cases: where the axion mass is situated at or
near a local maximum of the noise PSD (m, ~ w,, for some mechanical resonance m), or at a local
minimum (m, at the midpoint between two adjacent resonances, i.e., assuming a typical separation
of ~ 100 Hz between mechanical resonances, at 50 Hz separation from each). The total mechanical
noise powers obtained in these two extreme cases, illustrated by dashed curves in Figure 2.3, define an
envelope for the mechanical noise power at each scan step. The envelope spans 3 orders of magnitude
in noise power, due to the sharpness of the mechanical resonances, but for the same reason, the noise
power only approaches the upper envelope in narrow regions of size Aw,, about each resonance.

For a more representative characterization of the mechanical noise near resonances, we note
that in a scan over the range of candidate axion masses between any two resonances, the median
noise PSD is that obtained at 25 Hz separation from the nearest mechanical resonance. The total
mechanical noise power at this separation is indicated by the solid blue curve in Figure 2.3, and this

characteristic noise power is used in deriving the axion sensitivity curves. In a single scan, half of
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candidate axion masses are expected to have noise above this line (and hence weaker sensitivity)
and half below (and hence stronger sensitivity). It may also be possible to fill these narrow gaps in
sensitivity by using two cavities with slight mechanical variations, so that their mechanical resonance
frequencies are slightly offset. In this case, each candidate axion mass will be well-separated from the
mechanical resonances of at least one of the two cavities.

Near-resonance mechanical noise is only expected to dominate over about one decade in axion
mass near angular frequencies of 1 kHz— 10 kHz. At lower frequencies there are no nearby resonances,
and mechanical noise falls off rapidly at higher frequencies. These two effects lead to a peak-like
structure near m, = 1 kHz in Figure 2.4, and corresponding dips in the reach shown in Figures 2.2
and 2.5. The strength and position of this feature should be appropriately rescaled by wpyi, for
cavities with higher- or lower-lying resonances.

For m, < MHz, where mechanical noise is important, the integral of Eq. (2.47) over the signal
bandwidth is analytically tractable for the pessimistic case of a mechanical resonance very closely
spaced to w; —wy =~ m,. Taking the mechanical resonance to be narrower than the cavity bandwidth
and further approximating Q¢ ~ @ and m, < wy, the average total noise power in mechanical noise
is

2 2.3 2
P, EﬂwO Ymin 9rms P (249)

ech = 16 mg V2/3 in -

We emphasize that the mechanical noise estimates presented above are most likely overly pes-
simistic. In particular, we assumed that for every axion mass 2 kHz there is a corresponding resonant
mechanical mode that is maximally coupled to the electromagnetic properties of the cavity. In this
sense, a dedicated design strategy could potentially significantly mitigate noise from mechanical

vibrations.

2.5.4 Field Emission

At high surface electric fields, electrons are emitted from imperfections on the walls of the SRF
cavity. The released electrons accelerate to relativistic speeds, absorbing energy from the cavity field,
and typically are reabsorbed into the wall within less than one oscillation cycle of the cavity. They
emit radiation in three different stages: as they accelerate inside the cavity and emit synchrotron
radiation; as they encounter the dielectric mismatch between the interior and wall of the cavity,
leading to transition radiation; and as they encounter the nuclear electric fields of the wall material,
leading to Bremsstrahlung radiation.

In this section, we crudely approximate the noise due to each process. First, we note that for an
electron of energy yme, all three processes produce radiation in a small solid angle 1/4? around the
electron momentum, spread roughly uniformly over a frequency range much broader than the signal
mode bandwidth. Hence, only a small fraction of the power absorbed by the emitted electrons is

deposited in the signal mode.
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The energy absorbed by a single electron as it traverses a cavity of length L ~ 1/wy ~ 1m and
average electric field of strength Ey ~ ¢By = 60 MV /m is roughly Uaps ~ eFEgL, corresponding to a
Lorentz factor of v ~ 100. This energy is then released through the three processes described above.

The energy released as synchrotron radiation and the corresponding frequency range are

ety E2L
me

Usync ~ 3 Ao-”sync Z wWo (250)
where the frequency range is determined by the short timescale tsync ~ 1/wy over which the electron
is within the cavity. The energy released in transition radiation depends on the plasma frequency
of the wall material, which for niobium is w, ~ 50eV. The spectrum of the produced radiation is

relatively flat, and the total energy released and the corresponding frequency range are [148]
Utrans ~ 62'7‘*);0 y AWtrans ~ YWp . (251)

Finally, as the electron travels inside the cavity wall, the remaining energy is released through losses
inside the material. Since both Usyne and Uyrans are both much smaller than Us,ps, almost all the
absorbed energy is released inside the wall. We assume that all of the energy is converted into
photons via Bremsstrahlung, that all of these photons are released into the body of the cavity, and

that the spectrum of the radiation is approximately flat, giving
Ubrem ~ €EoL,  Awprem ~ YMe - (252)

In reality, the release of energy in the walls is a complex process, which our assumptions model only
very crudely. Our first two assumptions are very pessimistic, while our third assumption is optimistic,
as a relativistic electron will create showers of softer electrons which release energy within a smaller
frequency range. However, in any case, we will find that the noise PSD due to Bremsstrahlung is
subdominant by several orders of magnitude.

We can use these results to evaluate the noise PSD, normalized to the total power loss Py due to
field emission. For concreteness, we compare the three contributions to the typical PSD for thermal

noise. Accounting for the small geometric overlap factor 1/42, the PSDs are
Si(w) ~ Prot 77— —5 (2.53)
where Py is the total power loss due to field emission. Numerically, we have

1 synchrotron
S(wr) Piot
47T 0.1W

X ¢ 1076  transition (2.54)

1075 Bremsstrahlung,
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so that for field emission to be negligible compared to thermal noise, we require Pt < 0.1 W. For
context, this corresponds to O(100) electrons emitted per cycle, or about 0.1% of the total energy
loss for a cavity with Qine = 10'2.

In practice, the rate of field emission is set by the shapes of each cavity’s particular defects, which
determine the local enhancement of the electric field. Since it is a tunneling effect, the electric current
due to a given defect has a strong exponential dependence on the field, I ~ exp(—1/8FE), where 8
depends on the geometry of the defect [149]. As such, field emission from a defect is essentially zero
for lower fields, then sharply increases at a certain threshold field value. Modern cavity fabrication
techniques can produce cavities where field emission is a small source of energy loss (defined as
Py < 10W) up to peak surface electric fields beyond ~ 60 MV /m. Moreover, in many cases, field
emission is not even detectable for peak surface fields of this magnitude [150, 140].

Given this background, the relevance of field emission to our setup depends sensitively on the
design. For the cylindrical cavity modes discussed in Section 2.4, the peak surface electric fields
are several times smaller than the typical fields Ey ~ 60 MV /m, making field emission a completely
negligible effect. However, the use of retractable fins to tune the frequency difference would create
a sharp feature within the cavity and hence a local enhancement of the surface field. As discussed
in Section 2.4, we are sensitive to a wide range of motivated parameter space even without the
implementation of fins; we defer further discussion of field emission in this setting to a future detailed
study of the experimental design. In particular, both field emission and the resulting synchrotron
radiation can be simulated more precisely using existing dedicated numeric programs.

Finally, it is worth mentioning other well-known effects associated with SRF cavities. The cavity
must be designed and manufactured to manage well-understood problems such as multipacting and
thermal breakdown [149, 140]. Another physical effect to consider is nonlinearity in the response of
the cavity walls to the pump mode fields, which could produce radiation with frequency at integer
multiples of wy. However, this is not relevant for our setup because the signal mode frequency wy is

not close to any of these multiples; instead we have wy ~ wy.

2.6 Physics Reach

With our noise estimates in place, we now compute the conceptual reach of our setup. The signal
PSD for the readout is slightly modified from that of Eq. (2.20) because the readout receives a
fraction Q1/Qcp1 of the power delivered to the cavity, where Q1 and Q.p1 are related by Eq. (2.28).
Referring to Eq. (2.23), we therefore make the replacement

o

Ssi w) —
g( ) Qcp]

Ssig(w) - (2.55)
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Figure 2.5: The anticipated reach to axion dark matter in the gy, — mq plane, for a wide range
of experimental parameters. Our baseline parameters are those of the lower curve of Figure 2.2,
including Qe = 10'2, 14 = 1077, ¢ums = 10~ nm, and t, = 107 s. In each panel, we vary one
of these four parameters, while keeping the others fixed. All other features of the figures are as
explained in Figure 2.2. Throughout, we only consider axion masses for which the integration time
for a single scan step ti,¢ is larger than the axion coherence time and cavity ring-up time, and axion
masses that are greater than the typical frequency shift due to mechanical vibrations.
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This is to be compared to the total noise PSD for the readout,

Snoise(w) = Sql(w) + & (Sth(w) + Sphase(w) + S(l) (w)) + & S(O)

w), 2.56
Qcpl mech Qcpl mech( ) ( )

where we do not include field emission noise (see Eq. (2.54)) because it can be kept below thermal
noise for cylindrical cavities. Amplifier noise does not receive a factor of Q1/Qcp1 because it is intrinsic
to the amplifier itself. The last term in Eq. (2.56) corresponds to the pump mode contribution to
mechanical noise (see Eq. (2.47)), which is rescaled by Qo/Qcp1 since it arises from the pump mode
readout coupling.

At this point, one can see why it can be advantageous to overcouple: referring to Eqgs. (2.29) and
(2.36), the signal, thermal noise, and phase noise PSDs are all proportional to Q%/Qcp1. Therefore,
if either of these noise sources dominates, overcoupling (Qcp1 =~ Q1 < Qint) Preserves the ratio
Ssig(w)/Snoise(w) but broadens the frequency range that a scan step is sensitive to, relative to critical
coupling (Qcp1 = Qint)-

We now describe the scan optimization. For a scan step with integration time tj,¢, the noise power
is independent between frequency bins of width ~ 27 /t;,,¢. Each bin thus has an independent SNR,
and the bins may be combined by a weighted average. The optimal weighting leads to an overall
SNR that is the sum of the SNRs of the bins in quadrature [151]. As in Section 2.3, we assume that
tint > max(7y, 7, ), where 7, is the ring-up time of the overcoupled signal mode, and hence that the
variation of Sgig(w)/Snoise(w) is on frequency scales greater than 1/¢i,. As a result, the SNR can be

approximated as an integral over frequency,

(SNR)? ~ #;,, /OO dw (Sg(w)))z 7 (2.57)

0 27\ Shoise ((JJ

where only positive frequencies are included, since the signal and noise PSDs are symmetric in w.
We assume that a scan is performed uniformly in logm,, allocating a time t. for each e-fold in
axion mass. It is optimal to scan in steps as wide as possible, as time must be spent waiting for the
signal to ring up during each step. We take the width Awg. of a single scan step to be set by the
range of axion masses near wy — wp within which the expected SNR, as given by Eq. (2.57), is within

an O(1) factor of the maximal value. Parametrically, this implies

Awge ~ max(mg/Qq, w1/Q1) . (2.58)

This step size in turn sets the integration time allowed for each scan step to be

Awse

a

(2.59)

tint = te

For each scan step, we numerically optimize the SNR as given by Eq. (2.57) with respect to the
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coupling Qp1, subject to the constraint ¢, > max(7;,7,), and determine the reach by demanding
SNR 2 1. The largest ti,s values we consider are O(100) s. The stability of frequencies within their
bandwidths on timescales of a few minutes has been demonstrated in an SRF cavity in Ref. [147]. As
discussed in Section 2.3, we model the axion PSD as following a virialized Maxwellian distribution.

For concreteness, consider the case where thermal noise dominates and the next most important
contribution is amplifier noise; this occurs at the largest axion masses shown in Figures 2.2, 2.4,
and 2.5. As discussed further in Appendix 2.10, Eq. (2.57) reduces to the usual Dicke radiometer
equation [152], and it is optimal to overcouple until the thermal noise is reduced to the quantum
noise floor. This requires setting Qcpl ~ Qint/Mocc Where noee ~ T'/wy is the thermal occupation
number, which leads to an enhancement of the SNR by a factor of n},éf relative to critical coupling.

In this case, the SNR is then, parametrically,

DM V a in te 1/2
SNR ~ ZLT (9ary Mo Bo)? (%) : (2.60)

For comparison, a similar analysis applied to a static-field LC resonator yields

Qa QLC te ) 1/2

SNR(LC) ~ Pom V5/3 (ga’Y’Y BLC)2 ( T
LC

(2.61)
Our setup benefits from a large intrinsic quality factor Qi,; because it reduces dissipation in the
cavity and hence thermal noise. As a result, for both our setup and LC resonators, the SNR continues
to increase with Qi even after the signal power saturates, in agreement with the conclusions of
Ref. [151]. However, for a fixed operational temperature and e-fold time, it is not useful to increase
the intrinsic quality factor to arbitrarily large values, as there will be insufficient time to fully ring
up the signal. For our choice of ¢, ~ 107 s and T ~ K, this occurs when Qj,; ~ 10'3. We also note
that the SNR for our setup in Eq. (2.60) is in principle valid for m, = GHz. However, in this regime
we have no parametric advantage over existing cavity haloscopes, and accordingly our reach falls off
rapidly due to the factor of w; ~ wy + m, in the denominator.

The optimized reach is shown in Figure 2.2 for two baselines choices of experimental parameters
and in Figure 2.5 for a larger set of variations. In both figures, we also show existing exclusions
from cavity haloscopes [7, 8, 9, 10, 12, 13, 14], helioscopes [4, 153, 154, 155], and observations
of SN1987A [16, 17]. We highlight parameter space that is motivated by the QCD axion as a
solution to the strong CP problem, corresponding to a range bounded by the DFSZ [102, 103]
and KSVZ [104, 105, 106] models. We also highlight regions of parameter space where an axion-
like particle with temperature-independent mass m, acquires a cosmological abundance from the
misalignment mechanism that is in agreement with the observed DM energy density. This occurs
if the initial field amplitude at the onset of oscillation is a; ~ (T2m3 Jma)t4, where Ty ~ eV
is the temperature at matter-radiation equality and my, is the Planck mass. Defining the initial
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misalignment angle as 6; = a;/f, and relating the axion decay constant to its photon coupling by

Gayy ™~ O‘em/zﬂ'fa, we find

o m 1/4 N
ey~ —2 a 0; ~10716 Gev! [ =% 0; . 2.62
oy ™ or (mil qu) ¢ peV (262)

This relation, along with the parametric expectation 6; ~ 1, provides a cosmologically motivated
target for axion-like particles.'®

The projected reach covers unexplored parameter space relevant for the QCD axion for 1078 eV <
m, < 107%eV and for axion-like particles as light as m, ~ 107 eV. The m, dependence of
the projected sensitivity can be understood as follows. Consider the upper curve of Figure 2.2,
which displays all of the parametric regimes. At large axion masses, thermal noise dominates
and the reach in coupling grows as 1/,/m, when m, is decreased, as shown in Eq. (2.60). For
me < 10710 eV, oscillator phase noise becomes the dominant background. The reach changes slope,
degrading at smaller axion masses because the signal frequency is closer to the pump mode frequency,
where the pump mode power is concentrated. At even smaller axion masses, mechanical vibrations
become the dominant source of noise, accounting for the change in slope of the reach curve around
mg ~ 107 eV. This is due to the rapid increase of the mechanical noise power, as shown in
Eq. (2.49). Near m, ~ kHz ~ 10~!? eV, mechanical noise decreases, as discussed in Section 2.5.3,
because of the absence of mechanical resonances below 1kHz. This result is in agreement with the
experimental characterization of similar cavities performed in Ref. [130].

This general description also applies to the four panels of Figure 2.5, which are intended to
demonstrate the robustness of our approach. The mass dependence of the reach is qualitatively
similar, except that not all of the noise regimes are always realized. For instance, in the lower left
panel, oscillator phase noise never dominates over mechanical noise if g, is large. Figure 2.5 shows
that, as long as a large intrinsic quality factor is maintained, our approach is still sensitive to the
QCD axion, even if one degrades the geometric rejection factor by 10%, shortens the e-fold time by
102, or increases the amplitude of the wall vibrations by 10°. In all cases, our approach also still has
the potential to cover a wide range of parameter space motivated by axion-like particle DM.

In Figures 2.2 and 2.5, the projected sensitivity of our setup is not shown for m, < Hz; this
corresponds to the level of frequency (and frequency splitting) control with current technology [139].
As discussed in Sections 2.4 and 2.5.3, this corresponds to controlling the displacement of cavity
walls at the ~ 0.1 nm level, allowing for scanning steps as small as ~ 0.1 Hz — 1 Hz. Furthermore,
our calculation is not valid at these small masses where the axion oscillates less than once per

ring-up time. We also refrain from considering axion masses less than wy (grms/ 78% 3), since sizable

16 Additional dynamics or interactions in the early Universe can allow for axion-like particles to be viable DM
candidates in a much larger range of gayy — Ma, as discussed in, e.g., Refs. [156, 157, 158]. Note that for the
QCD axion, the temperature-dependence of the axion mass leads to the correct relic abundance being obtained for
mae ~ 1076 eV [159, 160].
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mechanical displacements of the cavity walls may impede the ability to scan over such axion masses
in a controlled manner.

Finally, we note that in deriving our result for the signal PSD in Eq. (2.23), we treated the
oscillator, and hence the pump mode magnetic field, as monochromatic. Since the axion effective
current in Eq. (2.12) scales as Jog < B Oia, the oscillator width is negligible so long as it is smaller
than the axion width m,/Q,. In practice, the oscillator width is quantified by the Allan variance [144].
The phase noise discussed in Section 2.5.2 is better suited to describing the tails of the spectrum.
From the manufacturer data sheet of a commercially available oscillator in Ref. [146], we conclude

2 kHz. In a setup where the oscillator can be

~

that the pump mode width is negligible for m,
efficiently coupled to a precise reference clock (e.g., NIST [161]), the pump mode width is negligible

in all of the parameter space we consider.

2.7 Outlook

In this chapter, we have proposed an approach to leverage the properties of SRF cavities to detect low-
mass axions, with sensitivity to significant new parameter space spanning eight orders of magnitude in
axion mass. As shown in Eq. (2.10) and confirmed in Eq. (2.60), our frequency conversion approach
is parametrically enhanced compared to static-field LC resonators because of the larger electromotive
forces attained (see Eq. (2.5)). In addition, the insights of Ref. [151], which shows that the sensitivity
is optimized for a strongly overcoupled readout (@1 < Qint), allow us to take advantage of the
extremely large intrinsic quality factors of SRF cavities within a reasonable scanning time.

Estimating the sensitivity of our approach required careful consideration of several noise sources.
Aside from thermal noise, which can be treated relatively straightforwardly, we have pinned all of our
noise estimates to quantities measured in real apparatuses. As such, we are indebted to the decades
of work done on the development of quantum noise limited amplifiers, SRF cavity fabrication and
testing, low phase noise oscillators, and previous precision experiments targeting both axions and
gravitational waves. Ultimately, we find that for our reference parameters thermal noise is expected
to dominate over most of the mass range, with vibrational noise and oscillator phase noise becoming
more important at smaller masses.

We have left the detailed design of the experimental apparatus to future work. As mentioned
in Sections 2.4 and 2.5.4, there may be a tradeoff between maximizing the scanning range of a
single cavity, and maintaining large quality factors and suppressing field emission. However, we note
that even a simple cylindrical cavity design without tuning fins can potentially cover six orders of
magnitude in axion mass.

In principle, our approach is also sensitive to sub-Hz axion masses. In fact, as discussed in
Section 2.3, the signal power is not parametrically suppressed even when the axion does not undergo

a full oscillation within a resonator ring-up time. This leads to the intriguing possibility of probing
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axion-like particles with frequencies down to mHz or even lower. In this regime, finer details involving
the stabilization of the cavity modes and the width of the oscillator become relevant, and we defer a
detailed analysis to future work.

Elaborations on our basic approach could be used to further enhance the sensitivity. For example,
one could use correlations between two signal modes above and below that of the pump mode
(w+ ~ wg = my) to help distinguish the signal from noise, or use several signal modes simultaneously
to accelerate the scanning. When mechanical noise dominates, two cavities with distinct mechanical
resonant frequencies could be used to avoid gaps in the reach. Furthermore, variations on our
approach could be sensitive to other models of ultralight bosonic dark matter, such as dilaton-like
scalars that couple to the mechanical modes of the cavity. By leveraging technologies developed and
proven over the past few decades, our proposal is potentially sensitive to symmetry breaking scales

of up to f, ~ 106 GeV, and thereby some of the highest fundamental energy scales in nature.

Note added: While this study was ongoing, we became aware of Ref. [162], which discusses similar

ideas for axion detection.

2.8 Appendix: Cavity Geometry and Overlap Factor

Cylindrical Cavities

The normal modes of a cylindrical cavity are grouped into TE and TM modes. We begin by reviewing
facts about these modes, following the treatment in Ref. [148]. The TM modes are defined by the
vanishing of the transverse electric field Er at z = 0 and z = L, where L is the height of the cylinder.
Thus the z component of a TM mode is defined by

E, = w(Ta 90) Cos (%) ) (263)

for a nonnegative integer p. The function 1 vanishes at the boundaries and obeys a transverse wave

equation, and hence has solutions of the form
P(r, ) = EogJm (ymn1)e™? (2.64)

where Ypmn = Tmn /R, with z,,, being the nth zero of the mth order Bessel function J,,(z), and R

being the cylinder radius. The transverse electric and magnetic field components of a TM mode are
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then given by

__ pm . (pmZ

Er = 2 sin (—L ) Vorip(r, ), (2.65)
€ Wmnp PTZN\ .

Br = —z cos (—L ) Zx Vri(r, o), (2.66)

2
mnp

where V1 is the transverse part of the gradient, and pew =2, + (pr/L)? defines the frequency

of the TM,;,,,;, mode.

For TE modes, the boundary condition B, =0 at z = 0 and z = L impose

B, = ¢(r, ) sin (]%) , (2.67)

for a positive integer p. The function ¢ now obeys the boundary condition OH,/Jr|,—r = 0. Here,

the solutions to the transverse wave equation are

O(r,9) = pBoTm (Vnr)e™? (2.68)

where v,,,, = x,,,/R, with 2/, being the nth root of J,,(x). The transverse electric and magnetic

field components of a TE mode are then given by

Ep = _Z;j”"g sin (%) 5 x Vo, ¢), (2.69)
s Tz
Br = - ’ZMZ cos (pT) Voo, o), (2.70)
and w2, = 72, + (pr/L)? defines the frequency of the TE,,,;, mode.

Overlap Factors for Cylindrical Cavities

In this section, we compute the normalized overlap factors defined in Eq. (2.21) for transitions
between cylindrical cavity modes. From this point on, we set € = u = 1 for brevity.
We begin by deriving the selection rules quoted in Section 2.4. For a geometric overlap factor

between two modes indexed by (mg, ng,po) and (mq,n1,p1), the integral over z gives a factor of

L
I L 2 + po odd

/ cos (pom) sin (plm) de = ——P (L (~pypotptly = P e ’
o L L 7r(p1 — po) 7T(P1 - Po) 0 p1+po even

(2.71)
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while the integral over ¢ gives a factor of

o , 2 Mo = my
/ emimoPeimie Gy — , (2.72)
0 0 mo#m

Therefore, a nonzero geometric overlap factor is only possible if the selection rules mg = m; =m
and pg + p1 odd are obeyed. Furthermore, TM <> TM mode transitions always have a zero overlap

integral, because for two TM modes,

R
[/ E;knnlpl : anopo X A drr (Vqu:znlpl (T7 SD)) ' (2 X VTwmnopo (7", 90))
R
o / dr (O Jm (Vmns 7)) T (Yo ™) + T (Ymny 7) O (T (YmnoT))
0

R
x / dr O, (Jm(’Ymnlr)Jm (’anor))
0

I (Ymny R) Im, (’Ymng R)
0

where the last line follows from the definition of ;.
For TEn nipn ¢ TMpmgnep, transitions, the overlap integral can be nonzero. Assuming the

selection rules are obeyed, the overlap integral is

w w 4Lpy
E* . B :B E mnipi1~Ymnopo > < )
/v( 1)TE ( O)TM 1 0((%1”1)2(%1%)2 p%—pg
2

R
x/ rdr {8TJm(’y;mlr)8TJm(’ymnor)+:72Jm(vﬁnnlr)Jm('ymnor)} . (2.73)
0

The volume integral [i, (B})pg - (Eo)qy yields the same result, as expected. For TE,, n,p, ¢
TEmnep, transitions, the overlap integral can also be nonzero. The same selection rules apply, with

the additional requirement m > 0. The overlap integral can then be written compactly as

Winnyp1 M PO 8mp1
EY).. - (B = BB 1P1 ) ( ) T (Voo B) T (Y R) | 2.74
/v( e (Bohrs = 51 O((vénm)Q(%mo)z pi—1i [ Ot ) Olna 0]- 271)

To obtain the normalized overlap factor 719 defined in Eq. (2.21), one must also compute the norms
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of the modes,

w2 R m2 ]
[ (B B —rinp [ rar [0 mtan, ) + 2 ()Y
(2.75)

* _ 2 (pOﬂ-/L)2 Rr r 2 m72 (,)/7/%”0)4 _r 2]
[/(BO 'BO)TE - 7TLBO (’Y;nno)4 /O d |:(6 ‘] (’anng )) + <’f’2 + (poW/L)z) (']m(erno )) ] )
(2.76)

w2 R m2 ]

| (81 B = wLEg Zm [ @) 4 2 )
(2.77)

We can now write relatively compact expressions for the overlap factors,

4p; R / m? ’
MrEoTM = ——gP / 1 |0y Ton (Yoo, T)0r Ton (Y™ + o s (Vo )T (Ym )
m(pi —p5) Jo r

X (/ORTdT [(8 o, (anlr))QJr %2 (‘]m(’Y;,mlr))Z])l/?

2

x (/Oerr {(a A C— ))2+’:‘2(Jm(wmnor))2]>_l/2 (2.78)

and

8mpy

7o — ) 7 1 B O )
1 0

NTE<TE =

2

X (/ORTdT [(8 I (anlr))QJr % (‘]m(’Y;,mlr))Z])l/?

X (/()err [(8 Im (vmno ))2 + (Tj + m> (Jm(vﬁnnor))Q})_l/Z . (2.79)

Clearly, we wish to maximize p; while keeping p? — p2 as small as possible. Therefore, good choices
might include (pg,p1) = (0,1) or (1,2), depending on whether the relevant frequencies have a

degenerate solution to perturb around.

Pairs of Degenerate Modes

The axion-induced transitions we are interested in observing would be between nearly degenerate

modes. Therefore, it is useful to have an analytic result for the cavity length to radius ratio that
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Figure 2.6: Cavity with corrugated end- and side-walls, R = 3\. Shown are density plots of the F
and H fields as labeled. a) Fields for mode with electric field polarized perpendicular to end-wall
vanes. b) Fields for mode with electric field polarized parallel to end-wall vanes.

would be required to achieve degeneracy. For TM,,0p <> TEmn,p, transitions, we find that

L 2 2 .2
(-) =R i %’20) : (2.80)
R xmno — T mn,

indicating that for there to be a real solution for L /R, then for p; > po we require x7,,,, < Zymn,, while
for p; < po we require =, | > Tmne- A similar analysis can be performed for TEnqp0 ¢ TEmn,p,
transitions, with the same result up to a replacement of xp,,,, — 7,,,,,. Tuning the length to radius
ratio will then allow for axion mass to be scanned. A discussion of how tuning could be performed in

practice can be found in Section 2.4.

Corrugated Cylinders

When the outer wall of a cylindrical guide can be characterized by a constant impedance Z = E,/H,
and Y = H,/E,, then the waveguide modes are typically hybrid, having both electric and magnetic

fields transverse to the longitudinal axis z [163],

b= ‘f—i <mz_o Jmljfir) + A‘L’n(’W)) sin mp, (2.81)
b= II:_E (%J;”(km mA Jmlgfir)) cos mgp, (2.82)
He = nflgl (J;”(k”) * m%A%kir)) cos m, (2.83)
T G s

where kg and k. are the free space and longitudinal propagation constants respectively, k; = v/R is

the transverse propagation constant where «y is a Bessel root, 79 is the wave impedance of the medium
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filling the guide and A is a hybrid factor relating the TE to TM fields. Imposing the boundary
condition Z = E,/H. and Y = H,/E. at 7 = R yields an equation for the hybrid factor

2 2 2
oo 2) e (- 2) 0
no ) 2mk,

no ) 2mk,
The two solutions correspond to the two types of hybrid modes, HE,,,, and EH,,,,. The most

1/2

(2.85)

interesting case for our approach occurs when nyY = Z/ny < koR, yielding A = 1. This limit can
be obtained by using a corrugated waveguide surface and is referred to as the balanced hybrid modes.
The lower order modes for this case are characterized by significantly reduced wall losses compared
to the smooth wall modes. In addition, some of these modes have high degree of field polarization.
The dominant balanced hybrid mode is the HE;y,, and has losses approximately 2.5 times lower
than the lowest loss cylindrical mode, TEq1,, and very low cross polar fields. For a guide radius
large compared to wavelength k. /kqg ~ 1, the radial dependence of the electric and magnetic fields
simplifies to Jo(kyr) with v = x19. For this dependence the transverse field components go to zero
at the wall which explains the low attenuation. The attenuation factor « for the HE;;, mode is given

by
2

7 wen 1/2
() 50

where it can be seen that attenuation decreases as 1/R3.

The design of the detection cavity can take advantage of both of the special properties (low loss
and high polarization) of the HEq1, mode. The low wall losses allow generation of a very high Qint
cavity and the low cross-polarization coupling allows the pump and signal mode to be identical but
of opposite polarization so the coupling between them is minimized.

To achieve a high geometric overlap factor between the pump and signal modes, we again take
advantage of the high polarization of the mode by introducing a polarization-dependent reflection
at the cavity end walls. This can be achieved by using corrugations on the end walls as shown in
Figure 2.6. A mode with electric field polarized parallel to the corrugation vanes will be reflected
at the vane edge while the mode with electric field polarized perpendicular to the vane edge will
propagate into the vane section which allows for spatial alignment of the electric and magnetic fields

of the two modes.

2.9 Appendix: Geometric Rejection

The ability to discriminate between the pump and signal modes can be achieved by ensuring that

the input (output) waveguide couples only to the pump (signal) mode to a high degree of precision.
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Figure 2.7: Ellipticity of the cavity can lead to signal and pump mode contamination. Shown here
are the major axis voltage V) and minor axis voltage Vi, and a drive voltage Vg, subject to a wall
deformation AR.

These couplings can be parametrized by geometric overlap factors, defined as
JvEi-E;

R B

where the E; denote the spatial part of the cavity normal modes as defined in Section 2.3. In practice,

(2.87)

the undesired couplings between the pump and output mode, €q,, and the signal and input mode,
€14, will be nonzero, as it is not possible to perfectly control the geometry of the various components.
Below we discuss how ensuring €p, ~ €14 < 1 can be achieved, and the required precision of the
geometry of the cavity setup.

Coupling to the two orthogonal pump and detection modes in the cavity can be done through
rectangular waveguides placed in the center of the two end walls rotated 90° relative to each other.
However, if there is an angular misalignment Af there will be coupling between the modes at a level
proportional to the angular misalignment. For an amplitude discrimination between modes ¢ = 0, 1
and drive/readout j = d, r of ¢;; < 107", then A < 107". For a guide height h, this would require
the rotational displacement to be § < h Af/2. Assuming a frequency fo =1 GHz, h = A\/3 and a
desired power discrimination of 140 dB (e;; = 10~7), the rotational displacement error must be § < 5
nm.

Another source of coupling of the signal and pump modes can come from small deformations
of the guide resulting in ellipticity of the guide cross section, as shown in Figure 2.7. Consider the
idealized case in which the applied drive signal has a polarization midway between the major and
minor axis of the elliptical guide, labeled M and m, such that it may be decomposed into the two
orthogonal modes of equal amplitude. Since the propagation constant along the two elliptical axes
have a slightly different value AS as a result of the radius deformation, the drive signal amplitude
Va(z) in terms of the two orthogonal modes of the elliptical guide will vary as

1

Va(z) = 7 (Vat + Ve 7 282) | Vi = Vi = V4(0) . (2.88)
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This shift in relative phase between the two orthogonal modes will couple the drive mode to the
readout mode as ) Va(0)

Ve(2) = —= (Var — Vine ™892) = 280 (1 — #8082 2.89

(3 = 5 (e Ve 25%) = 800 1 - ooy 259)

The axial propagation constant of a guided mode is given by

W

8= — (2.90)
(1= k)™

The amplitude of the readout voltage at z = L relative to the input drive voltage at z = 0 is

2
VL) LdB LAR (2.91)

Va(0) © 2dRT ) e (1- (m/w)Q)g/2 |

Evaluating this expression for fo =1 GHz, 2R = L = 5\ and a desired power discrimination of 140
dB (€1q = €or = 1077) we find AR < 0.2 um.

2.10 Appendix: Parametric Optimization of Coupling

In this section, we show analytically that overcoupling the readout can parametrically enhance the
reach of our search. Our conclusions match those of Refs. [151, 115], which provide a detailed and
enlightening explanation of axion search optimization in general. We will only aim for parametric
estimates, as our reach is found by numerically optimizing (2.57). For simplicity, we begin by
considering only thermal and amplifier noise, and take the loading to be monochromatic.

We define the dimensionless coupling strength § = Qin/Qcp1, giving signal and noise PSDs of

S Sa(wi —wo + Aw)
1+8)? 1+ (Aw/Aw,)?

A¢ 1 1
0121+ (Ba/Aar ) | o

Ssig(w1 + Aw)

Snoise(wl + AW) X (292)
where we have absorbed constants to display only the dependence on £ and w, and expanded the
PSDs near the positive frequency resonance w ~ wj.

In all cases we will consider, the integrand of Eq. (2.57) will be roughly constant within an interval
Wmax T Awg, where we call Aw; the sensitivity width, and quickly falls off outside it. In this case,

evaluating the integral roughly gives

Ssig (wmax) tint AWs

Snoise (wmax> 27

SNR(¢) ~

(2.93)
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which is the familiar Dicke radiometer equation. Directly applying Eq. (2.92), we have

Ssig(w1 + Aw) 1 Sa(w1 — wo + Aw)
x 3 (2.94)
Shoise(W1 + Aw) 14+ 1/neg 1 4+ (Aw/Aw)? /(1 4 neg)
where nqg describes the ratio of thermal to amplifier noise,
48
eff = oce 2.
Neft TENIE n (2.95)

and ngec > 1.
We now optimize the coupling £&. When the axion is broad, the sensitivity width is determined by
the width of the Breit—-Wigner in (2.94),

Aws = Awr V1 + neg < (14 V1 + neg (2.96)

where the second step follows because Aw, « 1/Q;. The maximum SNR depends on ¢ as

Ssig (wmax) 1
Snoise (wmax) 1 + 1/neff '

(2.97)

Finally, the scan step affects the SNR through the integration time, tiyy < Awse, as in Eq. (2.59),
but in the broad axion case, Aws. = Aw, is independent of £&. Therefore, the figure of merit to be

maximized is

(1+£)\/1+neﬁ

SNR(E) o« F(€) = *2

(2.98)

We have normalized the figure of merit so that a critically coupled readout that naively detects only
the total power within the resonator width (i.e. taking £ = 1 and artificially setting Aws; = Aw,.) has
F~1.

For a narrow axion, the roles of the scan step Awg. and sensitivity width Awy are flipped: it is
now the sensitivity width that is determined by the axion width, and the scan step that is determined
by the width of the Breit—Wigner. As a result, the SNR has the same parametric dependence on &,
so we can roughly handle both cases at once.

For € ~ 1, we have neg > 1, and (2.98) reduces to

F(&) = \/(1+ &) y/Ner = (4€noec) (2.99)

which makes it clear that overcoupling is advantageous. For £ > 1, we can expand again to find

F(§) ~ = SVLH Done/C __ (moce) /! (2.100)

1 +5/4’”000 (1 +£/4710CC)3/4
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which is maximized when & ~ ngce, at which point F(§) ~ \/fioce, justifying the claims made in
Section 2.6. As anticipated, the optimum is achieved when the thermal noise hits the quantum noise
floor, neg ~ 1.

We now make some remarks on this result. First, our conclusions are not specific to thermal
noise. Referring to Eq. (2.92), we see that they hold for any source of noise which has a Breit—-Wigner
shape and the same dependence on the coupling £. In particular, this is true for oscillator phase
noise. As such, the SNR gain from overcoupling is y/Tocc ~ 10 for high axion masses, where thermal
noise dominates, and grows further at low axion masses, where oscillator phase noise becomes larger
than thermal noise.

Second, if the amplifier were instead at the same physical temperature as the cavity, the thermal
noise would not be reduced by overcoupling. Assuming thermal noise dominates, the figure of merit
is

SNR(€) x F(¢) = (155)2\/1 T e (2.101)

where the first factor is due to the PSD ratio, and the second is from the dependence on v/t;n:Aws.
This quantity is maximized at & = 2, in accordance with standard results.

Third, we have assumed throughout that ¢,y > max(7, 7,), so that steady state solutions apply. A
smaller integration time can be described by multiplying all time-dependent functions by a windowing
function of width t;,, smearing their Fourier transforms over the width 1/¢,¢. For example, in the

broad axion case, the total signal power is penalized as

2/ t < Ta,
Py~ <St/m Ta Kt <K Ty, (2.102)

1 ™ K t.

This signal power is also smeared over a larger frequency range, so detecting it requires taking in
more noise, further reducing the SNR. For ¢;,,; < 7,, we also encounter a qualitatively new problem
which is statistical in nature [164, 165]. The axion DM field is generically expected to be a Gaussian
random field, which implies that its amplitude of oscillation fluctuates by an O(1) factor over the
timescale 7,. (We suppressed this in the qualitative discussion following Eq. (2.2) for simplicity.) As
a result, the axion signal power has large statistical fluctuations, and the possibility of a downward
fluctuation significantly weakens the reach; the simple criterion SNR 2 1 is no longer a good estimate.

These subtleties introduce significant complications, so we have simply imposed tin; > max (7, 7,)
as a constraint. As a result, if ¢ is sufficiently short (as in the lower right panel of Figure 2.5), the
readout is overcoupled beyond the optimal value to allow the scan to complete in time.

Finally, we note one more feature of our optimization: the sensitivity width Aw, can be para-
metrically larger than the resonator width Aw,. For example, for critical coupling and a broad

axion, we have Awg ~ \/Moce Aw,. A critically coupled experiment which naively looks only at the



CHAPTER 2. SUPERCONDUCTING RESONANT FREQUENCY CONVERSION 52

power within the resonator width thus parametrically underestimates its potential SNR by a factor
of F(€=1) ~ nild. The intuition here is that the signal and thermal noise PSDs fall off resonance
with exactly the same Breit—-Wigner tail, so bins far beyond the resonator width can still have high
SNR. However, this point is not relevant to our final result, because once the coupling is optimized,

we have Awg ~ Aw, again.



Chapter 3

Heterodyne Broadband Detection

This chapter is based on Heterodyne Broadband Detection of Axzion Dark Matter, by A.Berlin, R. T.
D’Agnolo, S. A. R. Ellis, K. Zhou, Phys. Rev. D 104, L111701 (2021).

Abstract

We propose a new broadband search strategy for ultralight axion dark matter that interacts with
electromagnetism. An oscillating axion field induces transitions between two quasi-degenerate
resonant modes of a superconducting cavity. In two broadband runs optimized for high and low
masses, this setup can probe unexplored parameter space for axion-like particles covering fifteen

orders of magnitude in mass, including astrophysically long-ranged fuzzy dark matter.

53
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3.1 Introduction

Evidence for dark matter (DM) has been accumulating for almost ninety years [166] and its microscopic
nature remains one of the most important open questions in physics. Among the many DM candidates
proposed in the literature, light pseudoscalar bosons with sub-eV masses have garnered considerable
appeal since they generically appear in string compactifications [97, 98, 99] and have a simple and
predictive cosmological history. Furthermore, in certain regions of parameter space they can solve
the strong CP [93, 94, 95, 96, 100, 101, 102] or electroweak hierarchy problem [167, 168, 169]. In the
“fuzzy” mass limit (m,,, ~ 10722 eV), light bosonic DM may also play a role in resolving long-standing
tensions between observations and simulations of galactic structure [170, 171, 172]. In this chapter,
we present a new detection strategy for these DM candidates, which we refer to as axions.

Axion DM generically couples to electromagnetism through the interaction
1 S|
—LD ZgafwaFl“,F D) iJcﬁ"A, (31)

where a is the axion field and A is the vector potential. In the presence of a background magnetic

field B, the axion sources an effective current density
Jeff 2 gayny OraB. (3.2)

The interaction of Eq. 3.1 forms the basis of several experimental approaches to axion detection [4, 5,
6,7,9,11, 10, 12, 13, 18, 108, 109, 110, 173, 174, 123]. For instance, the time variation of Jog may
be used to drive a resonant detector [107, 175]. Such experiments exploit the coherence properties of
the axion DM field, which we model as a classical Gaussian random field within the galaxy, with an
average local density p,,, ~ 0.4 GeV/cm? and oscillating with angular frequency approximately equal
to the axion mass m,. Velocity dispersion from virialization within the galaxy leads to a spectral
broadening of the axion, with a characteristic width of Aw, ~ m,/Q., where Q, ~ 10°.

In setups applying static magnetic fields, Jog oscillates with the same frequency as the axion field.
Microwave cavities resonantly matched to the axion field can be built for m, ~ peV [11], but for
lower axion masses, the required cavity volume becomes impractically large. Resonant detection of
lighter axions is possible in static-field setups if the resonant frequency and volume of the detector
are independent, such as for lumped-element LC circuits [113, 114, 115]. However, their sensitivity
to low mass axions is suppressed by O;Jeg o My.

Recently, we have proposed a new approach for axion DM detection, which uses frequency
conversion to retain the advantages of resonant cavities while avoiding this suppression at low
masses [176] (see also Refs. [127, 177, 178]).! A cavity is prepared by driving a “pump mode” with

frequency wg ~ GHz, so that the axion can resonantly drive power into a “signal mode” of nearly

1Resonant and broadband heterodyne setups based on optical interferometry have previously been proposed, but
their sensitivity is limited by laser shot noise [179, 180, 181].
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Figure 3.1: In shaded green, the projected 90% C.L. reach of our setup to axion dark matter for several
values of leakage noise suppression ¢, intrinsic quality factor Qin¢, and integration time t;,¢. For each set
of parameters, we show the envelope of two or three distinct experimental runs, as discussed in the main
text. We assume pump and signal mode frequencies wy = w; = 100 MHz, a cavity volume Vi, = m3,
a magnetic field strength By = 0.2 T, a mode overlap form factor 1, = 1, a drive oscillator width
Awg = 0.1 mHz, and an attenuated RMS cavity wall displacement ¢,;,s = 0.1 nm. Further variations
are shown in the appendix. Existing constraints [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]
are shown in grey. The orange band denotes parameter space motivated by the strong CP problem.
Along the blue band, axions are produced through the misalignment mechanism at a level consistent
with the observed dark matter density [19], assuming a temperature independent mass, O(1) initial
misalignment angle, and coupling gayy = em/ (27 fq). (For larger couplings, axions produced in the
same way would make up a subcomponent of dark matter. However, since Joff X gayyv/Pa X Jayvyfas
our setup is equally sensitive to such subcomponents.)
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degenerate frequency wy ~ wg + m, and distinct spatial geometry. A scan over possible axion masses
is performed by slightly perturbing the cavity geometry, thereby modulating the frequency splitting
w1 — wp. Compared to a static-field LC circuit of comparable volume and noise, the signal-to-noise
ratio of this “heterodyne” approach is parametrically enhanced by wi/m,. It also benefits from the
very large intrinsic quality factors Qe = 2 x 10! achievable in superconducting radio frequency
(SRF) cavities [134, 135], which far exceed the quality factors achievable in static-field detectors
targeting small axion masses.

In this chapter, we consider a broadband search where the signal and pump modes are fixed to
be degenerate within their bandwidth, the feasibility of which is currently being investigated by the
DarkSRF collaboration [182]. For the lowest axion masses, m, < wo/Qint ~ 10717 eV, the signal
power is resonantly enhanced. For higher axion masses, the signal is off-resonance, but so are the
dominant sources of noise in the cavity, thereby allowing this setup to explore new parameter space
for axions as heavy as mq ~ 10~7 eV, as shown in Fig. 3.1. This broadband approach is thus sensitive
to a wide range of axion masses without the need to scan over frequency splittings. It is also the
first approach that could directly detect electromagnetically-coupled axion DM at the lowest viable
DM masses m, ~ 10722 eV, which correspond to a de Broglie wavelength the size of dwarf galaxies
and a coherence time ten times longer than recorded human history. In this chapter, we will show
parametric estimates that illustrate its potential; detailed calculations of signal and noise are given
in Ref. [176] and the appendix.

3.2 Detection Strategy

The basic principle of our setup is shown in Fig. 3.2. The effective current, given by Eq. 3.2, oscillates
at frequency wsig ~ wp & m,. Since it is parallel to By, it drives power into the signal mode with
strength parametrized by the form factor

o Rl B Bl (3.3)

(S IE2(@)2 [, [Bo(@)[?)"

where E; is the signal mode electric field and V., is the volume of the cavity. We will be agnostic to
the cavity geometry, taking wy = w; ~ (1m)~! ~ 100 MHz, but as a concrete example, 1, ~ O(1)
for the TEg1; and TMp2g modes of a cylindrical cavity, which are degenerate in frequency for a
length-to-radius ratio of L/R ~ 0.8 [176, 178].

We assume the frequencies of the pump and signal can be held fixed and degenerate within
the signal mode bandwidth. However, the assumption of degeneracy only affects the reach at very

low masses (m, < wi/Q1). Furthermore, as shown in the appendix, even a frequency splitting 103

~

times larger than the bandwidth allows new ultralight axion parameter space to be probed. The

fundamental reason our setup can probe such low axion masses is that the signal strength depends
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—_
broadband
A

Figure 3.2: A schematic depiction of our setup. An SRF cavity is designed to have two degenerate
modes of frequency wyg. It is prepared by driving a loading waveguide, predominantly coupled to the
pump mode, with an external oscillator of frequency wgy. In the presence of axion DM, the pump
mode magnetic field By sources an effective current that drives power into the signal mode. A wide
range of axion masses can be simultaneously probed by broadband readout, via a readout waveguide
predominantly coupled to the signal mode.

on O¢Jeft ~ Gavyy Ora 833 X Mg @ X \/Pry;- For a fixed axion field amplitude, this vanishes as m, — 0,
as required by general principles, but it is independent of m, for fixed axion energy density.

When the sensitivities of a broadband and scanning approach overlap, the latter is stronger with
a similar cavity [176], as expected on general grounds [151]. The two approaches have the same
sensitivity only when m, is smaller than the resonator bandwidth and the broadband setup functions
as a resonant experiment. However, a broadband setup is simpler to operate due to its fixed geometry,
and could be used as a stepping stone towards a scanning one. Moreover, it can probe a wide range

of parameter space in a short integration time.

3.3 Overview of Signal and Noise

The frequency spread Awsig of Jegr (and hence of our signal) depends on the width Aw, of the axion
field and the width Awg of the oscillator driving the pump mode, Awgy ~ max(Aw,, Awg). For
concreteness, we take the power spectral density (PSD) of the central peak of the oscillator to be
flat with a width Awg ~ 0.1 mHz, comparable to a commercially available oscillator [146]. This is
narrower than the signal mode width Aw, = wy/Q; for all parameters we consider. Since it can
be beneficial to overcouple the readout, the loaded quality factor Q1 of the signal mode can be

much lower than the intrinsic quality factor Qin¢, though the pump mode quality factor Qg remains
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Figure 3.3: The signal and noise PSDs evaluated at wsjg as a function of the axion mass m,, at
critical coupling. The vertical dashed line denotes the bandwidth Aw, of the signal mode. We use a
fixed, fiducial value of g,~, below our projected sensitivity, to allow the reader to easily compare the
slopes of signal and noise. We show leakage noise (blue), thermal fluctuations of the electromagnetic
field in the cavity at T = 1.8 K (red), and quantum-limited amplifier noise (green). Mechanical
vibrations dominate the leakage noise for high m,. The parameters are those of the second-lowest
curve in Fig. 3.1.

comparable to Qjnt-

The average signal power delivered to the cavity is

(gavv Na BO)2 Pon Veav . Aw,\ 2
Pyig ~ 1, (— , 3.4
& max (Aw,, Awg) i ( Ma ) (34)

where By is the characteristic amplitude of the pump mode magnetic field. The final factor in
Eq. 3.4 accounts for the suppression that occurs when the axion drives the signal mode off-resonance

(mg 2 Aw,.). Given the signal power and noise PSD S,,(w), the reach is determined by the signal-to-

Psi tint
SNR ~ & 1/ 3.5
Sn (Wsig) Ao-)sig ' ( )

where t;,; is the total integration time. Eq. 3.5 is valid when ti,, = 1/ Auwgig, which holds for all

noise ratio [152]

parameters we consider. A detailed derivation of the signal power and of the test statistic that Eq. 3.5
approximates is given in the appendix.

For most of the axion masses we consider, the dominant noise source is power in the oscillator
or pump mode “leaking” into the readout waveguide. For instance, geometric imperfections can

lead to small cross-couplings € < 1 between the loading architecture and signal mode (and similarly
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between the readout and pump mode), resulting in leakage noise power proportional to 2. Leakage
noise was previously encountered in the gravitational wave experiment MAGO, which looked for
transitions between nearly degenerate symmetric and antisymmetric mode combinations of two
identical SRF cavities coupled by a small tunable aperture [130, 131, 132]. The collaboration achieved
a noise suppression of € ~ 107 using magic-tees and a variable phase shifter coupled to an active
feedback loop [183]. In our setup, the two modes can additionally be chosen to be locally orthogonal,
Ej - E; = By - B; =0, with distinct spatial profiles, which could allow for further noise suppression
by, e.g., loading/reading out the pump/signal mode near a node of the other mode [178], or by
correlating readout measurements across multiple regions of the cavity. However, we conservatively
consider € > 10~7.

As shown in Fig. 3.3, leakage noise is largest when m, < Awg, while for higher axion masses it
falls off according to the tail of the pump mode PSD, which is determined by oscillator “phase noise”
and mechanical vibrations of the cavity [176]. For the highest axion masses we consider, readout
amplifier noise dominates. This explains the main qualitative features of Fig. 3.1. Since slightly
different setups are optimal in each mass regime (with the exact crossover points depending on the

experimental parameters), we organize the following discussion by axion mass.

Low mass axions

When the axion mass is smaller than the oscillator width (m, < 107! eV), the signal overlaps

in frequency with the central peak of the oscillator. Both the signal and noise are spread over a

bandwidth Awgie ~ Awyg, giving a leakage noise PSD of
Sleak(wsig) ~ 52 Rn/Awd 5 (36)

where Py, ~ (wo/Qint) B3 Veay is the power stored in the cavity. Assuming the readout waveguide is

critically coupled to the signal mode (Q1 = Qint/2), which maximizes the sensitivity, Eq. 3.5 gives

wo €

2
SNR ~ Pom <W> \ tint Awd (37)

and hence a reach gg  €/Qint, independent of m,.”

Since leakage noise dominates, parameters such as By, Vs, and the cavity temperature do not
directly affect the sensitivity. The same is true for external sources of low frequency noise, such
as vibrations of the ground or the cooling apparatus. Relative displacements of the cavity walls
are suppressed by the rigidity of the cavity and further controlled by actively monitoring the mode

frequencies and cross-coupling €. In the appendix, we conservatively estimate the effect of vibrational

2The reach is slightly penalized when Aw, < 1/tint, as described in the appendix. Furthermore, we do not consider
very low axion masses mq S 1/tint, as the reach is strongly suppressed by the unknown instantaneous phase of the
axion.
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noise to be subdominant by many orders of magnitude in this mass range, in contrast to precision
interferometric experiments where such noise can be dominant.

The signal and noise overlap in frequency, but can be distinguished by their distinct spatial
profiles and spectral tails. There are several other effects to consider. Since m, < Aw, in this regime,
the axion field oscillates less than once per ring-up time of the cavity. Hence, the instantaneous
signal power tracks the oscillations of (9;a)?, with angular frequency 2m,. Furthermore, Jog o By
drives the signal mode on resonance, leading to a signal mode magnetic field 7/2 out of phase with
leakage noise. In addition, fluctuations in leakage noise due to fluctuations in the pump mode field
can be monitored and ideally subtracted out. Thus, the parameter ¢ in Eq. 3.7 should be regarded as
including the ability to distinguish between signal and leakage noise using these additional handles,

though here we conservatively take e > 1077,

High mass axions

Here, leakage and thermal noise are negligible due to the off-resonance suppression (Aw, /m,)?. Since
the axion is wider than the oscillator, the signal width is Awsijs ~ Aw,. As in static broadband axion

searches in this mass range [114, 174], amplifier noise dominates, such that

Aw, (ga'y'y By ) 2 tint

SNR ~ ‘/cav )
Pon Samp (wsig) mq Awa

(3.8)
where for a quantum-limited amplifier, S,mp(w) ~ fuw. We cut off the reach in Fig. 3.1 at m, ~ wy,
above which higher harmonics of the cavity must be considered [127], as well as potential nonlinear
response of the cavity walls [184].

The reach scales as ggyy o< mi/ 4/ Awi/ 2, assuming Aw, = Aw,. Thus, when amplifier noise

dominates, lowering Q1 by overcoupling the signal mode to the readout is beneficial, as it reduces
the off-resonance suppression of the signal without increasing the noise. The reach shown in Fig. 3.1
can be attained from a critically coupled run targeting low masses and an overcoupled run targeting
high masses.® For the latter run, we assume a quantum-limited amplifier, and take Q1 ~ 10°, which

is a typical loaded quality factor of SRF cavities in accelerators [140].

Intermediate mass axions

For the bulk of the parameter space shown in Fig. 3.1, the reach is dictated by the high frequency
tail of the leakage noise. In most of this range, the oscillator is wider than the axion, so the signal
width is Awgig ~ Awg.

In the lower end of this mass range, the main contribution to the leakage noise tail is from

3The lowest curve in Fig. 3.1 requires a third run with intermediate overcoupling, specifically targeting intermediate
mass axions.
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oscillator phase noise [176], which for m, = Aw, is of the form

Awy\ 2
Sleak(wsig) ~ g Py, (mi) Stp(ma) , (39)

where the phase noise PSD S, (w) is parametrized by [144]

Spw) =Y epw™, (3.10)

and the ¢, are fit to a commercially available oscillator [146]. For m, slightly higher than Awg, the
cubic term in S, (w) dominates, resulting in Sieax(wsig) < 1/m) and a rapid improvement in the
reach at higher axion masses.

In the upper end of this mass range, the main noise contribution instead arises from displacements
of the cavity walls, where mechanical vibrations at frequency m, contribute to pump mode power
at wsg [176]. On the basis of previous measurements in a MAGO prototype [130], we take the
external mechanical force PSD to be spectrally flat, and the mechanical modes to have a quality
factor Q,, ~ 103. As described in the appendix, the contribution of the lowest-lying mechanical

resonance at wmin ~ kHz dominates for m, < wmin, such that

~

Aw\2 62 Q3
Sleak(wsig) ~ 52 Pin ( m ) ﬁ 5 (311)

where § < 1 is the fractional displacement of the cavity walls. For Aw, S Aw, < mq, Psig o< 1/ m2,
and thus the sensitivity in this region is independent of the axion mass. For frequencies above
Wmin, We assume a forest of evenly spaced mechanical modes exists. To estimate §, we note that
the DarkSRF collaboration has recently demonstrated the ability to control the resonant frequency
of a driven cavity to one part in Qj,; > 10'°, corresponding to sub-nm displacements of the cavity
walls [139, 182]. This has been demonstrated on minute timescales, and a near-future run is expected
to prolong this to O(1) week. Thus, we fix the typical RMS cavity wall displacement to ¢yms = 0.1 nm,
corresponding to § ~ 107! for a meter-sized cavity. This is larger than the displacement due to
environmental seismic noise [185], reflecting the expectation that vibrations will primarily arise from
the apparatus itself (e.g., the helium pump).

Deformations of the cavity walls can also directly transfer power between the pump and signal
modes. This “mode mixing” is parametrized by a dimensionless mechanical form factor nyix, with
Smmix ~ (Mmix/€)? Sieak. The form factor 7,y vanishes for a perfectly cylindrical cavity, which implies
its value is set by cavity deformations [186, 131]. Since e¢ parametrizes the precision to which we can
control slow deformations of the cavity and waveguide geometry, we expect nmix ~ €, such that mode

mixing is at most comparable to mechanical leakage noise.



CHAPTER 3. HETERODYNE BROADBAND DETECTION 62

3.4 Discussion

We have proposed a heterodyne approach to search for ultralight axion dark matter through its
coupling to electromagnetism, which applies recent developments in the manufacturing and control
of SRF cavities. Due to the decreasing signal power and increasing strength of readout noise at low
frequencies, traditional static-field haloscopes have limited reach to axions lighter than a kHz ~
10712 eV [173, 174]. In contrast, our setup is sensitive to much lighter axions, including the entire
allowed mass range for fuzzy dark matter, m, > O(1072!) eV [187, 188, 189, 190, 191, 192], thereby
complementing ultralight axion searches that use non-electromagnetic couplings [193, 194, 195, 196].
It is also sensitive to axions as heavy as 1077 eV, including those motivated by string theory [197]
and the misalignment mechanism. Finally, the broadband nature of this approach implies that a
network of such detectors would be sensitive to axion-induced transients, due to miniclusters or
topological defects [198, 199].

Our projections rely on noise estimates anchored to experimental findings, such as those obtained
fifteen years ago by the MAGO collaboration [130, 131, 132]. More recently, there has been renewed
interest in the SRF community to apply their technological advances to new physics searches, leading
to the recent results of the DarkSRF collaboration [182] that show the feasibility of our proposed
approach. The promising sensitivity of SRF cavities to weakly coupled physics, demonstrated in
this chapter, motivates in situ measurements of mode mixing and leakage noise, in order to further
investigate the potential of these ideas. Future developments, some of which are already envisioned
by the DarkSRF collaboration, can further extend our reach, improving the capacity to probe some

of the most motivated dark matter candidates.

3.5 Appendix: Detailed Analysis

In this appendix, we derive the experimental sensitivity of our proposed approach in detail. We begin
by deriving the signal and noise PSDs. We then discuss the statistical procedure used to estimate

the reach, which involves subtleties for integration times shorter than the axion coherence time.

3.5.1 Definitions and Conventions

Throughout, we use the conventions of Ref. [176]. In particular, the Fourier transform of a function
f(t) is denoted as f(w), where

1 . _
£ =57 [do i) fw) = [ dee o). (312)
e
The two-sided PSD of f, denoted as Sy(w), is defined to be

(fl@)f* (W) = Sf(w) d(w —w') (3.13)
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where the brackets correspond to an ensemble average. The steady state time-averaged power is then
given by

(F(6)?) = (2%)2 /dw i) (3.14)

where all integrals over ¢ or w are taken from —oo to oo, unless specified otherwise.

The fields in the pump (¢ = 0) and signal (¢ = 1) modes behave as damped driven harmonic
oscillators. Therefore, we will find it convenient to treat them as independent RLC circuits of
resonant frequency w; = 1/4/L;C; and quality factor Q; = \/m /R; < 1/R;. This is not a
physical statement, but merely a mathematical analogy between two systems obeying the same
equations. Furthermore, we often approximate w; =~ wp, unless the difference w; — wqg is important,
in which case we leave the expression generalized to w1 # wo.

It is also useful to recall the distinction between the intrinsic and loaded quality factors of a cavity
mode. The quality factors of the pump and signal modes are denoted by Q)¢ and @1, respectively, and
Q1 is determined by both the intrinsic energy loss of the cavity Qin ~ Qo = 10'° and the coupling

to the readout Qcpl,
1 1 1

= + .
Ql Qint Qcpl

In the RLC circuit analogy, this corresponds to the addition of resistances in series, Ry = Rint + Repl.

(3.15)

As discussed in the main body, it can be beneficial to overcouple, such that Q1 ~ Q¢pi <K Qint. For
simplicity, we begin by deriving the noise and signal PSDs corresponding to the total power delivered
to the cavity. However, the sensitivity of the apparatus depends only on the power delivered to the
readout, and when discussing overcoupling, we will explicitly show how the PSDs must be modified
to account for this.

The total noise PSD S,, receives contributions from leakage noise, mechanical mode mixing,

thermal noise, and amplifier noise,
Sy (W) = Steak (W) + Smix(w) + Sth (W) + Samp (W) - (3.16)

Leakage noise from the oscillator is the dominant noise source at low axion masses and is parametrized

as
St = 2 P (i) + 2 53,(6) ) = 5(0%0) + SLhl) (317)

where
Pin = (WO/QO> Bg ‘/cav (318)

is the power stored in the cavity and the b; are defined below. Both terms in Eq. 3.17 are suppressed
by € <« 1, which parametrizes the cross-coupling between the pump mode and readout waveguide,

and the coupling between the signal mode and the loading waveguide, which are of the same order.
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We define the characteristic amplitude of the pump and signal mode magnetic fields as

_&E¢£;/ IBi(x)[2 (3.19)

cav

where B;(x) is the time-independent part of the magnetic field

and b;(t) is the dimensionless time-dependent coefficient. For instance, for a monochromatic source

2

exciting mode 4, b;(t) = cosw;t and Sy, (w) =7 (5(w —w;)+o(w+ wl)) More generally, phase noise

of the oscillator and mechanical vibrations contribute to Sp, (w) such that
&ywzﬁ@w—wmw@+%»+$mﬂ+$ﬁ@, (3.21)
where Slgfhase) and Sé:neCh) are given by Eqgs. (3.29) and (3.40), respectively.

3.5.2 Leakage Noise and Signal
Oscillator Phase Noise

We model the oscillator as a voltage V; that drives the equivalent RLC circuits of the pump and signal
modes. In particular, a noisy oscillator is parametrized as a driving voltage with a time-dependent
phase ¢ (t),

Va(t) = Vg cos (wot + ¢(t)) , (3.22)

where the voltage amplitude is fixed to the power delivered to the pump mode,
VZ/Ro = Par . (3.23)
When the amplitude of the phase is small (¢(t) < 1), the above form can be expanded as
Va(t) = Vg (coswot — o(t) sinwpt ) . (3.24)
This implies that the PSD of the drive voltage is
v, () = o Pau [ (6(0 — w0) + 80 +0)) + 1 (Sp(w o) + Splw+en))] - (329)

As we discuss below, S,(w) is peaked near w ~ 0 (see Eq. 3.31). Therefore, for a frequency w of
fixed sign, only one of S,(w F wo) dominates in the expression above. By convention, we focus on

w >~ wo > 0, such that S,(w —wp) > S, (w+ wp). Also using that S, (w) = S, (—w) = S, (Jw]), we
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then have
§v,() = Ro P [12 (80 — wo) + 6 +0)) + § Sl — wol)] (3.26)

Above, the first two terms involving delta functions are simply the PSD of a perfectly monochromatic
drive. The inclusion of S, accounts for so-called “phase noise” of an imperfect oscillator.

The power delivered to the i*" mode is determined by the voltage V; across the resistor R;, which
obeys Kirchoff’s voltage law,

wt>+gv';(t)+w?v;(t)

Wi

=2 Val(t). (3.27)

In the above equation, we have not included the fact that the oscillator’s coupling to the ¢ = 1 signal
mode is suppressed by . For convenience, we have instead included this factor in Eq. 3.17, so that
the derivation of Sl(':ik is identical for ¢ = 0 and ¢ = 1. Fourier transforming and solving for the PSD

of V; gives the cavity response function,

(wwi/Qi)?
(W? = wi)? + (wwi/ Qi)

SVi (w) = 2 Svd(w) . (3.28)

To change variables from V; to b;, we equate the total power, Sy, (w)/R; = (Qi/Qo) Pin Sp, (w), giving

1 (wwo/Q:)?
T4 (w? = w?)? + (wwo/Q;

5P (1) 75 Sellw —wol) (3.29)

where we approximated wo/Q; ~ w1/Q;.
To incorporate the small, but finite, width of the external oscillator (Awy < mHz), we replace
the delta functions in Eq. 3.21 by
O(Awy/2 — |w|)
S(w)y —— L~ 3.30
(w) Ao , (3.30)
where © is the Heaviside step function. For simplicity, we make the approximation Awg < wo/Qint

throughout our calculations, since this holds for all parameters we consider. As in Ref. [176], for the

phase noise PSD S, (w), we fit the reported spectrum of a commercially available oscillator [146] to

the form ,
Sep(w) = Z cpw . (3.31)
n=0
We find that the coefficients
co~107 Hz b ¢y~ 107 | g ~ 10719 Hz | ¢35 ~ 1078 HZ? | (3.32)

provide a good fit for wy ~ 100 MHz. We fix the overall normalization by demanding that the phase
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noise term of Eq. 3.29 smoothly matches on to the the central peak of Sy, (w) near w ~ wy when
using Eq. 3.30 and Awg ~ 0.1 mHz.

Mechanical Leakage Noise

An additional contribution to Sp, arises from small mechanical vibrations of the cavity walls, which
lead to time-dependent shifts of the resonant frequencies. These frequency wobbles affect the mode
PSDs by enhancing the power in the high frequency tail. We incorporate this effect by continuing
with the analogy to an RLC circuit. If the resonant frequency squared of an equivalent RLC circuit

has a small fractional time variation A(t), Kirchoff’s voltage law becomes

%@+%Em+ﬁWﬂ:%WM—ﬁA@%@. (3.33)

Solving this equation to first order in A yields

(wwi/Q:)?
(W2 = w?)? + (wwi/Qi)?

S ) ~ w [ e ) Sy, (W)

(Svd (w) + W 12 _ wiQ)Q T (W WZ/Q1)2> - (3.34)

Relative to Eq. 3.28, the second term incorporates perturbative corrections from mechanical vibrations.
Substituting the leading order piece of Sy, (w) from Eq. 3.26 into the w’ integral of Eq. 3.34 and
converting from V; to b; again yields the mechanical vibration contribution to the unit-normalized
mode PSD,

(wwo/Qi)? Wo
(W2 —w?)?+ (Wwo/Qi)? (w§ —w?)? + (w5/Qi)?

mech 1
Szg- )(w) = 1

7

(Sa(w—wo)+Sa(w+wp)) - (3.35)

When the modes are degenerate, the second Breit—Wigner factor above simplifies, giving

(wwp)?
(W2 = w})? + (wwo/Qi)?

S (W) (Sa(w —wo) + Salw + wp)) - (3.36)

R

For brevity, we will use this form below, though the more general form Eq. 3.35 is useful when
considering what happens when the modes are not exactly degenerate.

The PSD of the frequency wobble Sa(w) can be computed using cavity perturbation theory,
which treats the small displacement of the cavity walls as an expansion parameter. We will assume
that for each axion mass, a single mechanical resonance, labeled by “m,” dominates the mechanical
vibrations. To first order in cavity perturbation theory, A(t) ~ —gy, (t) C", where the displacement of
the cavity walls, projected onto the spatial profile of the mechanical resonance, is parametrized by the
generalized coordinate g,,, and the coupling coefficient Cj" quantifies the mechanical overlap of the
electromagnetic cavity modes (i = 0,1) with the m*® vibrational mode of the cavity walls [131, 176].
Parametrically, fractional length variations are comparable to the fractional frequency variations

they induce, so |C]"| ~ VC;‘}/ % for maximally coupled mechanical and electromagnetic modes.
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The amplitude of the wall displacement ¢, is determined by the generalized force f,,, such that

o S,
R oy R ER (a4

where M., is the mass of the cavity, w,, is the frequency of the mechanical resonance, and @, is its
corresponding mechanical quality factor. Here, f,, should be regarded as the remaining force that

couples to the cavity after vibrational attenuation is employed. Since Sa = [CI"|? S,,,.,

|C? Sy, (w £ wo) /M2,
((w + w0)2 — w%l)z + ((w + CUO) (JJm/Cgm)2 .

Sa(w+wy) = (3.38)

The PSD of the generalized force f,, is peaked towards smaller w [132], which implies that for
frequencies near w ~ wy the Sa(w — wp) term dominates over the Sa(w + wp) term in Eq. 3.36. As
in Ref. [176], we determine the size of the force PSD by fixing the RMS cavity wall displacement
Grms ~ 0.1 nm, consistent with DarkSRF [182], and assume that it is dominated by the lowest-lying

mechanical resonance of the cavity, with corresponding frequency wmin:

2 3 2
S5 (i) 47 M2 g Qo = 10759 N 10 () (o ) (o ) (TR
(3.39)
In the following discussion, we take wpyin = 1 kHz and Q,, = 103, which are representative of the
SRF cavities fabricated for the MAGO experiment [130, 132]. For maximally coupled mechanical
and electromagnetic modes, Egs. (3.36), (3.38), and (3.39) imply that

S () (eo)® ™ i O/ O . (340)
‘ (W? = wP)? + (wwo/Q:)? ((w—wo)? = w},)? + (W — wo) Win/Qm)?

where we defined the fractional cavity wall displacement 6 = Gyms/ Vcla/vg. For our baseline estimates,

we take ¢ums = 0.1 nm, corresponding to § ~ 10710 for a meter-sized cavity.

In the SRF cavity setup of Ref. [130], direct measurements found a forest of mechanical resonances
above wnyin, approximately separated by 100 Hz. For each axion mass m, above wyi,, mechanical
noise is most severe if there exists a resonance at the axion mass, w,, >~ m,, and is least severe if the
nearest resonance is separated by 50 Hz. We thus estimate the median noise PSD for each value of

mg by taking the nearest mechanical resonance to be separated by 25 Hz,
Wm (Mg) ~ max (Wmin, Me + 25 Hz) . (3.41)

See Sec. VC of Ref. [176] for a more detailed discussion regarding this point.
To estimate Sy, (w) at lower frequencies, we assume that the attenuated Sy, (w) that enters

our calculations is flat, i.e., Sy, (w) ~ S}, (Wmin), though the precise spectral shape will depend
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on the details of the vibration attenuation mechanism. This estimate is consistent with measured
unattenuated acceleration PSDs from seismic activity at frequencies as low as 10 pHz [200, 201].
Thus, given the implementation of even modest seismic isolation, our estimate for the low frequency
force PSD is quite possibly pessimistic.

The effects of vibrations at very low frequencies, w < Aw,., are resonantly enhanced by the
Breit-Wigner factor in Eq. 3.36. This can cause our perturbative calculation to break down even
S[Eznech) :

though ¢ is small. To ensure this is not an issue, we demand that n Eq. 3.40 is smaller than

the leading order terms in Eq. 3.21. Approximating the delta functions as in Eq. 3.30, this condition

Qm Win 1/2 _7 1012
< | = ~ 1 42

which is easily satisfied. In fact, the sensitivity of our setup is even robust to ¢ near the perturbative

holds at low frequencies if

limit, as shown in the lower-left panel of Fig. 3.5, corresponding to vibrational forces many orders of
magnitude greater than seismic noise.

It is worth comparing this situation to that faced by interferometric experiments, where seismic
noise is an important limiting factor at low frequencies. Such experiments precisely measure the
distance between multiple objects, which are typically freely hung and are independently subject
to seismic vibrations. By contrast, our approach takes place entirely within a single rigid cavity.
Only the relative motion between the cavity walls is relevant for noise, and this is many orders of
magnitude smaller than the RMS motion of the ground itself. However, throughout this section, we
have used Eq. 3.37, which assumes that the mechanical response of the cavity is elastic. Nonelastic
deformations can lead to slow drifts of the cavity frequencies, which is addressed in a dedicated

section below.

Signal Power

We calculate the signal PSD using the drive mode PSD Sy, (w) derived above. From Eq. (19) of
Ref. [176], the general form for the signal PSD is

1w w? [dw' I,(w,w’)

S@i = 7o o0 A a a B 2 ‘/cav 3 3.43
5 = Ty g, e o B0 Veur T i T (w7 349
where the axion form factor 7, is defined as in Eq. (4) in the main body and

I(w,w) = (w—w)? Sy(w —w) Spy (W) . (3.44)

Above, S,(w) is the PSD of the axion field, and Sy, (w) includes contributions from Egs. (3.29) and
(3.40), as in Eq. 3.21. For the axion PSD, we use a simplified form that neglects effects from solar
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Figure 3.4: The signal (black) and leakage noise (blue) PSDs as a function of w — wy, for a fixed
value of g4~ and various choices of the axion mass (black labels), at critical coupling. The signal
PSD peaks at wsiz and the vertical dashed line denotes the bandwidth Aw, of the signal mode. The
parameters are those of the second-lowest curve in Fig. 1 in the main body. The signal curve of Fig. 2
of the main body is constructed by taking the maxima of the signal PSDs shown here, as m, varies.

and terrestrial motion,

Sa0) = O(fu] — ma) 2 Lot o=t (3.45)
where the dispersion velocity is o, ~ 9 x 10~%. This is consistent with the normalization (a?) =
Pou/M2. Examples of the signal PSD, compared to the total leakage noise PSD, are shown in Fig. 3.4
for various values of m,.

When there is a large hierarchy between the widths of the external oscillator and the axion field,
Eq. 3.43 can be simplified by analytically evaluating the w’ integral involving I, (w,w’). For instance,

when the axion is much narrower, Aw, < Awy, we use

So(w) = (2m)? ;’;;; (J(w —ma) + 8w + ma)) (3.46)

a

in Eq. 3.43. Instead, if the oscillator is narrower, Awg < Aw,, then we use

Sy (w) ~ 72 (6(w —wo) +0(w+ wo)) . (3.47)
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In these limits, the signal PSD simplifies to

w? (Sbo (w—mga)+Sp, (w+ma))

Aw, < Aw
1 Wo Pom (W2—w?)2+(wwo/Q1)? a d s
SSig(w) = 5 Q_ (ga’)”y Ta BO)2 ‘/cav X . !
1 1w ((w—wo)2 Sa(w—wo)+(w+two)? Sa(w+w0))
2 (@2—w?) 2+ (@ wo/Q1)2 Awg < Awg -
(3.48)

The expression for the signal power in Eq. (5) of the main body can be obtained by approximating
the narrowest piece of Eq. 3.48 (Sg(w) of width Aw,, Sk, (w) of width Awyg, or the cavity resonance

of width Aw,) in the expression above as a delta function and integrating over w.

3.5.3 Additional Noise Sources
Mechanical Noise from Mode Mixing

In the previous section, we showed that mechanical vibrations contribute to leakage noise by affecting
how the external oscillator loads power into the high frequency tail of the pump and signal mode
PSDs. In addition, deformations of the cavity can lead to “mode mixing,” thus allowing for direct
power transfer between the two modes of interest.

To describe this effect, we use the cavity perturbation theory results of Refs. [186, 131]. For a
single mechanical resonance, labeled by “m,” to leading order in the fractional displacement of the

cavity wall §, the equation of motion governing the time-evolution of the signal mode is

.. w1 -
Vi(t) + Qfll V(1) + wi Vi(t) = wi i 0(8) Vo (1) (3.49)
where we again have used the analogy to an RLC circuit. The dimensionless mechanical form factor
Tmix is

Tmix X /dS “&n(z) (Eo(z) - Ei(z) — Bo(z) - By(2)) , (3.50)

where the integral is performed over the surface of the cavity and the spatial profile of the mechanical
mode is characterized by the normalized mode vector &,,. For a perfectly cylindrical cavity, the
pump and signal modes considered in this chapter are locally orthogonal, and so ny,ix = 0. However,
in reality the cavity cannot be manufactured perfectly, and its shape continues to change throughout
the experiment due to low frequency deformations sourced by, e.g., seismic noise or fluctuations in
the ambient temperature.

We parametrize these static and slowly varying deviations from a cylindrical shape with a
fractional displacement d5(¢), which has support only on frequencies much less than wy,i, ~ kHz.

Now, nmix(t) ~ 05(t) and the perturbative correction to Sy, from mode mixing in Eq. 3.49 is precisely
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the same as that of leakage noise in Eq. 3.33, except that the driving term is proportional to
Nmix 0(t) Vo(t) rather than C™ q,,(t) Vi(t) ~ 6(t) Vi(t).* Thus, by following the same logic as was

used to derive Eq. 3.40, the noise PSD Sp,ix from mode mixing is parametrically

Smix(w) (nm)Q - <5>2 , (3.51)

2Py S M (W) N € €

where we have normalized by the mechanical contribution to leakage noise in Eq. 3.17.

Both ¢, and e parametrize the ability to control the geometry of the experiment and hence are
treated together in Ref. [131]. Specifically, € reflects the precision to which the loading and readout
waveguide modes can be matched to the pump and signal modes, while J; reflects the precision
to which the pump and signal modes can be matched to the ideal cylindrical ones. Both would
be monitored and controlled by appropriate active feedback mechanisms. Thus, it is reasonable to
estimate J; ~ € in the worst case, making mode mixing merely an O(1) correction to our existing
treatment of mechanical leakage noise. In fact, since the cavity is larger than the waveguides, it
would likely be possible to control it to a greater relative precision, ds < €, in which case mode mixing

is negligible. We thus do not include it in our sensitivity projections.

Cavity Frequency Drift

In the previous section, we discussed how low frequency deformations of the cavity can lead to mixing
between modes in the presence of higher frequency wall vibrations. Low frequency deformations
alone do not lead to significant mode mixing, because the field in each mode adiabatically follows
its slowly changing spatial profile. However, they can significantly affect the mode frequencies and
the cross-coupling €. In the main body, we have addressed how ¢ must be actively monitored and
controlled, as was already done in the MAGO experiment. In this section, we focus on the effect of
mode frequency drift, which must be controlled similarly.

Frequency drift manifests as an additional contribution to A(t) in Eq. 3.33, which we write as
A (t) in analogy to the slow deformations of the cavity walls §4(¢). Unlike the elastic deformations
considered for mechanical leakage noise, A4(t) cannot be estimated from first principles, because it
depends on technical details such as the cavity’s hysteresis upon thermal expansion and contraction.
However, since we are assuming the signal and pump modes can be held degenerate within their
bandwidth, the RMS of the drift is bounded by

1 vz
rms __ <
AT o (/dw SAS(W)> <o (3.52)

4Alternatively, one could include the next order term on the RHS of Eq. 3.49 as Nmix 6(t) = Mmix 0 (t) + fimix 62(t)
where fjmix is an O(1) form factor that does not vanish even for locally orthogonal modes. Then, upon decomposing
d(t) in terms of slow and fast components as §(t) = ds(t) + d7(t), including the cross term dsd¢ is equivalent to simply
including this contribution as 7mix ~ ds, as we have done here.
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The effect of cavity frequency drift is maximized if Sa_(w) is entirely supported at |w| < Awg, Aw,,

in which case the integral in Eq. 3.34 can be performed to give

(W) ~ (wwi/Qi)2
S (@ - wi)? + (wwi/Qi)

> Svalw) (1+(Qi A™)2) (3.53)

Thus, perturbation theory breaks down entirely if Eq. 3.52 is no longer satisfied. In this case, however,
we can still understand the effect of A on physical grounds: since the frequency drift is slow, the
oscillations of the modes adiabatically follow it, implying that the pump mode and signal power
will be spread over the frequency width A™®w,. This can be shown more precisely using the WKB
approximation.® Therefore, in the worst case scenario if AT™ ~ 1/@Q;, the power will at most be
spread over the resonator width Aw,.. This can be mimicked by replacing Awy — Aw,., as this also
spreads out the pump mode and signal over frequency; we show the effect of this on the reach in the
upper curve of the lower-right panel of Fig. 3.5 below.

We emphasize that as long as the pump and signal modes can be held degenerate, this is a
maximally pessimistic assumption. First, Sa_(w) may have some of its support at frequencies
|w| 2 Aw,, leading to an off-resonance suppression. For instance, if Sa_(w) is flat up to frequency
Aws > Aw,, then perturbation theory does not break down instead until AI™* > \/m /Q;.
Furthermore, if A4(t) is directly measured by the active feedback system that stabilizes the modes, it
can be “deconvolved” almost entirely from the signal. As long as this can be done to a frequency
precision of at least Awy, low frequency noise does not affect the estimated reach.

Again, we may compare this situation to that faced by interferometers, whose physical dimensions
also drift. The fundamental reason that one can monitor the mode frequencies in our approach
and subtract out its variations, but not do the same for an interferometer, is that typically the
interferometer itself is the most sensitive ruler in the experiment. In our setup, one needs to only
measure the signal and pump mode frequencies to fractional precision Aw,g/wp, and atomic clocks
exceed this by many orders of magnitude.

As mentioned in the main body, the DarkSRF collaboration has already demonstrated frequency
stabilization near that required by our most aggressive parameters. In addition, experimental tests
of Lorentz invariance have stabilized cryogenic sapphire microwave oscillators to substantially greater
precisions for O(month) timescales [202, 203, 204]. For our approach, even if a continuous run of
length ;¢ is infeasible, e.g., if the cavity must be periodically recalibrated, an equivalent sensitivity
can be attained by stitching together many shorter runs. Similarly, rare transient events that disrupt

the experiment can be removed from the data stream.

5For the special case of “monochromatic” frequency wobble of amplitude éw and frequency wa, where
Vi(t) ~ exp(iw;t) exp(i(dw/wa) cos(wat)), this can also be shown exactly using the Jacobi-Anger expansion. The
Jn(8w/wp)et@itnwa)t terms have most of their weight for |n| ~ dw/wa, leading to the expected frequency spread of
dw.
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Thermal and Amplifier Noise

We adopt the same conventions as in Ref. [176] to describe noise arising from thermal fluctuations of
the cavity modes and the quantum-limited amplifier in the readout. For completeness, we derive the
thermal noise PSD for the signal mode by applying the equipartition theorem to the equivalent RLC
circuit. Thermal fluctuations of the signal mode can be modeled as sourced by the resistor, which
drives the entire circuit with voltage Viy,. Since the PSD of this noisy driving voltage is flat within

the resonance width, we apply the narrow-width approximation to Eq. 3.28, giving

Sy, =~ % (6(w —w1) + 6(w + w1)) Sy, (w) - (3.54)

Integrating over w thus leads to an average voltage across the resistor Ry of

w1

2\~
<Vl>_47TQ1

Sy, (W) - (3.55)
By the equipartition theorem, the temperature of the circuit T can be related to the energy stored
in the inductor Ly, T/2 ~ Ly (I?)/2, where I is the current in the circuit. Since the voltage across
the equivalent resistor of the signal mode is V; = I Ry, we have (V?) ~ T R?/L,. Equating this to
Eq. 3.55 and using Q; = w;L;/R;, we find Sy,, ~ 47T R;.

However, only part of the resistance R; is due to the intrinsic dissipation Ry of the circuit, and
only this part necessarily sources thermal fluctuations. If the signal readout is connected to a cold
load, so that it does not send thermal noise back to the cavity, then for the signal mode we actually
have Sy;, ~ 47T Rin:. Eq. 3.28 then implies that the thermal noise PSD is

CSuW) Qi 4nT (we/Q))
Stn(w) = Ri Qi (W? —w?)? + (wWwo/Q1)?

(3.56)

where we used Rint/R1 = Q1/Qint-
The readout waveguide is attached to an amplifier, which sources its own noise. The lower bound
on such noise is dictated by the standard quantum limit, arising from zero-point fluctuations and

backaction/imprecision noise. The corresponding PSD is spectrally flat [143],
Samp (W) = Tw . (3.57)

We assume that amplifier noise is quantum-limited, which has been achieved in resonant cavity
setups [9] and is often assumed for future projections of other axion experiments, such as DM
Radio [115].
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3.5.4 Expected Sensitivity
Coupling Optimization

Overcoupling the cavity to the readout corresponds to Qcpi € Qint. As discussed in Refs. [151, 115,
176], this is optimal for thermal noise limited resonant experiments, even though critical coupling
maximizes the signal power, because it decreases both the signal power and thermal noise in a way
that allows a parametrically faster scan rate. Although these considerations do not apply to our
broadband setup, it also benefits from overcoupling for the much simpler reason that it prevents an
off-resonance signal from being overwhelmed by amplifier noise. In the limit where amplifier noise
dominates, Q)cp1 should be as small as possible.

For completeness, we now precisely describe how the signal and noise are affected by the value
of Qcp1. Recall that in the RLC analogy, the signal mode circuit has a resistor Ry = Rint + Repl.
When we computed the signal PSD, the thermal noise PSD, and the part of the leakage noise Sl(;?k
corresponding to the loading waveguide coupling to the signal mode, we computed the total power
dissipated across both resistors. Thus, the fraction of power sent to the readout is smaller by a factor
of Repi/R1 = Q1/Qcp1, and all of these PSDs should be rescaled by this amount. Amplifier noise is
not affected, since it is intrinsic to the amplifier itself. Finally, consider the part of the leakage noise
Sl(gk corresponding to the readout waveguide coupling to the pump mode. In the RLC analogy, the
pump mode circuit has a resistor Ry = Rint + 0(62) Rcp1. Therefore, the fraction of power read out

as leakage noise is proportional to Repi/Rint = Qint/@cpl, and Sl(ga)k

should be rescaled by this factor.

As described in the main body, we do not consider loaded quality factors lower than Q; ~ 10°.
One might worry that such a strong coupling to the signal mode might degrade the quality factor of
the pump mode. Thus, we impose as a constraint that the power loss in the pump mode due to the

readout is negligible, echpl < Rjnt, which implies
Qcpl Z max [52 Qinta 105] . (358)

The constraint Qcpr 2 €% Qint is unimportant for almost all parameters we consider, except for the
most conservative ones in the top-right panel of Fig. 3.5. Critical coupling is optimal for the lowest
axion masses, while overcoupling as much as possible is optimal for the highest axion masses. For
each intermediate axion mass, a different intermediate coupling is optimal, because overcoupling
increases the strength of leakage noise. However, we find numerically that essentially all of the reach
shown in Fig. 1 of the main body can be obtained using only a critically coupled run and a maximally
overcoupled run. A small remaining slice of parameter space at small couplings and intermediate

axion masses can be covered using a third run with Qcp1 ~ 107.
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Statistics for Expected Exclusion

In this section, we roughly describe the statistics of a broadband low mass axion search, in order to
compute the expected exclusion. One notable result of this analysis is that the sensitivity decreases
for tint < T4, where 7, ~ Qq/m, is the axion coherence time; as derived below, for an integration
time t;,, = 1 day or 5 years, the 90% C.L. reach in g,,~ is suppressed by approximately a factor of
2 for mg, <1071 eV or m, < 10718 eV, respectively. A Bayesian approach to the same problem is
given in Ref. [165]. A similar frequentist approach is given in Ref. [205], though it focuses on the
case ting > Tq-

For concreteness, we neglect unvirialized components of the axion field, as well as any enhanced
structure in the axion field that could arise, e.g., from strong axion self-interactions or parametric
resonance effects [206, 207, 208, 209, 210, 211]. In the absence of such effects, in the Milky Way
the axion can be described as a collection of classical plane waves with independent phases. An
experiment with total integration time tj,; can only resolve frequency bins of width Aw ~ 1/tins.

Each bin contains macroscopically many axions; for instance, for ¢, = 74,

—14 2
AN, o LoV Ta g0 (10 ev) (5 years) <VC“> , (3.59)

Mg tint Mg tint m3

so the central limit theorem applies to the amplitude in each bin. Specifically, suppose we measure
a(t) for a time t;,; and perform a discrete Fourier transform (DFT), yielding the complex amplitude
a; for the frequency bin centered at w;. Then the real and imaginary parts of a; are independent
Gaussian random variables with zero mean,® so the axion field can be treated as a Gaussian random
field. For the rest of this section we will use a PSD normalization suited for these DFT elements,

rather than the continuous normalization of Eq. 3.13. For example, for the axion field we define
(@;aj) = 0ij Sa(wi) , (3.60)

where S,(w;) is the discrete PSD. As illustrated in Ref. [165], a typical realization of a(t) is
approximately monochromatic on timescales tint < 7, but fluctuates in amplitude on timescales 7,
with respect to the RMS value \/(a(t)?) = |/ppy /M- For ting S 74, the amplitude is approximately
fixed for the duration of the experiment, and the possibility of observing a downward amplitude
fluctuation is responsible for weakening the projected sensitivity.

For simplicity, we will specialize to axion detection experiments using static fields, and return to
our heterodyne approach later. For a static field experiment, the frequency components of the signal
s(t) are simply those of the axion field multiplied by a frequency-dependent filtering. Therefore,
the signal can also be treated as a Gaussian random field. The experiment measures a data stream

d(t) = s(t) + n(t), where the noise n(t) is independent of the signal. For the noise sources that we

6Under the standard DFT, the amplitudes &; in neighboring bins will actually be slightly correlated. We neglect
this small effect below.
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consider, n(t) is also a Gaussian stationary random variable with zero mean. Thus, the likelihood of

observing the data is i
e 1dil?/(Ss(wi)+5n(wi)

L[d] = 1:[ W(Ss(wi) + Sn(wz))

(3.61)

where the frequency bins have width Aw = 27 /tin. We note that this result has been previously
derived in Ref. [205].

We assume for simplicity of notation that the data is taken in a single continuous run, but this
is not necessary, as distinct runs can be stitched together. In fact, given a fixed integration time
tint, this can actually be advantageous. As long as texp > 7o, Where oy, is the total duration of
the experiment, the reach will not be penalized by the effect discussed above because the distinct
runs during the experiment will sample different amplitudes for the axion field. In addition, Eq. 3.61
implicitly assumes that the axion oscillates many times during the experiment, te., > 1/m,. For
texp S 1/myg, the likelihood additionally depends on the instantaneous phase of the axion field, which
leads to an additional O(1) suppression of the reach; we will not consider this case below.

The average signal and noise PSDs Ss(w;) and S, (w;) also depend on nuisance parameters ¢, ,
that we imagine are measured with calibration runs. For the purposes of placing an exclusion on
Jar~, it is convenient to define

gg'y’y )\371‘((93) = Ss(wi, 95) s )\n,z(en) = Sn(wi,en) (362)

so that the likelihood takes the form

e il /(93,250 (0:)+2n i (02))

Laux(0s,0,) , (3.63
(G2 hea(6) + i () )

L(ga'y"w 0, en) =
i
where L,,x contains the results of calibration measurements and is not necessarily Gaussian. These
measurements are independent of the data that we take during our physics run, so the two probabilities
multiply.
Let gav be the maximum likelihood estimator for gq. The incompatibility of the coupling value

Ja~y~y With the data can be quantified by the test statistic [212]

L(ga'y'y’ ésv én)

=) O(g 0 — Gann) s 3.64
L(gme&en)) (62, — 2., (3.64)

Q(gaw) = —2log (

where §,,, and és,n are unconditional maximum-likelihood estimators and és,n are conditional
maximum-likelihood estimators for fixed g,~. The step function reflects the fact that we should not
be able to exclude couplings smaller than the best-fit value. Below, we will assume Laux(és, én) ~
Laux(és, én), so the nuisance parameters play little role.

When the integration time is much longer than the axion coherence time, ;¢ > 7,, the axion
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signal is spread over many bins, and asymptotic theorems apply. In particular, Wilks’ theorem [213]
implies that the distribution of ¢(gq+) for fixed g4~ is a half chi-squared distribution with one

degree of freedom, implying that the 90% and 95% C.L. upper bounds are
qoo% = 1.64,  qosy = 2.71. (3.65)

Assuming that no axion exists, the exclusion that can be set varies from trial to trial. We use
the approach illustrated in Ref. [212], where it is shown that the median exclusion is achieved by
the so-called Asimov dataset, in which each of the |d~2|2 are set to the mean value achieved in a
background-only dataset, i.e., \JZP — An,i- In this case, ng = 0. Using this in Eq. 3.64 and
approximating ggw As,i K A for all gqy~ near the sensitivity threshold (valid because the signal is

spread over many bins) gives

2

9 N

j : Y9a >\s,i (99)

Q(ga’}”‘/) = — N ) (366)
i )‘Thi (Hn)

where we assumed Ay, (6,,) ~ A\, (6,,). This is closely related to the signal-to-noise ratio (SNR) used to
estimate the reach in many axion experiments (see, e.g., Ref. [176]), as can be shown by approximating

the sum in the above expression as an integral,

RS t?n; /Ooo dw (gn((‘:)))Q — SNRZ. (3.67)

Since this result involves a ratio of PSDs, it also holds for the continuous PSD normalization of
Eq. 3.13. Here, negative frequency bins were not included since they are not independent of the
positive frequency bins. Combining this with Eq. 3.65 implies that the median 90% or 95% expected

exclusion corresponds to an SNR of

1.3 90% C.L.
1.6 95% C.L.,

SNR(tint > Ta)

Vv

(3.68)

which roughly matches the SNR, > 1 prescription commonly adopted in the axion literature (see, e.g.,
Refs. [214, 114]).
In the short integration time limit t;,; < 74, the axion signal cannot be resolved, and hence lies in

a single frequency bin.” In the following we omit for simplicity the explicit dependence on nuisance

parameters and La,x. We continue to assume negligible systematic errors: A, (6,) ~ A, (6,) and

"More precisely, the axion signal could straddle two frequency bins; we neglect this small effect.
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Laux(és, 0,) ~ Laux(és, én) Dropping the i subscript and defining S = |Ji|2, we have

o= 5/(0% At An)
L2, )= (3.69)

g
ayy gg’y’y )\s + )\n

In this case, Wilks’ theorem does not apply, but the calculation of the test statistic is analytically

tractable. In particular, ggw can be found by analytically maximizing the likelihood, giving

A (S=X)/As S> A
Jary = (3.70)
0 S <A,

where the second line is a consequence of ggw > 0. The test statistic then takes the explicit form

0 Goy As+ A < S
2y AsFAn
Q(ggyws) =2x % —1+10g% A <8 Sgg’*ﬁ’)\s—"_)\n (3.71)
2y AstAn
920 S~ a log g S <.

At fixed ggw, q(ggw, S) is a monotonically decreasing function of S. Thus, to compute the upper
bound g, on ¢ corresponding to a given C.L. o, we can find the value S, such that the probability
for § < S, is P(S < S4) =1 — a in order to obtain ¢o(g2,,) = ¢(92,,, Sa(92,,)). Using the known

distribution of S in Eq. 3.69 for a given axion coupling ggw, we have

Sa (9277) 675/(9‘2177 As‘i’/\n)
—_— =1-qa. 3.72
/O gg/y’yAS + )\n ( )
Solving for S, then yields
Sa(gary) = log | (92, As + An) - (3.73)

Therefore, in the event that there is no axion signal, the median expected exclusion for an experiment
at (100 x a)% C.L. is determined by solving [212]

qa(gg'yv) = Q(ngv 505(0)) . (374)

Once again identifying q(ggw) ~ SNR2, we find that the median expected 90% or 95% limit on g4~
corresponds to

56 90% C.L.
SNR(tine < 7o) > (3.75)

“l125 95% C.L.

Since the SNR is proportional to ggw7 the higher threshold in Eq. 3.75 compared to Eq. 3.68
corresponds to weakening the 90%-95% C.L. sensitivity projections for gq~-, by a factor of 2-3 when
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ting S Ta-

For comparison, Ref. [165] instead found a weakening of ~ 4 for the 95% C.L. g,y projections,
using a Monte Carlo estimate for the test statistic sampling distribution. That work also found a
weakening factor of ~ 10 at 95% C.L. using a Bayesian approach with a flat prior on g,-,. However,
a flat prior in log g.y~ is also reasonable on subjective grounds, as evidenced by the common use of
logarithmic scales in plots like Fig. 1 in the main body. The logarithmic prior penalizes smaller values
of g4~ much less, and thus the weakening of the sensitivity for tin < 7, is more mild. Similarly, a flat
prior in ggw would also be reasonable since the signal is proportional to it, but this penalizes smaller
values of gy~ to a greater degree, enhancing the sensitivity suppression. Since the conclusions of the
Bayesian approach vary significantly between reasonable priors, we adopt the frequentist approach
described above.

In the above analysis, we have mainly sought to explain analytically why the reach is weakened
for tiny S T4 Since this effect arises solely from the fluctuations of the axion field amplitude, we
expect that a similar penalty factor should apply for our heterodyne approach. However, showing
this analytically would be notationally complex, because the axion Fourier components are spread
out by, e.g., the width of the driver Awg, which simultaneously affects the noise. Thus, we defer
a more detailed numerical calculation of the projected sensitivity to future work. To estimate our
reach here, we use Egs. (3.67), (3.68), and (3.75), along with the following small modification: for
a static field experiment, bins at positive and negative frequencies w are redundant because the
data stream is real-valued. For a heterodyne experiment, bins at wy & w are redundant for the same
reason, so Eq. 3.67 should only integrate over positive frequencies above wy. The sole exception is
when amplifier noise dominates, since its contributions at frequencies wy + m, are independent of

each other.

3.5.5 Variations of Experimental Parameters

To demonstrate the robustness of the approach, in Figs. 3.5 and 3.6 we show the expected reach for

experimental parameters which are orders of magnitude worse than the state of the art.

e In the upper-left panel, we vary the intrinsic quality factor Q.. Lowering Q;yt only has an
adverse effect at the lowest axion masses; for higher axion masses there is no effect because the

signal mode is taken to be strongly overcoupled in this mass range.

e In the upper-right panel, we vary the leakage noise suppression €. Even for e = 1073 (four orders
of magnitude above that measured by MAGO), corresponding to straightforward millimeter-level

control of the cavity geometry, substantial new parameter space can be covered.

e In the lower-left panel, we increase the attenuated displacement of the cavity walls by four
orders of magnitude. Increasing ¢,m,s lowers the reach at intermediate masses, where mechanical

noise dominates, but leaves the sensitivity to other axion masses unchanged.
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Figure 3.5: The projected 90% C.L. reach of our setup for a wider range of experimental parameters.
The benchmark parameters are those of the lowest curve of Fig. 1 in the main body, except for
the lower-right panel, where we take Qi = 10'°. For all panels, we assume an integration time
tint = D years. The green dotted line in this panel shows the reach for Awy = 0.1 mHz, demonstrating

the small effect of Awy on the sensitivity to small axion masses.
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Figure 3.6: The projected 90% C.L. reach of our setup, assuming experimental benchmarks as in
Fig. 3.5. We vary the frequency splitting w; — wg between the pump and signal modes, relaxing the
assumption of degeneracy within the bandwidth made in the main body of this chapter.

e In the lower-right panel we increase Awy. As discussed in the appendix, this mimics the effect
of increased low frequency noise in the form of slow drifts of the resonant frequencies over
the range wg + Awy. Since we have assumed that the pump and signal modes can be held
degenerate (equivalent to Awg < Aw,), we have decreased the quality factor to Qi = 10'°
for this panel. Increasing Aw, has little effect at low axion masses because the signal and
noise already overlap completely in frequency. However, for intermediate masses, larger Awy
decreases the sensitivity since it broadens the signal compared to the dominant noise source.

At higher axion masses, there is no effect because Aw, 2 Awy.

e In Fig. 3.6 we relax the assumption that the pump and signal mode are degenerate within
their bandwidth. Although the reach is degraded for m, < wy/Q1, new parameter space in this
region can still be probed for splittings up to w; — wp =~ 10® x w1/Q;. In addition, the reach
at higher masses, near m, ~ w; — wy is resonantly enhanced. Hence, Fig. 3.6 shows that this
approach can probe orders of magnitude of unexplored parameter space even if the frequency

splitting is much larger than the bandwidth.



Chapter 4

Polarization Haloscopes

This chapter is based on Discovering QCD-Coupled Axion Dark Matter with Polarization Haloscopes,
by A.Berlin, K. Zhou, Phys. Rev. D 108, 035038 (2023).

Abstract

In the presence of QCD axion dark matter, atoms acquire time-dependent electric dipole moments.
This effect gives rise to an oscillating current in a nuclear spin-polarized dielectric, which can
resonantly excite an electromagnetic mode of a microwave cavity. We show that with existing
technology such a “polarization haloscope” can explore orders of magnitude of new parameter space
for QCD-coupled axions. If any cavity haloscope detects a signal from the axion-photon coupling, an

upgraded polarization haloscope has the unique ability to test whether it arises from the QCD axion.

82
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4.1 Introduction

The QCD axion is a long-standing, well-motivated dark matter candidate [93, 94, 95, 96, 100, 101, 102]
that can also explain why the neutron’s electric dipole moment (EDM) is at least 10!° times smaller

than generically expected [215]. It is a pseudoscalar field a defined by its coupling to gluons
« ~
LD, —=G"G,, , 4.1
2 8 H ( )

where 0, = a/f, and f, is the axion decay constant. At temperatures below the QCD phase

transition, this coupling generates a potential and mass for the axion [216]
ma = 5.7 peV x (1012 GeV/f,) . (4.2)

Over cosmological time, the axion field relaxes towards the minimum of its potential at the parity
(P) and time-reversal (7)) conserving point 6, = 0 where the neutron EDM vanishes. Assuming a
standard cosmological history and an O(1) initial misalignment angle, the residual energy in the
axion field accounts for the present density of cold dark matter for m, ~ (0.5 — 50) ueV [160]. In this
case, the local axion field has macroscopic mode occupancy and can thus be described by a classical

expectation value,
6 ~ 2pDM
o

cosmgt =~ 4.3 x 10712 cosmt | (4.3)
mq fa

oscillating with frequency m,/2m ~ (0.1 — 10) GHz, where p,,, ~ 0.4 GeV/cm? is the local dark
matter density.

The direct signatures of QCD axion dark matter are nuclear effects, such as the oscillating neutron
EDM [217],

dy ~ (2.4 x 1072 € fm) 0, . (4.4)

Detecting such a small signal is very difficult, but has been addressed by several recent proposals. In
some cases, static EDM experiments may be repurposed to constrain slowly oscillating EDMs [218,
219, 220]. Other potential detection avenues involve nuclear magnetic resonance [116, 20, 221], spin
precession in storage rings [222, 223, 224, 21, 225, 226], atomic and molecular spectroscopy [227, 228],
and mechanical oscillations in piezoelectric materials [46]. However, none of these probes are sensitive
at the GHz frequencies motivated by standard misalignment production of axion dark matter.
Currently, the most stringent laboratory constraints on axion dark matter at GHz frequencies come
from cavity haloscopes [107, 229], which rely on the axion’s coupling to photons, £ D gawaF“”Fm,/éL
In these experiments, axion dark matter produces an effective current Jovy = gay,B0O.a inside
a microwave cavity with background magnetic field B, which can resonantly excite a mode of

angular frequency m,. While there are many other recent proposals to search for the axion (see
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Refs. [45, 230, 231] for reviews), the cavity haloscope concept is currently the most well-developed,
with many collaborations reporting new results [232, 233, 234, 9, 235, 236, 237, 238, 239, 240, 241,
242, 243, 244, 245, 246, 247, 14, 248] and some operating near or beyond the standard quantum
limit [234, 235, 236, 241]. These experiments are well-motivated, as the axion-gluon coupling of
Eq. (4.1) is known to induce an axion-photon coupling. However, their relation is indirect: the
coefficient gq4- can vary by orders of magnitude within simple models [249, 250, 251, 252], and an
axion with an electromagnetic coupling is not necessarily the QCD axion. Definitively discovering or
excluding the QCD axion thus requires confronting the axion-gluon coupling directly.

In this chapter, we present the first method to probe the axion-gluon coupling at GHz frequencies.
In the presence of axion dark matter, atoms have oscillating EDMs of magnitude d4 directed along
their nuclear spin [253], analogous to the neutron EDM in Eq. 4.4. A dielectric thus carries a
polarization density Pgpym ~ na da, where n4 is the density of nuclear spin-polarized atoms. A
time-varying polarization induces a physical electromagnetic current Jgpyn = 0 PrpMm, which can be
resonantly amplified by placing the dielectric in a microwave cavity with a mode of angular frequency
mg. We call this system, depicted in Fig. 4.1, a polarization haloscope.

To quickly estimate its potential, we may compare the current in a polarization haloscope
to that produced in a typical cavity haloscope. For the benchmark DFSZ model, where gqy, ~
0.87 x 1073/ f, [104, 103], the ratio is

JEDM 3 da na 8T
JEDM daf__ "4 ) (°-2 4.
Jo 0 Bx102em ) B ) (45)

which suggests that the signal in a cavity haloscope is larger. Furthermore, Jgpy is more difficult to
calculate, as it depends sensitively on nuclear, atomic, and material properties. For these reasons,
the polarization haloscope idea was briefly raised and discarded thirty years ago [254]. However,
the rapid recent progress in cavity haloscopes motivates a thorough analysis of its potential. In
section 4.2 we show that d4 ~ d,, can be achieved for certain atoms. We then consider the factors
necessary to develop an effective polarization haloscope, such as cavity design (section 4.3), material
choice (section 4.4), and nuclear spin polarization (section 4.5). We estimate experimental sensitivity

in section 4.6 and conclude in section 4.7, laying out a path towards reaching the QCD axion.

4.2 Axion-induced EDMs

The dominant nuclear contribution to the EDM of an atom with atomic number Z arises from the

P, T-violating piece of the effective nuclear electric potential [255, 256, 257, 258, 259, 260]

1

(eff) =1
N (%) ( +Ze

dy - V) oy (x) (4.6)
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Figure 4.1: Atoms carry EDMs proportional to the axion field (left), aligned with the nuclear spin I.
The axion’s time variation thus produces a current Jgpy in a nuclear spin-polarized dielectric, whose
effect can be amplified in a resonant cavity. For higher axion masses, the geometric overlap factor in
Eq. (4.19) can be maximized using layers of inert dielectric (top) or alternating spin polarization
(bottom).

which includes the usual electric potential ¢y of the nucleus and the response of the atomic electrons
to the nuclear EDM dy. The leading P, T-violating term in a multipole expansion of ¢§$H) is the
dipole, but it simply vanishes, in accordance with Schiff’s theorem [261] which states that the nuclear
EDM is efficiently screened by the atomic electrons. The next P, T-violating term is the octupole.
Its traceless part corresponds to an electric octupole moment, whose effects are suppressed by the
centrifugal barrier near the nucleus [255]. The traceful part yields the dominant contribution to the
atomic EDM and is described by the Schiff moment [256],

S= % /d?’x pn (x) r? (x ~3 Z_e) , (4.7)

where py is the nuclear charge density; S sources a P, T-violating electric field that polarizes the

atomic electrons, perturbing the electronic Hamiltonian by

z
Vs=—> eS-Vi(xi), (4.8)

i=1
where the nucleus is at the origin. The interaction Vg mixes opposite parity states, which to first
order in perturbation theory gives rise to a non-vanishing atomic EDM, parallel to the nuclear spin I,

of the form

(n|Vs|0) (0|D[n)
dy >~ E ——————  +h.c. 4.
A a ., — Fo +h.c., (4.9)
where |n) are atomic states of energy E, and D = — ZiZ:1 ex; is the atomic EDM operator. The

result scales as d4 o< Z2S, with a moderate relativistic enhancement for the heaviest nuclei. Scaling
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numeric results for 22°Ra from Refs. [262, 263, 264, 265] yields
da~—(0.27 x 1073 e fm) (S.)/(e fm®) (4.10)

for 161Dy, with values within 20% for the other nuclei we will consider below. Here, (S.) is the lab-
frame expectation value of the Schiff moment directed along the nuclear spin for a maximally-polarized
nucleus, M =T [259).

In perturbation theory, the Schiff moment is

(S~ <”|V7’ETH|OE gSZ|”> +he. (4.11)

n

where |n) are nuclear states of energy F,, and Vpr o 6, is the axion’s P, T-violating modification to
the pion-mediated internucleon interaction. For a typical spherical nucleus with mass number A and
radius Rp ~ (1.2 fm) A3 we expect [256, 255]

(n|Vp7|0) ~ (1072 8a/my Ro) (A/m3 Rp) (4.12)
(0]S.|n) ~ eR3 | (4.13)
E,— Ey~ A/m2R} | (4.14)

which yields the parametric estimate

(S.) ~ 1072 eRj 04 ~ (0.1 x e fm?) 9“(1@) ’ , (4.15)
in agreement with detailed calculations [256, 255, 266, 267, 268, 269, 270, 46].

This yields only a small atomic EDM, d4 < d,,, but for nonspherical nuclei there can be a large
intrinsic Schiff moment Sy, in the body-fixed frame. Evaluating Eq. 4.7 gives Sin o< £2/33 Ze RS, where
B2 and P3 parametrize the quadrupole and octupole deformation of the nuclear radius. The lab-frame
Schiff moment is then determined by averaging over nuclear orientations, (S,) = Sin(f2.) where 1 is the
nuclear axis. A nonzero (7,) requires P-violation and is thus proportional to 6,. It can be calculated
perturbatively with an expression analogous to Eq. 4.11, the main difference being that octupole
deformations imply states with small energy gaps, E, — Ey ~ 50 keV. For significantly octupole-
deformed nuclei, f2 ~ B3 ~ O(0.1), various numeric factors cancel, leaving [266, 267, 268, 269, 270]

ZeR?

n

<Sz> ~ 1072 O (416)

which is crucially enhanced by Z relative to Eq. 4.15. Applying Eq. 4.10, we find that for these
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161ny 18Ry, 15509
estimated (S,) (e fm® 6,) [271] | 4.3 1.0 1.2
estimated |da| (1072 e fm 6,) 1.2 0.25 0.3
natural abundance [272] 19%  52%  15%
metal price ($/ton) [273] 300k 30k 30k
Tdf,/dB|p_o (mK/T) [272] | 0.08 026  0.05

Table 4.1: Stable nuclei with large axion-induced Schiff moments (S,) and atomic EDMs d 4, and their
natural abundance and price. We use the last row (equal to |y| (I +1)/3 where v is the gyromagnetic

ratio [1]) to determine the fractional nuclear spin polarization f, at a temperature T' in a magnetic
field B.

nuclei,
_ Z\*[ A\?
|dA| ~ (feW X 10 3) e fm X 9a (102) (102> 5 (417)

which, as anticipated above, is comparable to d,.

Most octupole-deformed nuclei are short-lived and thus infeasible to gather in the macroscopic
quantities required. Of the nuclei highlighted in Refs. [265, 271, 274], we identify 16'Dy, %3Eu,
and !%°Gd as the most promising. They are absolutely stable and, as indicated in Table 4.1, are
inexpensive and expected to possess fairly large axion-induced Schiff moments and atomic EDMs.
However, the existence of octupole deformation in these nuclei is not completely settled [275]. This
chapter motivates further experimental study. Even if none of these nuclei are octupole deformed, it
may still be possible to achieve comparable EDMs via magnetic quadrupole moments, which are

enhanced by well-established nuclear quadrupole deformations [271].

4.3 Cavity Excitation

The axion field oscillates with a phase offset and amplitude varying over the coherence time 7, ~
Qa/Ma, where Q, ~ 10°. For all axion masses we consider, spatial gradients of the axion field are
negligible. The cavity response is therefore very similar to that of a conventional haloscope, with
Jay~ replaced by Jepm >~ manada. In our case, there is also an associated physical charge density
pEDM = —V - Pgpy in the cavity, which produces small electric fields, but it is not of interest because
it cannot excite resonant modes [276, 277, 278].

We suppose a portion V}, of the volume V' of the cavity is filled with dielectric of fractional nuclear
spin polarization f, along the p direction, so that na = f, ng where ng is the number density of
relevant nuclei. Adapting a standard result [279], the power deposited to the i®" mode of the cavity

on resonance, mg, =~ w;, is

Psig = Mg (fp o dA)2 (V/E) 771'2 min(Qav Qz) ) (418)
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where d 4 is now the time-independent amplitude of the atomic EDM, @; is the quality factor of
the mode, and the last factor accounts for the spectral width of the axion. The typical dielectric

permittivity inside the cavity is €, and the geometric overlap factor is

| Jy, @x E;i-p
;= £ .
\/vad3x (¢/€) E?

(4.19)

This definition is chosen so that 1; ~ 1 when the cavity is completely filled with dielectric polarized
along p parallel to the electric field E; of the cavity mode. Below, we suppress mode subscripts to
simplify notation.

To probe the lowest possible axion masses, a cylindrical cavity can be completely filled with a
dielectric with p along the cylinder’s axis, which yields  ~ 0.83 for the TMy19 mode. In Fig. 4.1, we
show two concrete ways to guarantee O(1) geometric overlap for heavier axions coupled to higher
resonant modes of the cavity. First, one can insert layers of another dielectric. For example, rutile
caries a negligible axion-induced current, and hence does not contribute to V,. Since it has a very
high permittivity at cryogenic temperatures, e > 10% [280], thin layers would suffice to preserve a
large overlap factor. Alternatively, the cavity can be filled with dielectric whose spin polarization
alternates in direction. In either case, the mode frequency can be coarsely tuned by changing the
number of layers, and finely tuned by introducing gaps and moving the dielectric layers or endcaps
along the cylinder’s axis.

Such layered structures have been proposed, prototyped, operated, and tuned for haloscopes
targeting the axion-photon coupling [281, 282, 283, 284, 285, 286, 287, 288]. Axions can also be
effectively coupled to higher-order modes by loading cavities with dielectric wedges or cylindrical
shells [289, 290, 279, 291, 292, 293]. At high axion masses, scanning can become impeded by
mode crowding. Many innovative approaches have been considered to avoid this issue, such as
open resonators [286, 287], phase-matched, coupled, or sub-divided cavities [294, 295, 296, 297,
298, 299, 300, 246, 301, 302, 238, 303], rod or wire metamaterials [117, 304, 305], and thin-shell
geometries [306, 307]. Most of these ideas can be adapted to polarization haloscopes, though some
tuning mechanisms must be adjusted. For concreteness, we take n = 1, assume a cylindrical cavity
with aspect ratio L/R = 5, and require the intermediate layers in Fig. 4.1 be at least 1 cm thick, so

that there is a reasonable number to tune. This determines the mass range probed in Fig. 4.2.

4.4 Material Properties

To maximize the signal strength, we consider dielectric materials with a high density of the nu-
clei in Table 4.1. Unlike other approaches that require the material to be ferroelectric [116] or
piezoelectric [46], we only require the material to be insulating at low temperatures.

Some semiconducting or insulating candidate materials are nitrides XN [308], oxides XO, and
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sesquioxides X203 for X = Dy, Eu, Gd. Though many alternatives exist, these materials are simple
and well-studied, and most are commercially available. For a prototype setup, we consider EulN
where the abundance of *®*Eu is 52% (see Table 4.1). Following other proposals [46, 116], we assume
complete isotope separation for a full-scale experiment, using DyN where the dysprosium is entirely
161Dy, In both cases, the number density of rare earth atoms is 3 x 10*2 ecm=3 [309, 310].

The structure of the material also directly affects the strength of the signal. The most important
effect, displayed in Eq. 4.18, is that dielectrics shield electric fields, reducing the signal power by a
factor of the permittivity €. For our projections we take € ~ 7, based on the static permittivity of
DyN [311]. This choice is conservative, as permittivity decreases at higher frequencies.

In addition, the effective atomic EDM may be modified within a crystal, where atomic orbitals are
deformed. This effect is quantified by the “electroaxionic” tensor defined in Ref. [46], and calculating
the tensor components requires a dedicated relativistic many-body calculation for each material.
In PbTiOg3, two groups found suppressions of 25% [312] and 50% [313], but with comparably large
uncertainties. Thus, for this initial study we simply take d4 to be the value for an isolated atom.

The other key material property is the dielectric loss tangent tand. For a cavity entirely filled
with dielectric, the quality factor @ of a mode obeys 1/Q = 1/Q. + tand, where Q. is the quality
factor due to cavity wall losses. Thus, to realize a desired @), one must have tanéd < 1/Q.

At room temperature, dielectrics display high losses due to thermal phonons. However, these
“Intrinsic” losses fall steeply with temperature [314], and are negligible at the cryogenic temperatures
of polarization haloscopes. Instead, extrinsic losses due to defects and impurities dominate [315, 316]
and depend on crystal quality. Very low losses have been measured [317, 318, 319, 320], at the level
of 1072 for sapphire and 10~ for rutile and YAG.

These are all centrosymmetric crystals, and thereby avoid additional loss mechanisms that would
appear in more complex crystals, e.g. through acoustic phonons in piezoelectrics [314] or domain
wall motion in ferroelectrics [321]. The candidate materials we have listed above are all simple
centrosymmetric crystals. However, their dielectric losses are unknown, and dedicated cryogenic
measurements in high-quality crystals are needed. These should be carried out at low electric field

amplitudes, because high field amplitudes can mask losses due to two-level systems [322, 323, 324].

4.5 Nuclear Spin Polarization

The current in a polarization haloscope is proportional to the fractional nuclear spin polarization
fp, which is O(1%) in thermal equilibrium in typical cavity haloscope conditions (see Table 4.1).
However, for both polarization haloscopes and other approaches [116, 46] an O(1) polarization is
required for optimal sensitivity. Below we describe two potential approaches to realize this.

First, one could simply subject the dielectric to a high magnetic field B 2 10 T and ultra-low
temperature. At T = 2 mK, as achieved by specialized dilution fridges [325, 326], 1%*Eu nuclei
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possess an O(1) equilibrium polarization. For this technique, the key unknown is the time needed
to thermalize the spins. At such high B/T, theoretical estimates suggest that it is prohibitively
long [327, 328], but measured spin-lattice relaxation times are much shorter than predicted [329, 330],
which could be explained by exotic relaxation mechanisms [331, 332, 333]. Relaxation times might
be further reduced by the electric quadrupole moments of the nuclei we consider, which couple
more strongly to the lattice than magnetic dipole moments [334], or by the addition of relaxation
agents [335, 336].

Another option is frozen spin dynamic nuclear polarization (DNP), in which electrons are polarized
in a few-Tesla field at T' ~ 1 K, and their polarization is transferred to the nuclear spins by applying
~ 1 W /kg of microwave power. This method achieves almost complete proton spin polarization and
has been extended to heavier nuclei for NMR studies [337, 338, 339, 340]. It requires the sample to
contain a concentration ~ 103 of paramagnetic centers, produced by chemical doping or ionizing
radiation. To “freeze” the nuclear spins, the microwave field is removed and the sample is further
cooled to slow relaxation.

This approach has been used for decades to polarize targets for particle physics experiments [341,
342]; notably, the Spin Muon Collaboration at CERN produced frozen spin targets of liter scale [343].
Currently, frozen spin DNP is primarily developed in nuclear physics experiments [344, 345, 346, 347,
348, 349]. The resulting spin polarization is robust, with spin-lattice relaxation times of nearly a year
observed in practice [350]. For polarization haloscopes, the next step is to see how this approach can

be scaled to larger volumes, while maintaining low dielectric losses.

4.6 Projected Sensitivity

The signal-to-noise ratio is given by the Dicke radiometer equation [351],

Psi tin
SNR ~ Tg ,/A; , (4.20)

where ¢, is the time spent probing each axion mass, and Av, = m, /(27 max(Q, Q,)) is the signal

bandwidth. The noise temperature 73, = T + Tymp, receives comparable contributions from thermal
noise, determined by the physical temperature T, and amplifier noise. Following Ref. [46], we
find that noise due to external vibrations or spin fluctuations is vastly subdominant at the GHz
frequencies of interest, even with the inclusion of paramagnetic centers as required for DNP. Note
that @ is the quality factor of the cavity mode with dielectric losses included; thus, thermal noise
automatically includes both the noise from electrons in the cavity walls and dielectric noise, by the
fluctuation-dissipation theorem.

In Fig. 4.2, we show the projected sensitivity (corresponding to SNR > 2) for three experimental

setups. The two blue shaded regions indicate scanning setups which take frequency steps of size
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Figure 4.2: The projected sensitivity for three benchmark polarization haloscopes (see text for details).
The blue shaded regions indicate the reach of scanning setups, while the dashed blue line shows the
reach for an experiment which targets a single candidate QCD axion mass. We also show the ultimate
projected sensitivity of CASPEr-Electric [20] and storage ring [21] experiments, as well as existing
constraints from the cooling of Supernova 1987A [22] and Solar fusion processes [23]. Note that these
existing constraints are strictly stronger than those derived from Big Bang nucleosynthesis [24] (not
shown).

mq/ min(Q, Q,) with a uniform t;,¢, so that one e-fold in axion mass is scanned in one year. Following

existing haloscope experiments, we assume an operating temperature of T'= 40 mK [239] and an

amplifier operating at the quantum limit, Thm, &~ m,. When thermal noise dominates, we assume

the cavity is optimally overcoupled to the readout, which modestly improves the SNR by a factor of
T/ Tamp [176].

The “prototype” projection, shown in dark blue, is modeled on the ADMX haloscope [234] and
assumes a volume V = 100 L, quality factor Q = 10°, and magnetic field B = 8 T, which produces a
thermal spin polarization f, ~ 5% for 153Fu. This benchmark shows that new parameter space can
be explored with minimal investment. (However, this parameter space may be in tension with the
stability of white dwarfs [352].)

The light blue projection considers a cubic meter cavity with @ = 10° and complete spin
polarization, f, = 1. Such an experiment would require a large dilution fridge, like those developed
for other precision experiments [353, 354, 355, 356, 357], and several tons of dielectric material. In
other words, it would require investment comparable to ongoing WIMP dark matter searches [358, 359].

Though it does not reach the canonical QCD axion line defined by Eq. (4.2), it could probe orders of
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magnitude of unexplored parameter space, including non-minimal, mildly tuned QCD axion models
which solve the strong CP problem with exponentially smaller m, f, [360, 361].

If ADMX, CAPP, or any other GHz-frequency haloscope [362, 363, 364, 365, 366] detects a signal
consistent with axion dark matter, a “post-discovery” setup, shown in dashed blue, can probe the
same mass. Since it sits at a single frequency, the SNR is enhanced by Qé/ 2 ~ 103 for ting = 1 yr, as
compared to a scanning experiment. We assume noise is reduced, relative to the cuber meter setup,
by cooling to 10 mK and reducing amplifier noise by 3 dB using demonstrated vacuum squeezing
techniques [236]. We also assume a quality factor of Q@ = 108. To achieve this quality factor one needs
a material with tand < 1078, which has been measured for a number of compounds. As for wall
losses, one can achieve @, > 108 with a superconducting cavity, since polarization haloscopes do not
require large static magnetic fields. Alternatively, the mode profile can be shaped with dielectrics, a
technique which has achieved Q ~ 107 in a liter-scale copper cavity [292]. With these enhancements,

a polarization haloscope has the unique ability to probe the minimal QCD axion.

4.7 Discussion

The QCD axion is an exceptional dark matter candidate, which arises automatically in theories which
solve other problems of the Standard Model, with a simple and predictive production mechanism.
The minimal QCD axion also has the unique advantage of possessing a defining coupling to the
Standard Model, which provides a sharp target for laboratory searches.

A polarization haloscope naturally targets higher frequencies than nuclear magnetic resonance
experiments [116]. Both approaches detect the electromagnetic fields generated by spin polarized
nuclei, but polarization haloscopes do not involve changes in the spin direction and hence do not
require long spin coherence times. One could also target kHz to MHz frequencies with our approach
by replacing the magnetic field in an LC circuit haloscope [113, 214, 114] with a polarized dielectric.

We have laid out a path towards definitively probing the QCD axion with polarization haloscopes.
No fundamentally new technologies are required, but many uncertainties remain. Precisely computing
the signal requires expertise in theoretical nuclear, atomic, and solid state physics, while the cavity
design and the selection and polarization of the material require experimental investigation. Together,

such efforts may enable the next definitive search for dark matter.



Chapter 5
Axion-Fermion Couplings

This chapter is based on Azxion Dark Matter Detection by Superconducting Resonant Frequency
Conwversion, by A.Berlin, R.T.D’Agnolo, S. A.R. Ellis, C. Nantista, J. Neilson, P. Schuster, S. Tantawi,
N. Toro, K. Zhou, JHEP 07, 088 (2020).

Abstract

In the presence of axion dark matter, fermion spins experience an “axion wind” torque and an
“axioelectric” force. We investigate new experimental probes of these effects and find that magnetized
analogs of multilayer dielectric haloscopes can explore orders of magnitude of new parameter space
for the axion-electron coupling. We also revisit the calculation of axion absorption into in-medium
excitations, showing that axioelectric absorption is screened in spin-polarized targets, and axion wind
absorption can be characterized in terms of a magnetic energy loss function. Finally, our detailed
theoretical treatment allows us to critically examine recent claims in the literature. We find that
axioelectric corrections to electronic energy levels are smaller than previously estimated and that the

purported electron electric dipole moment due to a constant axion field is entirely spurious.
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Conventions and Notation

We use a mostly-negative spacetime metric and natural units, A = ¢ = kp = 1, with rationalized
Heaviside—Lorentz units for electromagnetic fields (i.e., ST units with 9 = o = 1). Instead of the

chiral representation, we use the Dirac representation for the gamma matrices,

1 0 ) 0 ot 0 1
0 _ - . , 5 _ , 5.1

where the o! are the usual Pauli matrices. All states are normalized nonrelativistically, and all
operators are in the Schrodinger picture unless specified otherwise. In Secs. 5.3 and 5.4, we work
with complex axion and electromagnetic fields which oscillate with positive frequency, proportional
iwt

to e”"* such that only the real part is physically meaningful.

5.1 Introduction

Axions are among the most well-motivated extensions to the Standard Model, generically arising
as pseudo-Goldstone remnants of new approximate global symmetries broken at some high scale
and in theories involving compactified extra dimensions [97, 98, 367]. They are also motivated
from a bottom-up perspective, as their existence could explain both the microscopic origin of dark
matter [101, 100, 102] and the absence of CP violation in the strong interactions [93, 96, 95, 102].
If axions account for the local dark matter density p,,, =~ 0.4 GeV/cm?, their occupancy per
quantum mode is large for axion masses m, < few x 10 eV. In this case, the axion behaves

~

as a nonrelativistic classical field, oscillating with an angular frequency set by its mass, a(t) ~

2
DM

(V2Ppas/™Ma) cosmgt. This behavior is coherent over macroscopic timescales (mgv? )71 ~ 1 us x
(meV /m,) and is uniform over length scales (mqv,,,)~ ' ~ 10 cm x (meV/m,), where v, ~ 1073
is the characteristic velocity of dark matter in the Galaxy. Axions generically couple to Standard
Model currents via shift-symmetric higher-dimensional operators suppressed by a symmetry-breaking
scale A, ie., £ ~ (9,a) J§;/A. Most ongoing and proposed experiments search for coherent signals
arising from the axion’s coupling to photons via the Chern—Simons current [45, 230, 231, 368].
Comparatively much less attention has been paid to the axion’s coupling to color neutral fermions
/s
LD gas (0pa) Uy"y° T (5.2)

Concretely, f can be an electron or nucleon, with mass m¢ and charge g¢, ¥ is its corresponding
Dirac field, and g, is a dimensionful coupling inversely proportional to the symmetry-breaking
scale.! Independent of the axion’s Galactic abundance, such interactions induce spin-dependent

“dipole—dipole” forces between fermions [369, 370], which can be searched for by experiments involving

ISome works quantify the coupling in terms of Gay = 2gqy or use a dimensionless coupling ga5 = 2my ga -
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electrons [371, 26, 372, 373, 374], nucleons [375, 376, 377, 378], or both [379, 380]. Stronger probes
are possible in the presence of axion dark matter. For low-energy experiments, its physical effects are

most directly seen in terms of the nonrelativistic single-particle Hamiltonian,

HD—gaf(Va)~0'—%da~7r, (5.3)
where m = p — ¢y A is the fermion’s mechanical momentum, defined in terms of the canonical
momentum p = —iV and electromagnetic vector potential A. The first and second terms of Eq. 5.3
are called the “axion wind” and “axioelectric” terms, respectively, and give rise to a variety of
spin-dependent effects.

The axion wind causes spins to precess about the axion gradient, like the effect of an effective
magnetic field Beg on a magnetic dipole moment. Various experimental techniques have been
developed and proposed to search for this anomalous torque. For instance, spin-polarized torsion
pendulums [25, 48] or precision magnetometers, such as comagnetometers and nuclear magnetic
resonance setups [381, 48, 382, 20, 218, 383, 384, 27, 28, 385, 386, 221, 387, 388, 389, 390, 391,
392, 393, 394], can search for axions of mass m, < peV. Other recent proposals involve searching
for spin precession in superfluid helium [395, 396, 397], nitrogen vacancy centers [50], and storage
rings [398, 399, 400, 49, 401]. At higher axion masses, axion absorption can induce spin-flip transitions
in atoms [53, 402, 403, 404] or excite in-medium magnons [405, 406]. In the peV — meV mass range,
several experiments [407, 408, 409, 410, 411, 29, 30, 31, 32, 52, 51] search for magnon absorption by
placing a magnetic sample in a cavity, thereby mixing the magnon with a cavity mode so that it can
be read out as a photon. These efforts, which we term “ferromagnetic haloscopes,” leverage existing
expertise in cavity magnonics. However, other methods to probe the axion-electron coupling in this
mass range have been unexplored.

The axioelectric term acts like an effective electric field E.g directed along the spin and hence
produces a time-varying force. In analogy to the photoelectric effect, this force can ionize atoms
by the “axioelectric effect” [412, 413, 414, 415], which is used to search for, e.g., the absorption of
high-energy solar axions [416, 417, 418, 419, 36]. More recent works have considered absorption of
less energetic dark matter axions of mass m, < 10 €V, which can produce electronic excitations in
molecules [57] and solids [54, 56, 420, 421, 55] or single phonons in spin-polarized materials [58].

The physical effects of the axioelectric term in the ultralight regime (m, < 1 €V) are much less
well-understood. While the ability for this oscillating force to generate currents in spin-polarized
targets was briefly considered in Refs. [133, 422, 423], the prospects for detecting such effects were
never carefully analyzed. Furthermore, some recent studies have investigated axioelectric-induced
modifications to electronic energy levels [46, 424, 425], but the sizes of these shifts were only very
roughly estimated. Finally, there have been many recent independent claims that the axion-electron
coupling generates an electron electric dipole moment (EDM) [426, 47, 427, 428, 429] proportional

to the axion field value. This would seem to violate the shift symmetry of the axion field and, if
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Figure 5.1: Existing constraints on the axion-electron coupling. Laboratory constraints are from
torsion pendulums [25, 26], atomic clocks [27], comagnetometers [28], ferromagnetic haloscopes [29,
30, 31, 32|, and electron g — 2 measurements [33, 34] (using the 20 uncertainty of the latest
measurement [35]). Astrophysical constraints are from XENONNT solar axion searches [36] and from
considerations of additional energy loss from the Sun [37], white dwarfs [38], and red giants [39].
However, the red giant bound may be significantly weakened when uncertainties in stellar parameters
are accounted for [40]. Furthermore, all of these astrophysical constraints are relaxed in axion models
with environment-dependent couplings [41]. Bounds derived from supernova 1987A [42, 43] and Big
Bang nucleosynthesis [43, 44] are about two orders of magnitude weaker than the solar bound and
not shown here for clarity. The orange band corresponds to QCD axion models, reviewed in, e.g.,
Ref. [45].

true, would imply sensitivity up to twenty orders of magnitude stronger than existing astrophysical
bounds. Thus, the physics of the axioelectric term is currently far from clear.

In this chapter, we provide a firm foundation for the study of axion-fermion couplings, with an
emphasis on new probes of the axion-electron coupling g,.. Existing constraints on this coupling are
reviewed in Fig. 5.1, while the projected sensitivities of future experiments are shown in Fig. 5.2.
We begin in Sec. 5.2.1 by reviewing the derivation of the nonrelativistic Hamiltonian of Eq. 5.3. In
Sec. 5.2.2, we compute the associated classical torques and forces in an axion background and show
how the leading effects can be expressed in terms of effective spin-coupled electromagnetic fields Eqg
and Beg. In Sec. 5.2.3, we consider the use of spin-polarized mechanical resonators to detect these
effects.

In Sec. 5.3, we show how E.g and Beg give rise to polarization and magnetization currents,
respectively, in electron spin-polarized (magnetic) media. To detect these currents, we consider

multilayer setups like those used by dielectric haloscopes to search for the axion-photon coupling
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Figure 5.2: Proposed searches for the axion-electron coupling, with existing limits (shaded gray) as in
Fig. 5.1. The new directions we explore are shown in solid green, and discussed in the corresponding
sections. Dotted gray projections [46, 47] should be revised, as discussed in Sec. 5.5. As solid
gray lines, we show projections from torsion pendulums [48], comagnetometers [28], an electron
storage ring [49], nitrogen vacancy centers [50], ferromagnetic haloscopes using MnCOs3 [51] and
YIG [52], and absorption into electronic excitations in atoms [53], superconductors [54], spin-orbit
coupled materials [55], semiconductors [56], and molecules [57], as well as into phonon excitations
in FeBry [58]. For each proposal, we show the most optimistic projection, though the difficulty of
experimentally realizing each one varies significantly.
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at microwave [430, 431, 432] and optical [118, 433, 434, 435] frequencies, where the signal appears
as emitted electromagnetic radiation. As shown in Sec. 5.3.1, such a system can reach QCD axion
sensitivity at optical frequencies, where the polarization current dominates. At microwave frequencies,
the magnetization current instead dominates. In this case, a multilayer setup can explore orders of
magnitude beyond astrophysical bounds, as shown in Sec. 5.3.2.

In Sec. 5.4, we revisit axion absorption into in-medium excitations. For dark photons and axions,
such results are often determined by the “energy loss function” Im(—1/¢) [436, 437, 438, 439, 440],
which has recently been applied to dark photons [438] and photon-coupled axions [440]. In Sec. 5.4.1,
we use a classical argument to show that in spin-polarized media, the absorption rate into magnons
via the axion wind term is determined by Im(—1/u), the magnetic analogue of the energy loss
function. As for the axioelectric term, previous calculations have shown that the absorption rate
into electronic excitations scales with Im(e) in unpolarized targets. In Sec. 5.4.2; we show that in
spin-polarized targets, it is instead proportional to the usual energy loss function Im(—1/¢) and is
thus generically screened.

In Sec. 5.5, we critically examine recent claims about the physical effects of the axioelectric
term. We show that any apparent EDM proportional to the axion field value is spurious, with no
corresponding observable effect, and that energy level shifts from the axioelectric term are smaller
than previously estimated. We conclude in Sec. 5.6 by discussing directions for future investigation.

The appendices are referred to throughout the text.

5.2 The Nonrelativistic Limit

In this section, we review the physical effects of fermion-coupled axion dark matter. We begin by
deriving the nonrelativistic Hamiltonian in Sec. 5.2.1. It is then used in Sec. 5.2.2 to compute the
torques and forces on a fermion, showing that the leading effects are simply described by effective
spin-coupled magnetic and electric fields Beg and Eeg, respectively. In Sec. 5.2.3, we consider the

sensitivity of spin-polarized mechanical resonators to these fields.

5.2.1 Deriving the Nonrelativistic Hamiltonian

We first motivate the nonrelativistic Hamiltonian in Eq. 5.3 by considering the classical limit of
the axial vector current. As shown in Appendix 5.7, in a classical single-particle state, the spatial
integral of its expectation value is essentially the fermion’s spin four-vector s*, equal to (0,$)* in
its rest frame, where § is the unit vector aligned with its spin. Thus, to first order in the fermion’s

velocity v, we have
/d3x (U y50) ~ (v -8, 8)" (5.4)
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If we approximate J,a as spatially uniform, we can use Eq. 5.4 to evaluate the spatial integral of

Eq. 5.2, giving the particle Lagrangian
LD gas(Va) -8+ gagav-5. (5.5)
The nonrelativistic Hamiltonian is given by H = v - p — L, where the canonical momentum is
p=0L/Ov=myv+qr A+ geras. (5.6)

Identifying p —+ —iV and § — o in the Hamiltonian recovers Eq. 5.3. The first term in Eq. 5.5
couples to the spin like an effective magnetic field Beg = (gar/pts) (Va) with py = q5/2my, while
the second is of the form L D gy Aq - v with an effective vector potential Aeg = (gar/qr) a$. The

axion field thus exerts a torque on spins and a spin-dependent force,

T = HUf (é X Beﬁ‘) = Gaf (é X Va) (57)
d,. .
F = qf Eer = —gay @(as) ) (5.8)
where Eog = —dAg/dt is an effective spin-coupled electric field. Though this derivation is merely

heuristic, it does capture the axion’s leading physical effects.
In order to systematically extract the full set of physical effects, we take the nonrelativistic
limit of the fermion’s equation of motion, using the same procedure that is used to derive the Pauli

Hamiltonian from the Dirac equation. Starting from Eq. 5.2, the equation of motion for ¥ is
(id —ms — g5 A+ gag (Pa)7y°) ¥ =0 (5.9)

In relativistic quantum mechanics, ¥ is the four-component wavefunction of a state with a single
particle or antiparticle, and Eq. 5.9 governs the evolution of the wavefunction. Specifically, the
positive-frequency solutions of Eq. 5.9 represent the wavefunctions of particles, while negative-
frequency solutions represent antiparticles. To reduce to the low-energy nonrelativistic theory,

¢

we “integrate out” the antiparticle component using the Pauli elimination method. To make this

separation manifest, we divide ¥ into upper and lower two-component wavefunctions,

U= imst (g) , (5.10)

where the rapid time-dependence of the positive-frequency solution has been factored out. The

wavefunctions ¢ and 1) dominate for nonrelativistic particle and antiparticle states, respectively. In
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terms of ¢ and ¢, Eq. 5.9 is

(i@t —qf ¢+gaf (Va) . 0')

= (70— gaya) ¥ (5.11)
(2my +i0; — qf ¢ + gas (Va) - o) P

(5.12)

As anticipated, 12) is suppressed by ~ 1/m; compared to v for nonrelativistic particle states. Thus,
to economically describe a nonrelativistic particle, we can solve Eq. 5.12 to leading order in the
nonrelativistic expansion, )
p~— (w0 —gara), 5.13
¢ 2mf ( Gaf ) ¢ ( )

and then use this to eliminate 1]1 from the equation of motion for ¢ in Eq. 5.11. The result is

. 1 af G i9a .
(zat—qfqﬁ-i-gaf(Va)-o-)z/J: (% w-a|2—%w-a+2‘qﬁ(Va)-a)w, (5.14)

to leading order in the coupling g,r. The nonrelativistic Hamiltonian can then be identified by
10 = H1p, which gives

Ga
2m

2j]n—ffB~cr—gaf(Va)-a'—

He —+qro— {a,7 -0}, (5.15)
f f
where we used the identity |7 - o[> = 7% — ¢ B - 0. The first three terms in Eq. 5.15 form the usual
Pauli Hamiltonian, and the axion-dependent terms are in agreement with Ref. [428] (which instead
used the Foldy—Wouthuysen method [441] to decouple the antiparticle component). Expanding
the anticommutator in the final term yields {a, 7 - o} = 24w - o —i(Va) - o, where the first term
corresponds to the axioelectric term in Eq. 5.3. Note that the second term is not determined by our
heuristic classical argument; however, it is less phenomenologically interesting since it is qualitatively

similar to the axion wind, but subdominant for m, < my.

5.2.2 Torques and Forces

The Hamiltonian of Eq. 5.15 implies that the axion field imparts spin torques and forces on fermions.
To show this, we will use Ehrenfest’s theorem, d(O)/dt = (9;O) + i ( [H, O] ), which governs the time
evolution of the expectation value of any observable O. For example, it implies that the velocity
operator v = i[H, x] satisfies (v) = d (x) /dt. In the presence of an axion background, this is

1

— (T —gasao), 5.16
v (T guio) (516)
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which is just the quantum analogue of Eq. 5.6. Next, the expectation value of the spin operator

S = o/2 evolves as

%(S>:<2ufS><B+2gafS><(Va—i—{d,v}/?)) . (5.17)

Discarding subdominant contributions proportional to Va or g2 i We find that the axion field imparts

the same spin torque as an effective magnetic field

Bt ~ 2 (Va +a (v)) . (5.18)
122

Above, the first term proportional to Va is the usual axion wind effect, while the additional term
proportional to @ follows from Galilean invariance; it represents the additional contribution to the
axion gradient in the frame of a moving fermion. Note that this new term is subdominant when the
fermion velocity is much smaller than the dark matter velocity, which applies to most laboratory

experiments.
Evaluating the force from the axion field is somewhat more involved, as it requires taking the

time derivative of Eq. 5.16. Using Eq. 5.17 to simplify the result, we find

d
FEch£<V>2<QfE+q?f(V><B—BXV)+ﬂfV(U-B)>

— Gaf % (a0) + gas <V(0' -Va) + %{a-v, (Va)} — % (v- Vd+Vd~v)cr> ,
(5.19)

where the first line is the usual electromagnetic force on a minimally-coupled spin-1/2 particle, and
the second line contains axion-induced effects. Since the gradient of an axion dark matter field is
suppressed by its small velocity, the first term in the second line dominates. It is equivalent to an

effective electric field aligned with the spin,

Jaf d .
Eg~—"——(a(o 5.20
o 2 5 (o) (5.20)
which is consistent with our classical result in Eq. 5.8, since (o) = §, and agrees with Ref. [422].
Since Eqg and Beg can cause charges to move and dipole moments to precess, respectively, they
indirectly give rise to electromagnetic signals, which we will consider in Sec. 5.3. However, first we
consider their most direct effects, which are oscillating mechanical forces and torques in spin-polarized

materials.
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5.2.3 Mechanical Signals

From Eq. 5.20, we see that when a material is electron or nuclear spin-polarized and its spins precess
at angular frequency wspin, then its spins experience an oscillating axioelectric force with angular
frequency wsig ™~ Mg £ Wspin, Whose magnitude is proportional to wsi,. For concreteness, we focus
on electron-coupled axions and static electron spins, wspin = 0. In an insulating material, where
the electrons are not free to move relative to the nuclei, forces on the electrons cause the material
to accelerate as a whole. Thus, two nearby test masses of opposite electron spin polarization will

experience an oscillating relative acceleration of magnitude

Aaae ~ 2f8 Yae Wsig RV Pom

mn

, (5.21)

where my is the mass per atom and f, is the number of polarized electron spins per atom.

At ultralow frequencies, wsig < 10 Hz, the axioelectric acceleration is very difficult to detect
because it is suppressed by wsig/my. Using Refs. [442, 443, 444], we have recast the sensitivity of
future torsion pendulums, atom interferometers, and gravitational wave detectors, assuming they
can be modified to have f; ~ 1. In each case we find that the ideal sensitivity is well below that of
existing astrophysical bounds and too weak to appear in Fig. 5.2.

Oscillating accelerations at kHz — GHz frequencies can be detected with mechanical resonators.
To analyze this case, we recast the results of Refs. [445, 446, 447], which consider how dilaton dark
matter modifies the equilibrium length of solid objects, leading to a differential acceleration across
the object. Each of these setups can in principle be converted to a probe of the axioelectric force by,
e.g., spin polarizing its two halves in opposite directions. Equating the resulting accelerations (under
the assumption that fs ~ 1 can be realized and that the relevant O(1) mechanical form factors are
comparable) yields the curves labeled “Liquid Helium” and “AURIGA” in Fig. 5.2. Though they are
more promising, they are still much weaker than existing astrophysical bounds.

The axion wind’s spin torque can lead to stronger mechanical effects. In a material where the
orientation of electron spins is fixed relative to the atomic lattice, such as a hard ferromagnet, spin
torques are converted to torques on the lattice. For an object of length scale L, this corresponds to a

characteristic linear acceleration

fs Gae Va Upm
~ A . 22
mpyL mqlL Gae (5-22)

Aawind ~

The axion wind’s mechanical effect was already considered for torsion pendulums in Ref. [48], but,
in principle, it could also excite “toroidal” (shearing) modes in mechanical resonators. For the
resonators considered in Ref. [447], Aaying is enhanced over Aa,, by several orders of magnitude.

However, a detailed analysis of this signature is beyond the scope of this chapter.
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Figure 5.3: Schematic representation of the axion-induced electromagnetic signals considered in
Sec. 5.3. Left: The axioelectric term’s effective electric field Eqgi induces a bulk polarization current
JP in a spin-polarized material. Right: The axion wind term’s effective magnetic field Beg induces
a surface magnetization current J.

5.3 Electromagnetic Signals

Unlike the axion-photon coupling, the axion-fermion coupling does not directly source electromagnetic
fields. This is immediately apparent from both of the Lagrangian forms of the interaction, either in
terms of relativistic fields (Eq. 5.2) or nonrelativistic particles (Eq. 5.5), which are independent of
the vector potential. Although the Hamiltonian form of the axioelectric term H D —(gqo5/my) a(p —
gr A) - o does naively appear to contain a direct coupling between the axion field and the vector
potential, it is straightforward to verify that the electromagnetic Heisenberg equations of motion
(calculated using Eq. 5.15) do not involve axion-dependent source terms.

Regardless, the effective fields E.g and Beg indirectly source real electromagnetic fields through
their effect on the motion of charges. For concreteness, we focus here on the axion-electron coupling
Jae- In this case, the axioelectric field Eqg drives polarization currents in spin-ordered material,
while the axion wind field Beg induces magnetization currents on the boundary of any material
with nonzero magnetic susceptibility. These currents in turn source electromagnetic radiation,
as depicted in Fig. 5.3. Thus, dark matter experiments employing photon readout of dielectric
stacks [430, 431, 118, 432, 434, 433] can be sensitive to the axion-electron coupling if they are modified
to use appropriate materials.

To begin making this more precise, consider a linear medium with permittivity € and permeability
. Since the effective fields act on electrons but do not satisfy Maxwell’s equations, we find it
conceptually useful to split the induced polarization and magnetization into a standard and axion-

induced part,

P=Py+P,=(c—1)E+ (¢, — 1) Ecq (5.23)
M=My+M,=1-pH)B+(1—p"")Beg . (5.24)

Here, Py and My are induced by electromagnetic fields exactly as in ordinary electrodynamics, while
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P, and M, are induced by the axion field. Note that in Eq. 5.23 we have defined ¢,,, the permittivity
due to the spin-polarized electrons in the sample (where €, = 1 for an unpolarized sample). This will
be more properly defined later in Egs. 5.55 and 5.86. We similarly decompose the in-medium current
as J =Jg + J,, where Jg = 0;Pg + V x My, as usual, and J, = 9;P, + V x M,. While the case
of an insulating medium may be more familiar, these equations can also be applied to conductors,
which can be described by a permittivity with Im(e) = o /w, where o is the conductivity and w is the
angular frequency. Since Jg includes both the usual free and bound currents, only the axion-induced
current J, appears as a source in the in-medium Maxwell’s equations. For instance, Ampere’s law
reads

Vx(u'B)=J,+e0,E. (5.25)

Combining this with Faraday’s law, which is unchanged, yields the inhomogeneous wave equation
VXxVXxE+n?0E=—udJ,, (5.26)

where n = ,/ep is the refractive index. This is the key result we will need in Secs. 5.3.1 and 5.3.2.

Explicitly, the axion-induced current contains two pieces,
Jo=30 4+ = (o = 1) 0Eeg + V x (1 — ") Besr) (5.27)

each of which can produce electromagnetic signals. The axion-induced polarization current JZ only
exists in spin-polarized materials, such as ferromagnets, or paramagnets in an external magnetic
field. The magnetization current JM exists on the surface of any finite material with u # 1, though
it tends to be most significant in spin-polarized materials. From Egs. 5.18 and 5.20 we see that for
static spins (d{o)/dt = 0), Ecg depends on a second derivative of the axion field while Beg depends
on only a first derivative. We therefore expect the axioelectric induced current J¥ to dominate for
large axion masses and the axion wind induced current JM to dominate at smaller masses. In the

following subsections, we consider these two currents in turn.

5.3.1 Axioelectric Polarization Currents

Let us first consider the polarization current J©’ resulting from the axioelectric field Ecg, by specializing

—1iMmyg

to a monochromatic spatially uniform axion dark matter field a «x e ¢ . To build intuition, we
begin with the example of an infinite uniformly spin-polarized medium. In this case, we can ignore

the curl in Eq. 5.26, which then gives

Eof . (5.28)
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The total current is then

P

-1 J
O Eeg = =% . (5.29)
19 13

J=(c-1)OE+ (6g — 1) Eeq = -2

This equation encompasses all of the results of Ref. [422]; in particular, it shows that for large ¢,
which occurs in conductors with ¢ > m,, the axion-induced current is significantly screened. On
the other hand, it was not previously realized that the current can be resonantly enhanced when
€ approaches zero, which occurs when the axion mass matches that of a quasiparticle that mixes
with the photon, such as a plasmon or phonon [448, 117, 449, 405, 450, 451, 452, 440]. However, the
frequencies of such resonances are often not easily tunable.

In any case, dielectric haloscope and dish antenna experiments do not measure the current inside
a medium, but rather the propagating radiation produced outside of it. The simplest setup which
produces such radiation is an infinite slab of material of thickness d placed in vacuum, carrying a
uniform spin polarization lying in the slab’s plane, as shown in the left panel of Fig. 5.3. Within
the slab, the axion induces an electric field as in Eq. 5.28. However, if this was the total electric
field, then the component of the electric field tangential to the plane E; would be discontinuous at
the slab’s boundaries. Instead, the continuity of E is restored by including plane wave solutions
of Eq. 5.26, which propagate outward from the slab; such fields also exist within the slab, though
they are exponentially damped on the scale of the skin depth 1/(Im(n)m,). In other words, the
slab’s finite thickness breaks translational invariance, providing the momentum mismatch required to
generate photons.

As shown in Appendix 5.8, enforcing continuity of E| and B /u yields a signal amplitude

JE /m,
€ +in cot (nmgd/2)

Esig = (5.30)
for the outgoing radiation field. For real € and p, the amplitude is maximized for d ~ 7/(nm,), in
which case Egg = JE/(m,€). Note that photon-coupled axions or kinetically-mixed dark photons
also produce such signals, but through different physical mechanisms; for photon-coupled axions
the fields are sourced by effective currents which exist wherever a background magnetic field By is
present, while for electron-coupled axions they are from real currents, which exist only within the
slab. Despite these differences, the boundary conditions in these various model-examples have the
same form, such that the expression in Eq. 5.30 holds in all three cases [431, 118] if one formally

substitutes

(6 — 1) gae m? /e (electron-coupled axion)
JP = VPou X 4 (€ = 1) gayy Bo (photon-coupled axion) (5.31)

(e—=1)kma (kinetically-mixed dark photon) .
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In the second line, g4~ is the axion-photon coupling, and in the third line, x and m 4/ are the kinetic
mixing parameter and mass of the dark photon field, which we assume is polarized tangential to the
slab (although a real experiment would have to average over its varying orientation [453, 454]).

To compare these signals, we must estimate ¢, the permittivity due to the spin-polarized electrons.
Consider a material in which the electrons in the outermost partially-filled shell are completely
spin-polarized. Those spin-polarized electrons contribute to €., and at low frequencies w < 10 eV,
below the characteristic scale of electronic excitations, they are also the ones that primarily contribute
to £. Therefore, in general we expect ¢, ~ € up to an O(1) factor. This argument is discussed in
more detail in Sec. 5.4.2, and for this initial study we simply take ¢, = €.

Under this assumption, Eq. 5.31 allows us to map between couplings which yield signals of
equivalent strength,

Jae < Gayy (e Bo/m?) < k(e/mq) . (5.32)

As discussed in Appendix 5.8, this mapping is general, holding for an arbitrary series of spin-polarized
layers. It can thus be used to recast the sensitivity of dielectric haloscopes, provided they are modified
to incorporate spin-polarized media. The strongest sensitivity for this type of experiment is achieved
at large axion masses, at which the optical dielectric haloscopes LAMPOST and MuDHI operate.
Since LAMPOST has published projections [118], we recast them in Fig. 5.2 to yield the curve
labeled “Axioelectric Multilayer,” which shows that such a setup could have sensitivity comparable

to existing solar limits, corresponding to couplings motivated by the QCD axion.

5.3.2 Axion Wind Magnetization Currents

Next, we turn to the magnetization current JM of Eq. 5.27. This term results from the axion wind
effective magnetic field Beg < Va, which is nonzero due to the solar system’s motion through the
dark matter halo, i.e., Va ~ m, v,,, a with v, ~ 1073 the velocity of the dark matter wind. First,
note that JM vanishes in an infinite medium with a uniform and scalar permeability u, since from
Egs. 5.18 and 5.27 we have in this case that JM « V x Beg & V x Va = 0. Thus, for scalar y, the
simplest nontrivial situation is a planar slab of material of finite thickness, where the discontinuity of
the magnetization at the slab’s boundaries leads to surface magnetization currents, shown on the
right in Fig. 5.3.

Such a signal arises in any finite medium with nonzero magnetic susceptibility x.,, = ¢ — 1, but
in practice X, is small unless the medium is magnetically ordered, in which case x,, is a nontrivial
tensor. Furthermore, since the axion field oscillates in time and the medium can be placed in a

tunable magnetic field, we must also consider how x., depends on frequency and external field.
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Magnetization Dynamics

The form of x,, can be derived from the well-understood theory of classical magnetization dynamics.
Here we review the relevant results, following standard introductory treatments [455, 456, 457, 458].
The starting point is the Landau-Lifshitz equation, which governs the time evolution of a medium’s
magnetization density M,

Cg\t/lzrnyHJrE\}'Mx(MxH), (5.33)
where H = B — M is the auxiliary magnetic field, « is a small dimensionless damping parameter due
to internal losses, and v is the in-medium gyromagnetic ratio, approximately equal to the electron’s
gyromagnetic ratio v, ~ —e/me .

For concreteness, consider a medium prepared with high magnetization density My = Mz,
aligned with a large applied magnetic field By = Bygz = Hg + My. We are interested in the
magnetization’s response to the small axion effective magnetic field Beg < By, which contributes
small corrections M = Mo+ AM and H = Hy + AH. Defining AM = x,,, AH, we can solve Eq. 5.33

for x, in frequency space by linearizing in the small components. This yields

(1+a®)wy —iaw —iw 0
Xm = — el iw 1+a})wy —iaw 0] , (5.34)
w? — (1+a?)w?% + 2icwwy
0 0 0

which in the absence of damping (« = 0) is known as the Polder tensor. In the presence of damping,
the width of the resonant response is controlled by the magnetic quality factor @ = 1/(2«). Here,
we have introduced the angular frequencies wy = |y| My and wg = |y| Ho, and we also define
wp = |v|Bo = wy + war. Note that the maximum realistic value of the external field, By = 10 T,
corresponds to wp ~ 1 meV, such that for larger frequencies the susceptibility is necessarily strongly
suppressed. As a result, p ~ 1 at optical frequencies, which is why we were able to neglect the
tensorial nature of p in Sec. 5.3.1.

It is convenient to diagonalize Eq. 5.34 by describing the transverse components with circular
polarizations, defined as My = (M, +iM,)/v2, Hy = (H, £iH,)/+/2, and similarly for the other
fields. In this basis, the magnetic susceptibility is x,, ~ diag(x+, x—,0), where the diagonal elements

are given by N os1/20
Wap W
X+ = wEwy +iwg/2Q

(5.35)

Note that for positive frequencies, only x_ can be resonantly enhanced. In other words, if the
material is driven by a positive frequency linearly polarized magnetic field (which contains equal
magnitude plus and minus circular polarization components), then on resonance its magnetization

preferentially rotates in one direction. This predominantly leads to clockwise circularly polarized
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radiation propagating along the direction of By, and counterclockwise circularly polarized light

propagating in the opposite direction.

Form Factor for a Single Slab

Let us now return to the case of a single planar slab of finite thickness d, extending infinitely along
the xy-plane. For simplicity, we suppose that Va is uniform and also lies in the zy-plane. The
slab is placed inside a strong external magnetic field By = By z, which fully magnetizes it along
the z-direction, normal to the slab’s surface. Note that since B - z is continuous across the slab’s
boundaries, the z-component of the magnetic field inside the slab is also equal to By. We can compute
the outgoing radiation produced by a single slab using the same method as in Sec. 5.3.1, provided
we work in a basis of circular polarizations and account for the discontinuity of (¢~ B) x z at the
slab boundaries due to the axion-induced magnetization surface currents. As shown in Appendix 5.8,

the resulting amplitudes of the outgoing radiation components have magnitude \Esiig| = Fi Ber/ V2,

where
X+
Fi= 5.36
=7 | i + iny cot (ne mged/2) |’ (5-36)
is a dimensionless form factor and ni = ,/euy is the polarization-dependent refractive index.

Comparing Eqgs. 5.30 and 5.36, we see that if F1 is O(1), then the radiation amplitude due to the

< mev,,, ~ keV. However, a

axion wind is larger than that due to the axioelectric effect for all m, < Iy

multilayer experiment would become impractically large for m, < 1 peV and, as mentioned above,
the magnetic susceptibility is suppressed for m, = 1 meV. Thus, the approach described in this
section is most useful for targeting axions at microwave frequencies, in a setup analogous to the
MADMAX dielectric haloscope that we refer to as a “magnetized multilayer” [430, 431, 432].

The external field strength By can easily be tuned in the laboratory; it affects wg and wgy, and
thereby the susceptibility xy+ and related quantities. We now consider how it should be chosen to
maximize the form factor Fi for a given axion mass. For concreteness, we focus on the “minus”

polarization, which has permeability

mg —wp +iwp/2Q
me —why +iwg /2Q

= (5.37)
Fig. 5.4 shows the value of F_ as a function of wp, for an axion mass of m, = 100 ueV and slabs
of various thickness d. For thin slabs, the form factor approaches a peak value of F_ ~ 1 when
wyg = Mmg. On the other hand, for much thicker slabs, there is a second, parametrically higher peak
when wp is close to but slightly below m,.

These results can be understood by carefully considering limiting cases of Eq. 5.36 for fixed m,,.
First, in the thin slab regime, |n_mg,d| < 1, the cotangent in Eq. 5.36 is large and can be expanded

as cot x ~ 1/x. The form factor has a resonant peak about wgyg = m,, where the numerator xy_ ~ p_
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Figure 5.4: The form factor F_ (Eq. 5.36) for slabs of varying thickness d as a function of wg = |y| By,

for a fixed axion mass of m, = 100 peV and the material properties listed in Table 5.1. While the
form factor always has a peak near wy = my, it has a higher peak near wg = m, for thick slabs.

becomes large. Near this peak, we have

Wy M df2

Fo~ : , 5.38
Mg — wh + 1w /2Qef (5:38)
where we took @ > 1 and defined an effective quality factor
1 1
=—+wyd. 5.39
Qeff Q ( )

These results are physically sensible. First, the resonant frequency wy is the usual Kittel frequency
(i.e., the lowest, zero-momentum magnon frequency) for a thin slab in an orthogonal magnetic field.
Next, the second term in Eq. 5.39 describes radiation damping due to the emission of electromagnetic
waves. This damping ensures F_ < 1 on resonance, regardless of the value of @), while increasing d
simply broadens the width of the resonant response. Thus, for thin slabs in the regime Q wp; d 2 1,
increasing the slab thickness can increase the scanning rate of an experiment, but not the peak signal
power.

Radiation damping is a familiar concern in ferromagnetic resonance studies [459, 460, 461, 462]
and is one of the main reasons that ferromagnetic haloscope experiments enclose their spin-polarized
sample in a microwave cavity. Note, however, that Eqs. 5.38 and 5.39 apply only to thin slabs;
qualitatively different behavior can occur in the thick slab limit |n_mgd| = 1. In this case the
cotangent cot(n_m,d/2) is not necessarily large, but is instead generically O(1). From Eq. 5.37,
when the quality factor is high and the axion mass matches the Kittel frequency of an infinite

medium, m, = wp, the permeability is small and approximately imaginary, u_ ~ im,/(2Qwys), so
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that |pu_| < |n_|. Then

o 1 5 1 20w
T p— +in_cot(n_mgd/2)| — |cot(n_m.d/2)]| mee

(5.40)

so that the form factor can be much greater than one if @ is sufficiently large. This enhancement
is possible because for thick slabs, radiation is not merely a source of energy loss. Instead, it
couples the magnon and photon degrees of freedom within the slab, forming a propagating hybrid
“magnon-polariton” mode.

As shown in Fig. 5.4, we find numerically that the highest form factors occur when wg is shifted
slightly below the axion mass, wg = m, — Aw with Aw > 0, even though this increases |p—|. This
result also has a simple physical interpretation. For concreteness, suppose that Aw is nonzero and @
is very high, which implies that p_ is small and approximately real. In this case, the slab acts as an
effective cavity due to the discontinuity of n_ at its boundaries. When n_m,d = 7, the in-medium
wavelength of the magnon-polariton mode matches the slab’s thickness, so that cot(n_m,d/2)
vanishes, leading to a greatly enhanced form factor. This phenomenon is familiar from other axion
searches using quasiparticle resonances [117, 451, 450, 452, 449] and remains approximately true

even at finite Q.

Signal-to-Noise Ratio for a Multilayer Setup

Now that we have discussed the outgoing radiation from a single magnetized layer, we turn to the
signal for many layers. Optimizing the response of a general multilayer experiment is analytically
intractable. Therefore, for concreteness, we focus on a “transparent mode” setup, where N slabs,
each of area A and thickness d = 7/(Re(n_)m,), are separated by vacuum gaps of thickness
m/myg [463, 431]. For such multilayers, an emitted electromagnetic wave accumulates a phase of 27
upon traveling from one slab to the next, so that the total signal amplitude emitted from the +z
side of the stack is ideally N Es_ig.2 In this case, the time-averaged signal power emitted from each
end of the stack is therefore

1
Py = 5 N?|E_,

sig

1
> A= Z}'E N?|B%| A . (5.41)

As in the MADMAX experiment [431], this power can be focused with a horn antenna onto a pickup
circuit, which is coupled to an amplifier. We demand that the total thickness L = Nd of the slabs be
no larger than the characteristic screening length 1/(Im(n_)m,). This implies that the maximum

number of layers is
Re(n_)

" rIm(n_) 543

2Radiation of the “plus” circular polarization is also emitted from this side, but its amplitude is negligible, since
generically 4 will not be resonantly enhanced and its contributions from the different slabs will not interfere
constructively. Thus, from this point onward we will only consider the “minus” polarization.
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Finally, the signal-to-noise ratio is given by the Dicke radiometer equation [351],

o Psig ting
SNR = N o (5.43)

where T;, is the noise temperature, ti,; is the integration time, and Ay, ~ m,/(27Q,) is the axion

bandwidth, where Qq ~ 1/v2  ~ 10° is the effective axion quality factor. The integration time is set
by tint = (Aws/myg) te, where . is the total time to scan one e-fold in axion masses and Awy is the
sensitivity bandwidth (i.e., the spread in axion masses for which the signal power is near its maximal
value for a fixed multilayer geometry and applied field).

To estimate the sensitivity bandwidth, we consider what happens when the axion mass is shifted
by a small amount ¢ from the optimal value, such that m, = wp + Aw + d. When § = 0, radiation
accumulates a phase of 2w upon propagating from one slab to the next, for a total of 2a N through
the entire stack. When § # 0, the wave frequency is shifted, which changes the phase by a fractional
amount ~ ¢/m,. Demanding that the total change in phase is less than O(1) (so that the radiation
from each slab still constructively interferes) then yields the constraint 6 < m,/N, as in standard
dielectric haloscope experiments [431]. However, in our case there is another constraint: changing
the axion mass also changes the wavelength of the radiation within the slab, by a fractional amount
A(Re(n)) /Re(n) ~ §/(2 Aw), and this quantity must also be less than ~ 1/N. This yields the
stronger condition § < 2 Aw/N and therefore fixes the sensitivity bandwidth to

Aws; =2 Aw/N . (5.44)

Note that because Pz o N2 and Aw, 1/N, the setup obeys the so-called “area law,” f dw Pyg(w) o
N. This is a very general feature of axion dark matter experiments [464, 465] that was first observed
for dielectric haloscopes [431].

Given the above discussion, one can determine the signal-to-noise ratio in terms of Aw = m, —wp
and fixed parameters. Since the applied magnetic field can be tuned experimentally, we numerically
optimize the sensitivity with respect to Aw. Qualitatively, moving away from wg = m, by increasing
Aw increases Re(p—) (which decreases the thickness of each slab) and decreases Im(p—)/Re(u—)
(which increases the maximum number of layers). On the other hand, the increasing separation
between the Kittel frequency and the axion frequency eventually begins to suppress the form factor.
In the absence of other constraints, the optimal value of Aw is set by a trade-off between these effects.

In Appendix 5.10, we show analytically that for real ¢ and sufficiently high @, the optimized

signal power scales as

Qunm ?
Psig ~ (m ‘Bgﬁ"| A . (545)

The enhancement with wjs is simply due to the fact that a higher magnetization improves the

form factor. The unusual quadratic scaling with @ is also simple to understand; a larger quality
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Parameters  Description Variable Value
Material Saturation magnetization Mg 05T
Magnetic quality factor Q 102
Permittivity € 15
Expt. Slab area A 1 m?
e-fold scanning time te 1 year
Maximum number of layers Nax 80
Maximum total material thickness Linax 5 m
Maximum applied B field Binax 10T
Noise HEMT SQL
Physical temperature T 4K 40 mK
Amplifier noise temperature Tamp 1K (27r><njlaGHz> me

Table 5.1: Material, experimental, and noise parameters assumed when optimizing the experimental
setup (Fig. 5.5) and computing the sensitivity (Fig. 5.6) for a polycrystalline spinel ferrite multilayer.
The dielectric loss tangent is negligible in these materials, tand. < 1074, and so the permittivity can
be approximated as real. For HEMT and SQL amplifiers, the physical temperatures correspond to
cryostat and dilution fridge cooling, respectively. The total noise temperature used in Eq. 5.43 is
Th =T + Tamp.

factor reduces Im(u—), and thereby improves both the resonant enhancement in the form factor
and increases the maximum possible number of layers. As a result, Eq. 5.45 can be reexpressed as
P, o< QV, where V is the total volume of the experiment, as in other resonant setups.

We caution that in our discussion below, we will focus on a material for which @ is too small for
the approximations used to derive Eq. 5.45 to accurately apply. We also note that Eq. 5.45 cannot
be applied at sufficiently small axion masses, where the signal power will be further constrained by
an upper limit on the total slab thickness. Regardless, Eq. 5.45 does display the correct qualitative

dependence of the signal power on material properties.

Material Properties and Experimental Parameters

The best materials are those with high saturation magnetization Mg, which sets the maximum
possible value of My, and large magnetic quality factor ). In addition, the permittivity € must be
approximately real, as a large imaginary component would lower the screening length. In particular,
magnetic alloys cannot be used, as they have Im(e) = o/w for a large conductivity o. For such
materials, the screening length (i.e., the skin depth) would be well below the thickness of a single
slab at the microwave frequencies considered here.

We therefore choose to focus on ferrites, which have negligible conductivity and are widely

commercially available. The properties of these materials are well known, and discussed in detail in
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Figure 5.5: Numerically optimized values of the slab thickness and total thickness (left panel), form
factor and number of layers (middle panel), and applied external magnetic field (right panel), as a
function of the axion mass. The middle panel shows that the signal power, proportional to F2 N2, is
predominantly enhanced by the form factor at small m, and the number of layers at large m,. The
other panels show that a large total volume is only required at small m,, and a strong external field
is only required at large my.

Appendix 5.10. To date, ferromagnetic haloscope experiments have exclusively used single crystal
yttrium iron garnet (YIG), as it has the highest known quality factor @ ~ 10*. However, YIG crystals
are extraordinarily difficult to grow [466], and currently YIG spheres and films can only be produced
individually at ~ 1 mm scales. By contrast, polycrystalline spinel ferrites are mass-produced and
can be purchased at a per-kilogram cost over five orders of magnitude lower than YIG. Though they
have a relatively low quality factor Q ~ 102, they possess a saturation magnetization Mg twice as
large as that of YIG.

Thus, we will focus on polycrystalline spinel ferrites, since an experiment employing them can
benefit tremendously by the increased detector volume. The benchmark values we assume are shown
in Table 5.1 and discussed further in Appendix 5.10. We assume the material is fully magnetized,
so that My = Mg. As for the other experimental parameters, we adopt a slab area A = 1 m? and
e-fold scanning time ¢, = 1 yr, similar to the MADMAX experiment. We allow a maximum external
magnetic field of Byax = 10 T, require that the number of layers does not exceed Npy.x = 80, and
cap the total thickness L = Nd of the slabs at L.x = 5 m.

Experimental Sensitivity

For each axion mass, we numerically optimize the signal-to-noise ratio by varying wg, which in turn
determines the form factor F_, number of layers IV, slab thickness d, and sensitivity bandwidth
Auws. The results of the optimization are shown in Fig. 5.5, which shows how the setup qualitatively
changes as the axion mass is varied.

At small axion masses, m, < 107 eV, the length of the setup is large, but it only requires a

weak applied magnetic field. In this regime, the number of layers is suppressed due to the constraint

L < Lpax, and the sensitivity boost primarily comes from operating at small p_, corresponding to
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a large form factor. Note that this implies the thickness of a single slab is much greater than the
spacing between slabs, so that L is approximately the total length of the multilayer setup. In this
regime, the experiment most closely resembles axion searches using tunable quasiparticle resonances,
such as TOORAD [448, 451] and ALPHA [117, 449, 450].

Increasing the axion mass increases the minimum value of |p_| and therefore decreases the
maximum possible form factor. Thus, at large axion masses the sensitivity boost primarily comes
from having a large number of layers and is limited by the constraint N < Ny,.x. For polycrystalline
ferrite, one can only use this many layers if the setup is operated well away from the resonance.
Numerically, we find Aw 2 wjys in this regime, so that n_ does not have sharp frequency dependence,
and the experiment most closely resembles the microwave dielectric haloscope MADMAX. Also
note that for m, > 1072 eV, our constraint By., = 10 T limits the size of By, preventing resonant
enhancement of the form factor entirely. For axion masses near this upper limit, the required magnetic
field is large, but the total length of the setup is small, i.e., <1 cm.

For the parameter values we have chosen, the analytic approximation for the signal power in
Eq. 5.45 is only accurate in a narrow mass range centered near m, ~ 107° eV. For larger axion masses,
we find numerically that the optimized signal power is an O(1) factor larger. In Appendix 5.10, we
also carry out the same computation for single crystal YIG, which we show has a sufficiently high @
for the analytic results to work accurately. For YIG, the reach is slightly stronger, but the results
are qualitatively very similar.

The numeric values of d and L shown in the left-panel of Fig. 5.5 allow us to confirm that certain
corrections to our results are indeed negligible. First, we have treated Va as spatially uniform. This
mathematical assumption corresponds to the physical requirement that radiation from different slabs
interferes constructively, L < (mg vy,,) "+, which is indeed true here. Note that at large axion masses
we have v/A > (mg vy, )", but this is acceptable since there is no requirement that radiation from
different parts of the same slab be emitted in phase. Second, we remind the reader that we have
only considered surface magnetization currents. In the beginning of this subsection, we noted that
for scalar p, the volume magnetization current vanishes. However, it is in general nonzero for the
tensorial p considered here, albeit suppressed by an additional gradient of the axion field. Thus, the
relative effect of the volume magnetization current is ~ dmg, vy, < 1, which is completely negligible.

Finally, the total noise temperature can be decomposed as T;, = Tty + Tamp + AT, where Ty,
is due to thermal noise, Thmp is the effective noise temperature of the amplifier, and AT is due to
additional, reducible noise sources. By the fluctuation-dissipation theorem, thermal noise is sourced
from any part of the system that dissipates energy. This includes thermal radiation sourced from
the charges in the walls of the magnet and the thermally fluctuating spins in the multilayer, and
Johnson—Nyquist noise sourced from the resistance in the pickup circuit. However, when the entire
system is at the same physical temperature T', these contributions sum to T, = T independently

of the details of the setup. As for the additional noise AT, it receives contributions from, e.g.,
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Figure 5.6: In solid green, we show the projected sensitivity at SNR = 2 to the axion-electron coupling
of a magnetized multilayer experiment based on detecting the radiation generated by the axion wind
induced magnetization current, with layers made of polycrystalline ferrite and either HEMT or SQL
amplifiers. All parameters assumed for the projections are listed in Table 5.1. We cut off these reach
curves at large axion masses when the required applied magnetic field exceeds Bp.x = 10 T and
at small axion masses when the optimal thickness of a single layer exceeds Ly.x = 5 m. In dashed
green and dashed blue, we show the maximum possible reach given noise-free detection of single
photon and magnon quanta, respectively (see Sec. 5.3.2 for more details). Astrophysical bounds
are as in Fig. 5.1, and the band for DFSZ axions and loop-induced couplings for KSVZ axions are
summarized in, e.g., Ref. [45].

nonthermalized magnetic impurities, vibrations of the multilayer or magnet, and Barkhausen noise
due to the relaxation of domain walls. However, these effects fall off rapidly above ~ kHz frequencies,
and we expect they are subdominant at the GHz to THz frequencies and long integration times
relevant in this chapter [467, 468, 469, 470, 471, 472]. Thus, for this initial study we neglect AT.
In Fig. 5.6, we show the experimental sensitivity for various noise benchmarks, with corresponding
noise parameters shown explicitly in Table 5.1. For the line labeled “HEMT,” we have inferred an
amplifier noise temperature Ty,,p from manufacturer datasheets [473]. We also show a “standard
quantum limit” (SQL) benchmark with a lower physical temperature and a quantum limited amplifier.
In this case quantum noise is important, and the fluctuation-dissipation theorem implies that it
arises from a variety of sources, including quantum fluctuations in the pickup circuit voltage, and
spin-projection noise arising from the uncertainty in the transverse component of the multilayer
magnetization [474]. The details of the setup determine which of these effects contributes more to
the quantum noise seen by the amplifier, but the SQL itself always corresponds to taking Tamp = M,

independent of these details. The detailed contributions of individual sources to the quantum noise
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do not affect this result, but may be important for detailed optimization of the detector, which we
defer to future work.

For concreteness, we set a sensitivity threshold by taking SNR = 2, though we note that this does
not have a definite statistical interpretation, as various O(1) factors have been dropped throughout
our analysis. Finally, the dashed line labeled “Single Photon” indicates a theoretical upper limit on
sensitivity; it shows axion couplings for which Piiq ting = mq, corresponding to an average of a single
photon emitted within the integration time [475].

To illustrate the effect of the multilayer geometry, we can compare the photon power absorption
rate Pg in an optimized multilayer to the magnon power absorption rate P, in a uniform medium.
As shown in Sec. 5.4.2 and Appendix 5.9, Ppag is maximized when wp = m,. When normalized to

the same volume V' of material, we have

Pmag - 2QwML
Pie  (NF_)2 '

(5.46)

For a setup employing direct readout of magnons, the sensitivity bandwidth is simply the ferromagnetic
linewidth Awg ~ m,/Q, which fixes the integration time as ;0% = t./Q. Setting Ppag tine® = Mg
gives the line labeled as “Single Magnon” in Fig. 5.6. This represents the strongest possible sensitivity
of an experiment of equal volume but trivial bulk geometry. The fact that the single magnon
sensitivity is weaker than the single photon sensitivity shows that the magnon-polariton mode in an
optimized multilayer effectively couples more strongly to the axion field than an infinite-medium
magnon mode. Moreover, since these magnon-polaritons propagate out of the multilayer in the form

of electromagnetic radiation, it is much easier to detect them precisely.

Comments on Experimental Realization

We conclude this section with some additional comments on the experimental realization of such a
“magnetized multilayer” experiment. First, unlike the planned MADMAX experiment, the external
magnetic field here can significantly affect the medium’s properties, allowing strong sensitivity to a
very wide range of axion masses. Due to this wide mass range, the experimental implementation
is qualitatively different at each end. Referring to Fig. 5.5, at small masses (m, < 107> eV) one
requires a large amount of material, but only a few layers and a weak external field. At larger masses
(mq ~ 1073 eV), a strong external field is required, but the entire stack is only a few centimeters
long.

Unlike many axion experiments, our concept never requires a magnetic field that is simultaneously
strong and large in volume, thus avoiding the need for expensive magnets; however, we do require the
magnetic field to be highly uniform. Also note that while MADMAX requires tangential magnetic
fields and thus a custom dipole magnet, we require a magnetic field normal to the slabs’ surfaces.

These can be produced by solenoidal magnets, which are more common and less expensive. In addition,
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while the signal in multilayer setups can be calibrated indirectly using reciprocity theorems [476, 477],
in our case an electron-coupled axion acts almost exactly like an oscillating transverse magnetic field,
so the response can also be calibrated by simply applying a real transverse magnetic field.

Since the sensitivity bandwidth Awy is small, our setup must be tuned to scan across a substantial
range of possible axion masses. As we have noted below Eq. 5.43, a magnetized multilayer setup has
a somewhat smaller Awg compared to a standard dielectric haloscope since the permeability varies
with frequency. However, this is compensated by the fact that there are two independent tuning
mechanisms. For fine adjustments, one can alter the refractive index of the material by changing
the applied magnetic field, which can be done quickly and precisely. For coarse adjustments, one
may instead adjust the spacing between the slabs, as planned for MADMAX [430]. This two-stage
strategy ensures that the amount of mechanical tuning required for our setup is never greater, even
in the regime @ > N.

There are a number of experimental details that we have neglected in this chapter, all of which
could be addressed in a more detailed analysis, along the lines of Refs. [478, 479]. For simplicity,
we have only considered transparent mode setups. These setups are analytically tractable, and
as discussed below Eq. 5.40 correspond to near-optimal form factors. However, other multilayer
geometries may be more flexible and effective in a real experiment; determining this will require
a detailed numeric optimization. Furthermore, we have treated the system as essentially one-
dimensional, neglecting finite size effects, and assumed the slab thickness and spacing is perfectly
uniform. Finally, we have approximated Va as spatially constant and have taken it to lie along the
plane of the slabs. In reality, the direction of Va is anti-aligned with the Galactic motion of the solar
system and thus sweeps over various directions throughout a sidereal day, incurring an O(1) penalty
to the average signal power. However, the signal also exhibits a predictable modulation, which can
help disentangle it from background. It is also important to understand the material properties in
detail. As discussed in Appendix 5.10, magnetic losses at the relevant cryogenic, low-power conditions
are somewhat uncertain and should be measured experimentally. Ideally, the permeability itself
could be measured as a function of frequency and applied field, as it entirely determines the relevant
response. We have also neglected the small magnetic anisotropy fields generated inside spinel ferrites,
which slightly affect the relationship between By and wg. Finally, other materials, such as hexagonal
ferrites, could also yield good sensitivity at low cost. We defer investigation of these questions to

future work.

5.4 Absorption Into In-Medium Excitations

Absorption of electron-coupled axion dark matter produces a variety of in-medium excitations. In
analogy to the photoelectric effect, absorption through the axioelectric term gives rise to electronic

excitations. This process has been well-studied for non-spin-ordered targets, such as noble liquids [413,
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415, 414, 417, 420], semiconductors [420, 56, 421, 480], and spin-orbit coupled materials [55], which
target axions of mass m, = 10 eV, 1 eV, and 1 meV, respectively.®> In spin-polarized targets,
electron-coupled axion dark matter can generate a wider range of excitations, such as meV-scale
phonons [58] and magnons [405, 52], electronic transitions between Zeeman-split levels [53], and
“nuclear magnons” in materials with strong hyperfine interactions [51].

In this section, we extend the results for two of these excitation channels. In Sec. 5.4.1, we revisit
the calculation of axion dark matter absorption into magnons. We derive the absorption rate using
the constitutive relations of classical electromagnetism, and show that it is determined by a magnetic
energy loss function, complementing previous quantum mechanical derivations [52, 405]. In Sec. 5.4.2,
we compute the axioelectric absorption rate in spin-polarized targets in two complementary ways,

and show that the result is parametrically different than in non-spin-polarized targets.

5.4.1 Classical Estimate of Absorption into Magnons

Spin-ordered targets support collective spin excitations known as magnons. Similar to phonons, the
energy scale of magnons is typically ~ (1 —100) meV, making them useful in the search for scattering
of sub-GeV dark matter [406, 481], especially in models preferentially coupling to the electron spin.
These excitations have also been studied in the context of axion dark matter, since the wind coupling
allows an axion to be absorbed into a magnon [407, 409, 52, 405]. Pioneering work focused on the
absorption of an axion into the lowest magnon mode, sometimes referred to as the “Kittel mode,”
which can be tuned with an applied magnetic field [407, 409, 52]. However, gapped magnon modes
exist in any spin-ordered target with more than one magnetic ion in the unit cell and therefore
can be used even in the absence of an external magnetic field.* A general formalism to understand
such axion interactions with spin-ordered targets, with and without an external magnetic field, was
developed in Ref. [405].

The axion absorption rate into magnons is typically computed (at least partially) quantum
mechanically. In particular, the dynamics of the spins are assumed to be governed by a Heisenberg-
like Hamiltonian. This Hamiltonian is diagonalized, which defines the magnon eigensystem, and then
coupled to the axion wind. This approach works for any spin-ordered target, and the absorption rate
depends on the model parameters of the Heisenberg-like Hamiltonian, which are usually determined
from a first-principles calculation. While this provides a starting point to understand general dark
matter interactions with spin, it introduces some uncertainty since the model parameters may be
difficult to measure directly. Therefore, it is useful to understand if specific calculations may be written
in terms of experimentally measurable properties, within the kinematic regime appropriate for the

incoming dark matter. Such an approach has been used for axioelectric absorption, and more recently

3For mg > 1 meV, the axion-electron coupling also induces a + e — e + phonon transitions in non-spin-ordered
superconductors [54, 421].

4While the existence of gapped magnon modes makes the axion absorption process kinematically viable, the
usefulness of these modes is limited in simple magnets by selection rules. See Ref. [405] for more details.



CHAPTER 5. AXION-FERMION COUPLINGS 119

developed for light dark matter coupling via a kinetically-mixed dark photon [437, 436, 438, 439], as
well as for the absorption of electromagnetically-coupled axion dark matter in magnetized media [440].
Both of these dark matter interaction rates have been related to the “energy loss function” Im(—1/¢).
Here, we show that an analogous classical derivation can be used to derive the axion absorption rate
into magnons for a uniform bulk material in terms of a “magnetic energy loss function” Im (—1/p),
where p is the target permeability.

Generally, the axion dark matter absorption rate per unit target mass is determined by the

imaginary component of the axion field’s angular frequency w [482, 483, 440],

pDiM Im (—w2)

R~
pr M2

, (5.47)

where p,. is the mass density of the target. The axion frequency can be evaluated by solving the

axion’s classical equation of motion,
(0> +m2)a=—gac0, (@7“75\11) . (5.48)

Thus, the absorption rate is related to the imaginary component of the source term g, 0,, (@7“75\11).
Classically, this source term is the sum of the contributions from each individual electron in the

target, which we define as its “expectation value,”

57 5 ~ % &, Gae .
gae (0 (T W)y = 92 37 ((0,31) -5:) + LSVM, (5.49)

i

where the classical expectation value of the electron axial current ¥y*~y°U was evaluated using the
single-particle classical mapping of Eq. 5.101. In the first term of Eq. 5.49, the subscript ¢ indexes the
individual electrons, such that J; = ev;/V is the single particle current density with V' the target
volume, and §; is the direction of the electron spin. In the second term, up is the Bohr magneton
and M = Y. M, is the total magnetization density of the target.” The first term is dominant for
electronic excitations via the axioelectric effect and will be considered in detail in Sec. 5.4.2. The
second term governs absorption via the axion wind and will be the focus here.

As stated in Eqgs. 5.18 and 5.24, the axion wind electron coupling produces an effective magnetic
field Beg which induces a magnetization M, = (1 — ~1) Beg. This magnetization contributes to the

second term of Eq. 5.49, which becomes

Jae Gae Ma Uiy \ 2 A 1 4
V-M=_(Z2eeTaom)" (1 _gq., L. , 5.50
s ( e ) (1-q-p " -a@a (5.50)

5Since M enters the axion absorption rate and the usual constitutive relationships of electromagnetism in the same
way, we can perform a trivial sum rather than explicitly writing down the contributions from each electron in Eq. 5.49.
However, this is not the case for the first term in Eq. 5.49, and care must be taken in understanding the individual
electronic response.
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where q is the unit vector aligned with the axion gradient. To determine the absorption rate R
in Eq. 5.47, we substitute Eq. 5.50 into Eq. 5.48, Fourier transform, and evaluate the imaginary

component of the axion frequency, which yields

R:(wf@(}hn(—u_l)-q. (5.51)
UB Pr
The last factor in Eq. 5.51, related to the imaginary part of the permeability, is the magnetic analogue
of the so-called “energy loss function,” previously identified within the context of dark matter
scattering and absorption [436, 437, 438, 439, 440]. This implies a direct connection between p and
the magnon eigensystem derived previously in Ref. [405], which is worth exploring more generally.
Along these lines, we thus anticipate that p also dictates the dark matter-magnon scattering rate,
originally derived in Ref. [106], exploration of which we leave to future work.

While, p is experimentally measurable in principle, data is typically fit to the Landau—Lifshitz
model of Eq. 5.34 (see Appendix 5.10 for details). This model only accounts for the Kittel mode

resonance. In particular, absorption into the Kittel mode is controlled by 1/u_, since ¢ - u~*

Qe
le_ - q|*/u— for m, ~ wp, where é_ is the unit vector of the minus circular polarization. From

Eq. 5.35, the magnetic energy loss function for p_ is given by

=1\ _ mq w /2Q
Im <M) = s+ (wn 20 (5.52)

When m, ~ wp and q is perpendicular to the background magnetization, Eq. 5.51 reduces to

P Qns in
R 2 2 (gae Upy)? =22 S0 (5.53)

Pr  Ma

where we defined the spin density ngpin = Mo/pp. This parametrically matches the magnon
absorption rate computed in Ref. [405]. Another classical derivation of this result is presented in
Appendix 5.9, which shows that it can be associated to the work done by rotating the magnetic
dipoles in the material against the field B + B.g. While we have neglected boundary conditions

throughout this section, it is also possible to include finite volume effects as was done in Ref. [484].

5.4.2 Absorption into Electronic Excitations

In this section, we show that the axioelectric absorption rate into electronic excitations is given by

3Im[e(m,)] (unpolarized target)

R~ (gmem“)z Pou (5.54)

-1
Pr Im [} (polarized target, spin splitting > m,) ,
e(ma)
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where e(m,) is the permittivity (i.e., dielectric function) evaluated at energy w = m, and zero
momentum-transfer, appropriate for nonrelativistic dark matter. The first line of Eq. 5.54 has been
derived previously in, e.g., Refs. [413, 56, 421]. The second line is a new result and applies to
completely spin-polarized targets with a large energy splitting between electron spin states.

The key difference between the two cases in Eq. 5.54 is that R o< 1/|e(m,)|? in polarized targets
and thus is typically suppressed.® This has a simple physical interpretation. The axioelectric force
drives each electron along the direction of its spin. In a spin-polarized target, each electron is thus
driven in the same direction, generating a coherent electromagnetic field which backreacts on the
electrons, screening the axion’s effect. By contrast, in an unpolarized target the electrons respond
incoherently, and their motion does not produce any net electromagnetic effects.

Though this screening reduces the signal rate, it can be useful for background rejection, since
counting experiments are currently limited by large dark counts [485]. More specifically, the act of
comparing polarized and unpolarized targets allows the dark count rate to be directly measured
and separated from a potential signal. Ideally, a signal then only needs to overcome fluctuations in
the background rate to become detectable, allowing the sensitivity to increase with larger exposure
(which is not the case when background systematics dominate).

Below we derive Eq. 5.54 in two complementary ways. In Sec. 5.4.2, we use the constitutive
relationships of classical electrodynamics, as was done in Sec. 5.4.1. In Sec. 5.4.2, we compute
the absorption rate quantum mechanically in terms of self-energy diagrams using the formalism of
Refs. [483, 421, 55, 486]. This more rigorous derivation produces correct O(1) factors, and allows us

to generalize the second line of Eq. 5.54 to arbitrary spin splitting in Eq. 5.83.

Classical Derivation

The axioelectric absorption rate into electronic excitations is dominantly controlled by the first term
in Eq. 5.49. In order to evaluate this term, we must determine the current density of each electron J;.
We do this by using the classical electronic equation of motion, m. X; = F;, where x; and F; are the
position of and total force acting on the " electron, respectively. The internal forces are packaged
into their contribution to the electric susceptibility x.;, defined such that in the presence of some
external electric field E, the equation of motion becomes J; = x¢; O:E. This form also makes it clear
that x.; are related to the dielectric function as ), xe; = € — 1, since this gives the usual constitutive
relation ), J; = (¢ — 1) 0,E. Note that in writing this, we have assumed that the target medium is
sufficiently large (i.e., larger than the decay length in medium) so that boundary conditions can be
neglected [450, 449].

In the presence of the axion field, we must also account for the effective electric of Eq. 5.20 in
the electron’s equation of motion, such that J; = x¢; (8tE + (0t Fesr) éi). Here, the electric field E

incorporates the backreaction from any coherent motion of charges induced by the axion field. From

6However, it can be enhanced when |e(m4)| < 1, corresponding to mg close to an in-medium resonance.
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the long-wavelength limit of Ampere’s law (or alternatively Eq. 5.26), this field is O;E ~ —JF /e,
where JZ = (0, Ecq) > Xei 8i is the total polarization current induced by the axioelectric term, as in
Eq. 5.27. As an aside, note that by comparing this form of JZ' to that given previously in Eq. 5.27,
we arrive at a concrete expression for the spin-polarized contribution to the permittivity, denoted as

€, in Sec. 5.3. In particular, for a material with a net polarization along the § direction, we have

5051+eriéi-égs, (5.55)
i
so that ¢, ~ ¢ for a fully spin-polarized medium.
Now, using the result for the backreaction field E in the expression for J;, we have that the

single-particle current is

.1 . §;  (unpolarized target)
Ji >~ Xei (01 Eesr) (Si - = ZX@]’ Sj) = Xei (01 Eer) X (5.56)
€5 §/e (polarized target) ,

where in the first equality, the first term is from the direct axion interaction with the i*" electron,
and the second term is due to the electric backreaction from the collective motion of many electrons.
In the second equality, we used that if electron spins of the same x.; are oppositely paired, as in an
unpolarized target, then ). x.; 8; = 0, and if the target is instead completely spin-polarized, then
§i=s8and ), Xei §i = (¢ —1)8. From Eq. 5.56, we then have that the first term on the right-hand
side of Eq. 5.49 is

. ) 1 (unpolarized target)
D (013:) -8 = (e — 1) 0} Eegr % (5.57)
i 1/e (polarized target) ,

where the second line is in agreement with Eq. 5.29. From this point, the absorption rate R can
again be computed using Eq. 5.47. The quantity Im(—w?) is determined by substituting Eq. 5.57 in
Eq. 5.49, and then using Eq. 5.48. This recovers the main result of Eq. 5.54, but without the factor
of three for unpolarized targets.

This mismatch occurs because the classical picture provides an incomplete description of quantum
spins. More precisely, the other classical arguments in this chapter gave correct numeric factors
because they were linear in quantum operators and therefore were guaranteed to match quantum
results in expectation by the Ehrenfest theorem. By contrast, since J; o §; for unpolarized targets,
the classical treatment gives an answer proportional to §; - §; = 1, while the analogous quantum
mechanical treatment would give {o; - 0;) = 3. For the polarized case, there is no such discrepancy
because the mean spin polarization § is inherently a classical vector and is treated as such in a fully
quantum calculation. Finally, we note that an alternative classical derivation of the axioelectric

absorption rate for a spin-polarized target is presented in Appendix 5.9, which shows that it can be
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associated to the work done by the force on the electrons, proportional to E + Eeg.

Matrix Element Calculation

While the derivation in Sec. 5.4.2, which is based on classical electrodynamics, elucidates some of the
underlying physics, a quantum mechanical derivation makes direct contact with electronic states in
the system and is therefore necessary for first-principles calculations. Moreover, it provides a general
framework to understand any dark matter absorption rate into electronic excitations, which can then
be simplified further by including assumptions about the target. The tradeoff is that this derivation
is more technically involved than in Sec. 5.4.2. Below, we will use the self-energy formalism recently
applied to dark matter absorption in Refs. [483, 487, 488, 489, 421, 55, 486] and refer the reader
to Refs. [16, 421] for an introduction. We will adopt absorption kinematics throughout, i.e., that
the dark matter is nonrelativistic with Va < @ (or, in other words, that the momentum & satisfies
k< w).

To calculate the absorption rate R, we note that the presence of interactions mixes the free axion
and photon dispersion relations. In the language of self-energies, the mixed dispersion relation of an
interacting photon with polarization A in Lorenz gauge and an axion is given by (see, for example,
Ref. [483])

2 2 A A
w?—k* =11 —1II Ay
Aa ad -0, (5.58)
-113,, w? — k% —m2 — 1, a
where I1,, is the axion self-energy, I}, = —e;\L 1", is the mixed axion-photon self-energy projected
onto the photon polarization vector e, and I}, = —ej II){" e is the photon self-energy. In

the absence of the axion, the photon self-energy simply maps onto the normal dispersion relation
for the photon, i.e., n3w? = k% where n, is the refractive index for the A polarization, giving
HﬁA = w? (1 —n3). The fields a and A refer to the free axion and photon states, respectively (i.e.,
the states defined in the absence of interactions between the axion and the photon).

To understand what an “axion” or “photon” looks like inside a medium, we must diagonalize the
mixed dispersion relations in Eq. 5.58, which determines the axion-like and photon-like propagation
eigenstates (sometimes also referred to as mass eigenstates). Due to the small axion coupling, the
propagation states mostly correspond to the free axion and photon eigenstates, albeit with small
admixtures of the opposing interaction states. At lowest nontrivial order (quadratic) in the coupling,

we find the dispersion relations

A A
HaA HAa

m, —
AA 2 A
mg — 175 4

(photon-like)
Wi ~ k% 4 (5.59)

I, I
m?2 + e + ; ﬁ (axion-like) .
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Analogous to the classical computation of the previous section, we must evaluate the imaginary
component of the frequency for the propagating axion-like state in order to find the energy absorbed
from the axion. Such a procedure gives, for any axion interaction and target electronic structure, the

absorption rate

p H;\ HAa
Rz—ﬁ Im (Haa+§ m?iiném . (5.60)
a by a

At the onset, Eq. 5.60 can be simplified if we assume that the target is isotropic. In this limit, the

photon self-energy is independent of polarization, I1 , = I144, and the sum over the photon states

can be removed using the completeness relation, ), eﬁ e} = —g"”. This reduces Eq. 5.60 to
I ,IT
R~ — Py <Haa + ;1“1““) : (5.61)
PrMy mg — Haa

These self-energies can then be computed diagrammatically using the relevant interactions
present in the nonrelativistic Lagrangian [421] (ignoring subdominant terms dependent on the axion
momentum),

. €
LNr D —i

2 . .
AP VG4 S AP g vl o Vit gu A Vloy,  (5.62)

(&) € €

where the first two terms are contributions from nonrelativistic QED, and the last two are from the ax-
ioelectric interaction, £ O gue ! -0 1) /m.. The self-energies in Eq. 5.61 are given diagrammatically
by

(5.63)

jAz jm
Maa : a--—l A + a——T-)Q/W\,A
Maa: A A+ A A

(5.64)

(5.65)



CHAPTER 5. AXION-FERMION COUPLINGS 125

Following the formalism in Ref. [421] these diagrams evaluate to

2 w? -
Mo = Yae mig 1_Io"p,O'p (566)
i . w — 1 —
HaA = —1€ Jge E (Ho” — E Ha’-p,pi) (567)
e? /- 1 -
ITqn = _mie <H1 — ?T’%Hpi,pi) , (5.68)

using the Feynman rules determined by the nonrelativistic Lagrangian in Eq. (5.62), and noting that

1Y, = —1IIY ,. The quantities II contain all the information about the target electronic structure and

for operators O (such as momentum “p®” or identity “1” operators) are defined as

_ 1 fr—fr N
11 L, = —— I I {1 I .
01,0, V 2 = Duwrp + o (|01 1) (I'|Oo 1) (5.69)
_ 1
Ho = v Z fr{I|o|n) , (5.70)
7

where I and I’ index the electronic states |I) with energy wr, Awrp = wp —wr, drp = 6 sign(wp —wr)
with § the width of the electronic states, and V' is the target volume. The filling fraction satisfies
fr =1 if a state is occupied and f; = 0 otherwise.

We will focus on targets where the states can be indexed by a band number b and spin quantum
number s € {1,l}, such that a state label is given by I = {b, s}. This is possible when spin is a
good quantum number and allows the state to be split into spatial and spin degrees of freedom, i.e.,
|I) = |b) ® |s). We will find it useful to introduce self-energies with a spin index, such that Eq. 5.69

generalizes to

ss’ 1 Jos — Jors ANV
55 = __ E b, s|O1|b’, b, s'|Os|b, 5.71
oo v by YT Awps st + 10ps b s (b, s|OfY, &) (¥, 0210, ) ( )

_ 1
My =4 > fos (b0, s) . (5.72)
b

If the target is spatially isotropic, i.e., s’

pipi = ﬁ;?/pi 89 /3, the self-energies in Eq. 5.68 can be

simplified further, to

2
N N 2 A Lt
Haa - gae mig (3 (Hpi’pi + Hpi’pi) + g (Hp"',pi + Hpi,pi> (573)
b= iegoe - (I — 01— (1l ) (5.74)
aA ™ Jae Me 1 1 3m, pipi pipi .

e? [ = 1 /= =
Mg = —— (HI I - o (Hg?,pi + Hjj,pi)) , (5.75)

Me
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where §' = (s| o' |s) is the expectation value of spin (as used in, e.g., Eq. 5.20). Note that since
[I; is simply the expectation value of the identity operator, it is straightforwardly evaluated as
II§ = —NZ/V, where N¢ is the number of electrons in spin state s.

Before computing the absorption rate in a spin-polarized target, we reproduce the standard result
for a target with no spin polarization. In the absence of a net spin polarization, fps = f; (i.e., if a
spin-up state is filled, then so is the corresponding spin-down state). Furthermore, we assume that
the energy levels are spin independent, wps >~ wy,. For a target satisfying these assumptions, we have

7?5”1/702 = Tlp, o,, and therefore Eqs. 5.73—5.75 simplify to

2 w? =
Moo = 292, —5 i 5.76
g m2 PP ( )
— (5.77)
2e? /- 1 =
aa=—- (Hl o Hmi) . (5.78)

Notice that since II% , = 0, there will be no mixing or screening effects; the photon and axion do
not directly interact, which leaves the propagation eigenstates simply as the free states (this reflects
the absence of any electromagnetic backreaction that screens the signal in unpolarized targets, as

discussed in the classical derivation above). Substituting these self-energies into Eq. 5.61 gives

Pom 2926 I Pom 3926 pDM 3ga€ a
R=- —== Im (Il;; i) = ———— —~= Im (I Im 5.79
pr M2 (ML) pr €2 () = pr €2 (e(ma)) - (5.79)
where in the last step we used I14(w) ~ w? (1 — £(w)) for k < w, in agreement with the first case of

Eq. 5.54.

A similar calculation can be performed to determine the absorption rate for a target that is
“super-polarized,” e.g., one where all the electrons are polarized in the spin-up 71 state. In this case,
fo,y =0, for all b, and fp+ = 1 when wy+ < 0 (corresponding to the electrons below the Fermi surface).
In this limit, some of the self-energies simplify, such as 1:[%9 =0 and ﬁ&xb = 0. Additionally, the
contribution from ﬁﬁ,pi to Im (I1,,) is negligible in the small width limit, since there are no allowed
J to 7 transitions in a spin-up super-polarized target. Therefore, in this case, the self-energies in

Eqgs. 5.73—5.75 reduce to

_ i
Moo = g2, —— 32 (H [ 2l ) (5.80)
sz = —ie gae — ( 7TT,p ) (5.81)
ez /- 1 -
Maa= - (n{ ~ H;iﬁpi) . (5.82)

Unlike the unpolarized case, the polarized spins do induce a mixing between the axion and the photon
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(consistent with the expectation of screening generated by an electrical backreaction, as discussed
in the classical derivation above). These self-energies can be simplified further by noticing that

;A = —igae Mq 8° I 44 /e, which can be used in the second term of Eq. 5.60. Additionally, note that
Im (I1,,) has two contributions in Eq. 5.80. The first term corresponds to where the spin is fixed as 1
which incorporates the classical force described in Sec. 5.2.2. The second term instead corresponds to
a spin-flip transition, which does not have a classical analogue. The first term can be simply related
to the self-energy of the photon II4 4 which is consistent with the picture of the axioelectric effect as
a spin-coupled effective electric field (i.e., when all spins are polarized one can simply relate charges
and spins and so electrons should have a similar effect on both the axion and photon). However, this

statement does not hold for the spin-flip term. The absorption rate is then given by

2
Re~g? ppDTM (’Z; Im (s(mla)> + % Im ( - H;{pi» : (5.83)
where the first term matches the result in Sec. 5.4.2, as expected. Since the second term includes spin-
flip transitions, it is natural that it could not be incorporated in the classical derivation. Furthermore,
in the limit of large spin splitting, when the spin-flip transitions are kinematically unavailable,
Im (fﬁ;fw) — 0, and the absorption rate reduces to Eq. 5.54. Note that the dependence on
Im(—1/¢) comes about due to the mixing of the axion with the photon and gives the same functional
form as a direct electromagnetically-coupled axion. Thus, while the couplings are different in either
case, the resulting physics is similar in the spin-polarized limit. In fact, we can also rederive the
form of the axion-induced F-field by considering the basis that diagonalizes the dispersion relation of
Eq. 5.58 to leading order, which we will label as (A, a). To convert from propagation basis to the

interaction (A, a) basis, we can use the rotation matrix

11, A

A ! ot | (4 (5.84)
—1, ~
a Moa-my 1 a

From this matrix, and noting that at lowest nontrivial order the magnitudes of ¢ and a are the same,
we see that axion-photon mixing induces an E-field in an infinite medium of the form
i Hos a

i
E' ~iwAr ~ i ——A G~

. 5.85
HAA —mg g w ( )

An alternative definition of the spin-polarized contribution to the permittivity €, can then be obtained

by equating Eqgs. 5.85 and 5.28,

2 B B 1 B B
o=t e (e g (). (5.56)

W2 M 3Mme

For “super-polarized” spins, we can use II% , = —i g, m, 8" I144/e to explicitly show that e, = ¢;
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conversely, if the spins are unpolarized, then €, = 1, as mentioned previously. Note that this form
for €, is analogous to the classical sum over spin weighted susceptibilities in Eq. 5.55 where the
contributions to spin-up and spin-down states are added electron by electron.

While the derivation incorporates the entirety of electronic states, further simplifications can be
made when the core electrons are much more tightly bound than the valence electrons, as in typical
solids. In this case, the core electrons’ contributions to the self-energies are negligible, due to their
suppressed electron propagator in Eq. 5.69. This can be understood physically from the dielectric
function, which encodes the target electronic response to an impinging electric field. If the core
electrons are very tightly bound, then they respond less efficiently to an electric field. If the electronic
response can be approximated by only including the least bound electrons, then only these electrons
need to be spin-polarized for the “super-polarized” approximation discussed previously to hold. This

is a much weaker, and more realistic, condition than requiring every electron to be spin-polarized.

5.5 Dipole Moments and Energy Shifts

In this section, we discuss two cases in which simple parametric estimates can yield misleading results.
In Sec. 5.5.1, we show how one can use field redefinitions to work in a Hamiltonian lacking manifest
axion shift symmetry. This leads to apparent electric dipole moment effects, which are actually
spurious. In Sec. 5.5.2, we show that the axioelectric atomic energy level shift is smaller than the

naive expectation.

5.5.1 Spurious Electric Dipole Moments

The axion-fermion coupling in Eq. 5.2 has an approximately equivalent nonderivative form, which
has been the subject of some recent confusion. Let us first review how the nonderivative coupling is

derived. In the original Lagrangian,
LOUGED —mp)V + goy (0,a) Ty T (5.87)

one can perform a chiral redefinition of the fermion field, ¥ — e~19a797" . This yields

2
_ . 5 q -
LD T(if) — 290097 1y )T — 8—@ Gag a F FH (5.88)
T

where the derivative coupling has been rotated away. The last term in Eq. 5.88, which arises due
to the chiral anomaly, shifts the axion-photon coupling; it affects computations of loop-induced
processes but will be irrelevant to the physical signatures considered in this chapter. Since these two
Lagrangians are related by a field definition, they must yield precisely the same S-matrix elements

and thus the same physical predictions [490, 491]. While it may naively appear that Eq. 5.88 implies
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the presence of physical effects even for time- and space-indendent axion fields, a(x,t) = ag, this
cannot be the case, as the derivative coupling in Eq. 5.87 would simply vanish exactly.
Truncating the exponential in Eq. 5.88 at O(gqs) and dropping the anomaly term yields a
nonderivative interaction
LD —=2mysgasaViy’ ¥ . (5.89)

As shown in Appendix 5.11, it results in an alternative low-energy Hamiltonian for the fermion of
the form
§ Ja

7T Qf
Hyyp ~ —— ——B.0o— Va)- o —
alt 2my tago 2my o = ay (Va)- @ 4m

{d,Tr-o'}JrMaEw)’. (5.90)
f 2my
Compared to the original Hamiltonian of Eq. 5.15, Eq. 5.90 has an axioelectric term with coefficient
smaller by a factor of two, as well as a “nonrelativistic EDM” term proportional to a that seems to
violate the axion’s shift symmetry.

The resolution of this paradox is that the two Hamiltonians describe exactly the same physics, but
differ in their labeling of position states. To see this explicitly, note that the chiral field redefinition

of ¥ modifies the nonrelativistic field 1, defined in Eq. 5.10, by a momentum-dependent phase factor,

¥ = 1 — igas ath = exp (‘W) " (5.91)
where we used Eq. 5.13. This implies a shift of the particle’s coordinate position by Ax = g,y a o/2my.
While the original Hamiltonian in Eq. 5.15 describes the fermion using a position operator that
coincides with its center of charge, in the alternative Hamiltonian of Eq. 5.90 it is displaced from the
center of charge by Ax, thereby leading to an EDM of d = —¢ Ax. In other words, the apparent
dependence on «a is purely an artifact of the description. As we discuss in detail in Appendix 5.11,
the physical equivalence of these Hamiltonians is completely general and occurs because they can
be related by a unitary transformation generated by the Hermitian operator S « {a,o - w}. While
calculations of experimental observables using the alternative Hamiltonian may contain a-dependent
intermediate quantities, they must drop out of the final result.

In particular, electron EDM experiments measure the coefficient d of the full relativistic EDM
operator (d/2) U~°c** U F,,,, where o** = [y*, 4] /2, which reduces to —d o - E in the nonrelativistic
limit [492]. Several recent works [426, 47, 427] have claimed extremely strong limits on gq. by
implicitly assuming that these EDM experiments constrain the coefficient of o - E, which carries an
a-dependent contribution in Eq. 5.90. This is incorrect, because the operator —d o - E produces no
O(d) energy level shift by Schiff’s theorem [261]. Instead, the signal from a true EDM arises entirely
from its relativistic effects, which are not shared by the apparent EDM induced by an axion field. As
discussed in detail in Appendix 5.11, for a constant axion field, the apparent axion-induced EDM is

spurious, and thereby does not shift energy levels or give rise to any other physical effects. These
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cancellations, which seem mysterious at the Hamiltonian level, arise from the axion’s non-manifest
shift symmetry.

On the other hand, a time-varying axion field can lead to physical effects in EDM experiments,
but they are suppressed at low m, by the small ratio of the axion mass to typical atomic energy
scales. These effects are most straightforward to calculate with the derivative coupling, since
the nonrelativistic EDM term lacks an explicit axion time derivative. Ref. [493] found that for
nonrelativistic electrons bound in an atom, the leading energy shift linear in the external electric field
is suppressed by O(m?2/Ry?), where the Rydberg constant Ry = a?m, /2 gives the scale of electronic
energy levels. As a result, the sensitivity of EDM searches to the axion-electron coupling is much
weaker than existing astrophysical bounds. By contrast, two recent works [428, 429] missed this
suppression factor, thereby overestimating the sensitivity of EDM experiments by many orders of
magnitude. As explained further in Appendix 5.11, such overestimates can be avoided by taking care

to compute the relevant physical observables for each experiment.

5.5.2 Suppressed Shifts of Electronic Energy Levels

The axion-electron coupling also shifts electronic energy levels in the absence of external fields. The
leading-order contributions to these shifts are from the axion wind, Hyind = —gae (Va) - o, and
axioelectric, Hae = —(gae/Mme) @ - o, terms in the nonrelativistic Hamiltonian of Eq. 5.15. Thus,
to first order in perturbation theory, a naive estimate for the energy level shifts to an electronic
state is AFying = (Y| Hywind [%) ~ gae |Va| and AE,o >~ (| Hae [th) ~ Gae @ Ve, Where ve ~ Zog o is
the characteristic electron velocity bound to an ion with effective charge Z.g.

The above estimate for the axion wind energy level shift is parametrically correct and is used
to infer the reach of atomic clock experiments. However, we illustrate here that the effect of the
axioelectric term is parametrically overestimated. To understand why, consider the leading-order
terms in the nonrelativistic electron Hamiltonian, Hy = 72 /2m, + V(x), where the spin-independent
potential V(x) includes, e.g., the electrostatic potential energy. For electronic states governed by

this Hamiltonian, = = im. [Ho, x| and thus

AEae = <w|Hae|w> = _‘79,;8

€

a (|- o |1h) = igac a (Y[ x - [Ho, 0] [¢) =0, (5.92)

such that the naive leading-order energy level shift from the axioelectric term vanishes, where in
the last equality we used that Hy commutes with the spin operator, by definition. AFE,. can be
intuitively understood as the work done by the axion effective electric field. To see this, note that in
the Heisenberg picture and using the Heisenberg equation of motion for the spin operator, AF,. can
be rewritten as AF,, = —e (xp - Eeﬂ‘>, where Eog = —(gac/€) @ & m, in analogy with Eq. 5.20. Hence,
if the spin orientation is fixed, then Eq. 5.92 holds.

Instead, any energy level shift from the axioelectric term must arise from higher-order contributions
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to Hy that break the derivation in Eq. 5.92. For example, the relativistic kinetic energy correction
shifts [Hp, x| so that it is no longer proportional to 7, while the electrons’ spin-orbit or spin-spin

interactions contribute to [Hy, o]. All of these terms are suppressed by v? relative to Hy, leading
3

e’

to the parametric estimate AFE,e ~ gqe @ V5, which is smaller than the naive estimate by a factor
of a® ~ 10~ for electrons with Z.g ~ 1. For light elements, this suppresses the projected reach
in Ref. [46], which used the naive estimate discussed previously; however, it can be alleviated for
very heavy atoms, with Z > 1. Future calculations of this energy shift, such as those relevant for
Ref. [424], must be careful to account for these suppressions, as well as including any contributions

from the vector potential e A when computing (|7 - o|u).

5.6 Outlook

The direct coupling of axion dark matter to Standard Model fermions leads to new experimental
signatures. We have provided a firm theoretical foundation in Sec. 5.2 that clarifies the nature of
these signatures, thereby resolving some existing disagreements in the literature in Sec. 5.5. We have
also identified several new experimental strategies, focusing predominantly on the axion-electron
coupling. Among these, the magnetized multilayer experiment discussed in Sec. 5.3.2 appears to
be the most promising. Like previous ferromagnetic haloscope concepts, it relies on detecting the
radiation emitted from the magnetization current induced by the axion wind torque on electron
spins. The enhanced sensitivity of our setup comes from a combination of various factors: the use of
inexpensive polycrystalline ferrite materials enables a much larger detector volume and a multilayer
geometry enhances the effective coupling to the axion field. As a result, orders of magnitude of new
parameter space can be explored with existing technology, for axion masses ranging from peV to
meV.

If nearly background-free single photon detectors are developed, they would enable magnetized
multilayers to fully explore the DFSZ QCD axion model space when the abundance is set by the
well-motivated post-inflationary misalignment mechanism [494, 495, 496, 497, 498, 499, 500, 501].
Single photon detection for frequencies in the (1 — 100) ueV range has recently seen promising
advances using, e.g., Rydberg atoms and superconducting qubits, though both technologies are
relatively new and not background free [502, 503]. For higher frequencies, near a meV, transition edge
sensors and kinetic inductance detectors can be used but currently suffer from large dark counts [504].

In future work, we will explore further refinements in determining the sensitivity of a magnetized
multilayer haloscope. This includes a detailed numerical analysis that explores optimal tuning and
effects from the axion wind’s O(1) daily modulation. More generally, enhancing the axion’s effective
coupling to collective excitations in a multilayer geometry by operating slightly off resonance may
also prove useful for other experiments, such as TOORAD [451].

We also plan on further exploring the findings of Sec. 5.4.1, which showed that the axion absorption



CHAPTER 5. AXION-FERMION COUPLINGS 132

rate into spin excitations can be inferred directly from measurements of the magnetic energy loss
function Im(—1/p), circumventing the need for a detailed microscopic model of magnetic materials.
In particular, it would be interesting to expand this result to more general spin-coupled absorption
and scattering of particles, which would simplify the formalism needed for dark matter searches, by
connecting the signal rate directly to experimentally measurable parameters.

Although we have focused almost exclusively on the axion-electron coupling throughout most
of this chapter, many of our results also translate to the axion-nucleon coupling. In particular,
the mechanical resonators mentioned in Sec. 5.2.3 would be sensitive to comparable values of the
axion-nucleon coupling, albeit only if O(1) nuclear spin-polarization can be achieved. Furthermore,
the magnetization current discussed in Sec. 5.3.2 also exists for nucleon couplings, but is suppressed
by the small magnitude of nuclear magnetic dipole moments. However, both of these issues may be
alleviated in materials with strong hyperfine interactions between nuclear and electronic spins [51].

There are also a number of experimental concepts we have not considered in detail. In Sec. 5.2.3,
we discussed how the axion wind may excite toroidal modes in mechanical resonators, which could
lead to competitive sensitivity in the kHz — MHz frequency range not covered by existing torsion
pendulums or electromagnetic experiments. Developing this idea further would require considering
the quality factors of such modes, the form factors for coupling to them, and mechanisms to read out
their excitations. Finally, we note that if electron spins are made to precess at an angular frequency
Wspin > Mg, then both the mechanical and magnetization current signatures can be upconverted
to a higher frequency wsig >~ Mg + Wspin. Such a “heterodyne” approach has been applied to cavity
experiments for photon-coupled axions [176, 178, 123, 505], enabling sensitivity to axion masses
parametrically smaller than the cavity’s mode frequencies, but at the cost of introducing additional
noise sources, which must be carefully analyzed.

The axion-fermion coupling leads to a rich variety of experimental signatures, which have previously
been underexplored. Going forward, we hope that this work serves as a firm foundation for new ideas

and future efforts.

5.7 Appendix: Reducing the Axial Current

Here, we show two ways to take the nonrelativistic limit of the axial vector current Wy*~°W. The
fastest is to treat ¥ as a relativistic wavefunction and decompose it into two-component spinors, as

in Eq. 5.10, which gives
— ~ ~T ~-‘— ~
Uy = (1) + 9 ¢, Pl +4 o )" . (5.93)

Now, note that Eqs. 5.13 and 5.16 imply ¢ ~ (1/2) v - o9 to leading order in g,¢. Using this in
Eq. 5.93 then yields
TyHyP 0~ gt (v o, o-)“ P+ (’)(vz) + O(gay) - (5.94)
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Integrating Eq. 5.94 over space then yields Eq. 5.4, the axial current for a single particle.
Another method, which works for multi-particle states, is to treat ¥ as a quantized field with free
mode expansion
d3p s 1p-X s —ip-X
U(x) = / (@) XS: (ap us(p) €™ + by vs(p) e P ) , (5.95)

where states with momentum p and spin s are described by |p,s) = a;T |0) with (p,r|q,s) =
(2m)3 6B (p — q) 67°. In Eq. 5.95, the coefficient of the particle annihilation operator ay, is a positive-

frequency mode-function which can be obtained by solving the free Dirac equation, yielding

&s
E
uo) =Tl | o, , (5.96)

E—l—mffs

where F is the energy, £, is a two-component spinor, and we used the nonrelativistic normalization
ul(p)us(p) = 1.

We restrict to single particle states in the presence of an axion field with approximately constant
uniform J,a. In this case, we can take the classical limit by computing diagonal matrix elements of
the axial vector current. As a warm up, let’s first evaluate the matrix element for the vector current

U~H*W. Tts spatial components have expectation values

(p,s| Uy ¥ |p,s) = us(p)7'us(p) = %fl (0'p-o) & =0, (5.97)

where v is the velocity and we used the form of the mode-functions in Eq. 5.96. The expectation
value of the temporal component is simply 1, by our normalization convention. By superposing plane
waves, one can construct one-particle wavepackets of spatial spread r momentarily centered around a
location xg, provided that r > 1/m. In such a normalized state, the expectation value of the vector

current is thus approximately
(W) ~ (1,v)* 6@ (x — xq) (5.98)

for small r, which is a classical particle’s number current, as expected. Similarly, for the axial vector

current,

_ _ 1 .
(P, 5| U7 ¥ |p,5) = Ws(p)1"1 us(p) = €l P o0& =V-s, (5.99)
where § is the unit normalized spin vector, and

’Uiv-é

14+vV1I—02

Thus, in a normalized one-particle wavepacket state, the axial vector current is

(P, s| UV °V |p, s) = Us(p)y' 7 us(p) = V1 — 02 s; + (5.100)

(@) = (v-8, 8+ 0(0H))" 6O (x —xo) , (5.101)
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which recovers Eq. 5.4. Note that this derivation implicitly treats d,a as constant because it only
considers diagonal momentum-space matrix elements; thus, it does not yield the Va term in the full
Hamiltonian Eq. 5.15. Finally, note that the four-vectors in Eqgs. 5.98 and 5.101 are not Lorentz
covariant, because they multiply a noncovariant delta function; however, they are related by a factor

of v to the familiar four-velocity u* and spin four-vector s* [506, 507].

5.8 Appendix: Radiation From Slabs and Multilayers

In this appendix, we derive the results quoted in Sec. 5.3 for radiation emitted from single slabs. We

then discuss how these results are extended to calculations for multilayer setups.
Polarization Currents

First, we derive the amplitude of the radiation field outside of a single infinite slab of thickness d,
with boundaries located at z = +d/2. As discussed in Sec. 5.3.1, at the high frequencies relevant
for the axioelectric polarization current, we can neglect the tensorial nature of pu. For concreteness,
suppose the slab’s spin polarization lies along x. Solving Eq. 5.26 for the electric field within each

region gives

FEgig €™ Ma? 2z < —d/2
Ey = e "M X By cos(nmgz) + JE [(imag)  —d)2 < 2 < d)2 (5.102)
Esig eim‘lz z > d/2 N

where Fg, and Ej, are complex amplitudes and we used the fact that the polarization current, and
hence the field, is symmetric about d = 0. Imposing continuity of F, at z = d/2, we have
JP -
Ein cos(nmad/2) + —9%— = Egg eimed/2 (5.103)
€

a

Furthermore, since there is no axion-induced surface current in this case, B, /p is also continuous at

the boundary, such that Faraday’s law yields
m Ein sin(nmgd/2) = Egg e™e4/? (5.104)
I

Solving this system of equations, we arrive at Eq. 5.30.

In a situation involving many interfaces, such as a multilayer dielectric haloscope, it is not
practical to directly solve for F, in each region by simultaneously imposing all of the boundary
conditions. Instead, the solution can be built up by considering the outgoing radiation generated at
each interface. Each of these waves then propagates through the rest of the stack, as in ordinary
electrodynamics. Thus, let us continue by considering an interface at z = 0 between two mediums

with scalar permittivities €; o and permeabilities y 2, assuming uniform spin polarization along %.
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For the axioelectric polarization current, the resulting electric field is

‘ E] emimmaz 4 o 5 < ()
By =e imat x {7 ! (5.105)
E] ein2maz 4 ¢ 50,

where Ef = J£;/(imqée;). Imposing continuity of Ej and By /s, we have

E] + E! = E] + ES, (5.106)
(—n1/m) BY = (n2/p2) E5 (5.107)

whose solution is

€am1

E] = —E] = (E$ — EY) (5.108)

€1N2 + €M1

If both media are maximally spin-polarized, with €,; = ¢;, then the difference of E above simplifies

o1 =1 epn—1 11
BS — B¢ = (E - fo.2 ) Eeg = ( - ) Eeg . (5.109)
1 €2 €2 €1

to

In this case, Eq. 5.108 exactly matches the analogous result for the axion-photon coupling in, e.g.,
Sec. 3.1 of Ref. [431], after making the replacment gq~ @ By — —FEeg. Thus, in Sec. 5.3.1 we may
directly recast results from conventional dielectric haloscope calculations, as stated in Eq. 5.32.
More generally, the layers can have different degrees of spin polarization, which leads to more
flexibility than in a conventional dielectric haloscope. If €9 is large, then E§ — EY{ is maximized
when £; = 1. As such, the most aggressive forecast for the LAMPOST optical dielectric haloscope
in Ref. [118] assumed vacuum gaps between layers. These are mechanically challenging at optical
wavelengths and thus have been avoided by current LAMPOST and MuDHI prototypes. However,
here we can achieve the same enhancement in E§ — E{ with arbitrary ; by simply not spin-polarizing
that medium, such that €,; = 1. This case does not directly map onto a conventional dielectric

haloscope, but we expect it yields a similar signal enhancement without the need for vacuum gaps.
Magnetization Currents

For the axion wind induced magnetization current, we assume that Va is uniform and lies in
the slab’s plane. As discussed in Sec. 5.3.2, we can treat the circular polarizations of the generated
electric field separately. These polarizations have amplitudes

+ _—img
—Esige tMa? z < —d/2,
Ef =7t x S B sin(nmgz) —d/2 < z < d)2, (5.110)

Eg, e'me* z>d/2,
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where we used the fact that the magnetization current, and hence the field, is antisymmetric about

d=0. At z =d/2, E* is continuous while B*/u jumps by MF, giving

Ej; sin(ngmqd/2) = E, ™/ (5.111)
BGLES EE cos(namgd/2) = Esiig eimad/2 L N E (5.112)
Bt

Solving these equations and using the definition of M, in Eq. 5.24, along with Bej[ff = Beg/V/2, then
yields Eq. 5.36.

Once again, to understand a general multilayer, we first consider the radiation emitted from a
single interface at z = 0. In this case, the radiation is due to a surface current K, = Mlll,1 - ML‘,2 at

the boundary. The radiation field is

. Ef emmmaz 5 <
B = imat 5 {70 (5.113)
E2jE etn2maez z>0.

The relevant boundary conditions,

EY = Ej, (5.114)
(—n1/m)EY = (n2/p2)Ey + K (5.115)
determine Efz to be
Eropr-gr #1112 (5.116)
H1ne + 2 ng

Note that this is a completely different structure compared to the analogous result in Eq. 5.108, and

hence has no simple mapping to a conventional dielectric haloscope.

5.9 Appendix: Power Absorption in Classical Electrodynam-
ics

The power absorbed from the axion field in a spin-polarized medium, through either the axioelectric
or axion wind terms, can be computed classically by considering the work done on the electrons.
Similar arguments have been used for photon-coupled axions [117, 452, 449] and dark photons [489].
For electron-coupled axions, one must take care to account for the work done by both the real
electromagnetic fields E and B and the effective fields Eqg and Beg.

First, consider absorption through the axioelectric term in an infinite medium with €, ~ . Both
E and E.g¢ do work on the electrons, since the net force is proportional to their sum. Applying

Eq. 5.28 gives E + Eog ~ E.g/¢, and combining Egs. 5.27 and 5.29 gives a total current density
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J = (¢ — 1) 0;Eesr/c. The time-averaged power dissipated in the medium per unit volume is then

given by a generalized form of Ohm’s law,
1 . Mg | 9 -1
7 = 5 Re((B + Be) - J7) = 2 |E%| Im (?) , (5.117)

where the factor of 1/2 accounts for the time average.

Next, consider absorption through the axion wind term in an infinite medium with a constant
background magnetization My and magnetic field B. In this case, the work done is associated with
the rotation of magnetic dipoles in the presence of B and Beg. Accounting for both of these fields

gives

P 1 1 *
7 = 5 Re((H+Hep) - (0M)") = 5 Re((B + Bt — My — M,) - (8:(M + M,)) ) . (5.118)
Since My is constant and the induced magnetization M, is orthogonal to My and B, the expression
above reduces to

P 1 * Ma | 2 AT —1n

v §Re((BefF —M,) - (B:M,)") = > | Bl Im (—4" ') (5.119)
where we applied Eq. 5.23, used the fact that p is Hermitian, and defined q as the unit vector
pointing along the axion gradient. The dominant contribution to the power comes from the resonantly

amplified “minus” circular polarization. Its permeability, given in Eq. 5.37, corresponds to

;1 B me wir/2Q
fm (u) = (e —wp)? + (w520 (5.120)

The power absorption rate is maximized when the axion frequency matches the infinite-medium
Kittel frequency, m, >~ wpg, and q is perpendicular to the background magnetization. In this case,
we have

P 1

v=3 |B2| Quar - (5.121)

Alternatively, if one averages over all directions of q, then the power is reduced by a factor of 2/3.
The results above for the power density P/V match those of Sec. 5.4 after rescaling to a rate
per unit target mass, R = (P/V)/(pr m,), and substituting in the definitions of the effective fields.
In particular, Eq. 5.117 corresponds to the second line of Eq. 5.54 after substituting |EZ%|/2 =
(Gae Ma/€)? pous and Eq. 5.119 reduces to Eq. 5.51 after substituting [BZ%;|/2 = (gae Vou /1B)? Pon -
Though the derivations here assumed infinite media, they also apply to finite media, provided that
the characteristic size of the medium is much larger than the screening length and boundary conditions
are unimportant. Moreover, these calculations can be straightforwardly generalized for arbitrary
geometries, provided one accounts for how the boundary conditions affect the real electromagnetic

fields, as was done in Ref. [449]. On the other hand, since in-medium fields and currents are always
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macroscopically averaged, these arguments cannot be applied to unpolarized media, where those
quantities would simply vanish. For the unpolarized case, one must instead use the methods of

Sec. 5.4.

5.10 Appendix: Analysis of Ferrite Multilayers

In this appendix, we justify the choices of ferrite material properties listed in Table 5.1, discuss
analytic estimates of the signal power in a multilayer setup, and present numeric results for single
crystal YIG.

Properties of Ferrite Materials

Ferrite materials are well-studied [508, 509, 510, 511], and here we present some of their measured
properties. First, for polycrystalline spinel ferrites, we infer the saturation magnetization and
microwave permittivity € from a commercial datasheet [146]. This datasheet also gives the microwave
permittivity of YIG, which is comparable to that of the spinel ferrites. The saturation magnetization
of YIG significantly increases when it is cooled. In particular, at cryogenic temperatures it is
Mg = 0.25 T [512], half that of spinel ferrite.

Ferrites can be fabricated with small dielectric losses, tand. = Im(g)/Re(¢) < 107%, which are
largely due to the presence of divalent Fe ions or other impurities [508]. Thus, magnetic losses
dominate for all materials we consider here. The magnetic quality factor @ is the most difficult
parameter to infer; for simplicity, we first focus on @ for single crystal YIG.

The quality factor of undoped single crystal YIG spheres has been directly measured at room
temperature and ranges from @Q ~ (0.7 —1.8) x 10* at microwave frequencies [513, 514, 515]. However,
for YIG, @ has a complex dependence on temperature. It is generally inferred from the linewidth of
the ferromagnetic resonance, AH ~ H/Q). As the temperature is reduced, the linewidth is observed
to initially reduce, but then sharply increase below T' ~ 100 K [516, 517, 512]. These trends are
understood theoretically to be arising from the reduced density of thermal phonons and the increased
effect of fast-relaxing rare earth ions, respectively [510]. At even lower temperatures, T' < 10 K, the
linewidth reduces again as the effects of rare earth ions freezes out. However, recent measurements
down to T" = 30 mK have found that the linewidth increases again due to coupling to two-level
systems [518, 519]. Remarkably, the linewidth at such low temperatures is comparable to that at
room temperature, even though the loss mechanisms are completely different. Given this ambiguity,
in our discussion below, we adopt an intermediate value of @ ~ 10* for single crystal YIG.

In polycrystalline materials, the resonance linewidth is much larger. For instance, Ref. [146] found
that AH < 200 Oe for a millimeter wave ferrite. Taking this number at face value and assuming that
this material is accurately described by Eq. 5.33 then yields @@ ~ 20. However, in reality the linewidth

for polycrystalline materials is mostly due to inhomogeneities in the material’s microscopic structure
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and, thus, cannot be used to infer the damping away from resonance [520, 521, 522]. Instead, one
must measure the frequency-dependent “effective linewidth” A Heg, which determines the parameter
Q@ appearing in Eq. 5.37. Away from resonance, A Heg is much smaller than AH for polycrystalline
materials and can even approach the value of AH for single crystals [523]. For instance, Ref. [508]
quotes a linewidth of AH.g = 4 Oe for lithium ferrites, corresponding to @ ~ 10%. However, given the
many other uncertainties, we adopt a conservative intermediate value of Q ~ 102 for polycrystalline
spinel ferrite.

In both cases, a detailed estimate of the experimental sensitivity requires dedicated measurements
in appropriate conditions. Since magnetic losses depend on the geometry of the sample and applied
field, such measurements should use thin slab samples with an orthogonal applied field. They must

also be performed at cryogenic temperatures and low input power, well away from resonance.
Analytic Estimates

As noted in Sec. 5.3.2, the quality factor of polycrystalline spinel ferrite is too low to derive
accurate, simple analytic expressions. However, for single crystal YIG, analytic approximations
provide an excellent description of the numeric result. In deriving them below, we assume that ¢ is a
real O(1) number and Aw < mg,wy. We also assume that the setup is operated many linewidths
away from the resonance, Aw > m,/Q, which increases the screening length and allows the use of
many layers. These approximations are consistent provided that @ > 1 and Q wys/mg > 1, which
are satisfied, for both polycrystalline ferrite and YIG, for all masses we consider.

In this regime, the transparent mode slab thickness is

T W
d~ — 5.122
me V € Aw ’ ( )
which is much larger than the vacuum gaps between slabs. The sensitivity bandwidth is
T m
Awg ~ — — | 12
Wi 55 (5.123)

which scales with @ just as in typical resonant experiments. The number of layers grows with Aw,

L 4Q Aw

T Mg

N , (5.124)

which is large when Aw > m,/Q, as anticipated. Finally, the form factor has nontrivial dependence
on Aw, even though we have fixed Re(n_)m,d = w, because the argument of the cotangent in
Eqg. 5.36 has an imaginary part. In particular, the form factor is approximately

Aw  m/ me |7

1 1
~ >t —— —— 5.125
uintan(i/?N)' ’u+n/2N’ ’wM+ 8Q Vwy Aw| ( )

F_~
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Figure 5.7: Analogue of Fig. 5.5, but for single crystal YIG.

so that increasing Aw decreases the cotangent term, leading to a peak in F_ at nonzero Aw.
The signal power is determined by the product N F_, which monotonically increases with Aw until
it saturates at N F_ ~ (4/7) (Qwar/ma) at frequency separations Aw > Awg = (Mg /Ewnr/Q)%/3.

In this regime, N and F_ are inversely proportional, yielding a simple estimate for the signal power,

4 (Qun 2 2
Py ~ = (ma ) |Bzg| A . (5.126)

Now, we can perform some cross-checks. First, note that for a fixed Aw, the total volume of
the slabs scales as V = N Ad o @, so that Eq. 5.126 can be rewritten as Py o< @ V' as generically
expected. Second, Eq. 5.126 was derived without considering the limits on the number of layers and
total slab length, both of which increase with Aw. Demanding that these limits do not take effect

until the maximum signal power is reached at Aw 2 Awg implies

1/3
Niax 2 (QwM) (5.127)
M
2/3
Mo Lmax 2 (Q;M ) , (5.128)

where we have dropped numeric factors. For both materials, Eq. 5.127 is true for all masses we
consider, and Eq. 5.128 is true only in the upper half of the mass range. For lower masses, the signal
power is limited by the constraint on L.

Finally, for self-consistency we must ensure that the optimal Aw is not too large for our approx-
imations to break down. Since it is favorable to increase Aw whenever our approximations hold,
its value is dictated by either Nyax or Lyax. When the limit comes from the former, N = Ny .y,

demanding that Aw < wys, mg yields the condition

Q > Nmaxa (ma/wM)Nmax . (5129)
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Figure 5.8: Analogue of Fig. 5.6, but for single crystal YIG. We assume material parameters
Mg =025T, Q =10% and ¢ = 15, while all other parameters are as in Table 5.1.

For single crystal YIG, this is satisfied for the entire mass range we consider, but for polycrystalline

ferrite it is not satisfied at all; in the latter case a signal power higher than Eq. 5.126 is possible.
Sensitivity with Single Crystal YIG

For the sake of comparision, we compute the sensitivity for single crystal YIG, corresponding to
Mg =0.25 T, Q@ = 10, and € = 15, using the same procedure as in Sec. 5.3.2. Some intermediate
quantities from the numeric calculation are shown in Fig. 5.7. They are qualitatively similar to the
corresponding results for polycrystaline ferrite, but they match the analytic results quite closely for
ma > 3 x 107° eV, where the multilayer is not limited by Lyay.

The resulting sensitivity for a YIG multilayer setup is shown in Fig. 5.8. Numerically, it is only
slightly greater than the result in Fig. 5.6 for polycrystalline ferrite. Though the signal power is
enhanced by @Q?, this improvement is partially cancelled by the decrease in wy; and in the sensitivity
bandwidth. In addition, the signal power for polycrystalline ferrite is somewhat greater than the
approximate analytic result in Eq. 5.126. Overall, for a magnetized multilayer setup, using single

crystal YIG provides only a small sensitivity enhancement at a greatly increased cost.

5.11 Appendix: Equivalence of the Nonderivative Coupling

The axion-fermion coupling has equivalent derivative and nonderivative forms, which we denote with

subscripts d and n, respectively. For brevity, we will drop all other subscripts in this appendix,
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replacing qf, m¢, and go¢ with ¢, m, and g, respectively. In this chapter, we have focused mostly on

the derivative form of the coupling,
Lq=g(0,a)Ty'y5 V¥ . (5.130)

In Sec. 5.5.1, we discussed how this coupling is equivalent at O(g) via a field redefinition to a
nonderivative form
L, =—2mgaViy®V , (5.131)

where we neglected the axion-photon coupling generated by the chiral anomaly. In this appendix,
we explain how these couplings are equivalent at the level of their nonrelativistic Hamiltonians. In
Sec. 5.2.1, we showed that, up to higher-order terms in 1/m, the derivative coupling £, corresponds
to

HdZHo—g(VCL)'O'—%{d,ﬂ"O'} , (5.132)

where Hy is the usual Pauli Hamiltonian. In Appendix 5.11.1, we will show that £, instead
corresponds to

Hn:Hofg(Va)~07ﬁ{d,ﬂ'~a}+%ana, (5.133)
to the same order in 1/m. In Appendix 5.11.2, we show that H,; and H,, are related by a unitary
transformation and thereby physically equivalent. These results are consistent with those in recent
works.

The two Hamiltonians superficially do not appear to be physically equivalent, which has led to
substantial recent confusion. First, H; and H,, do not have the same coefficient for the axioelectric
term. In Appendix 5.11.3, we show that the axioelectric term encodes measurable relative acceleration
effects. As a result, when one considers a multi-particle Hamiltonian, H, necessarily contains
complicated additional terms which precisely compensate for the smaller coefficient of its axioelectric
term. Second, for constant a, H, contains a term of the form d o - E with d o« ¢ a, which appears to
violate the axion’s underlying shift symmetry. In Appendix 5.11.4, we explain why this “nonrelativistic
EDM” term has no O(a) physical effects in the nonrelativistic limit. The essential reason is that
such a term is just an artifact of choosing to describe an ordinary charged particle with a shifted
position operator. Of course, as we discuss in Appendix 5.11.5, true EDMs do have physical effects,
but those effects arise solely through their higher-order and relativistic corrections. By contrast,
this axion-induced spurious EDM does not share these corrections and therefore does not produce a

signal proportional to a in any EDM experiment, reflecting the axion’s underlying shift symmetry.
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5.11.1 Deriving The Nonderivative Hamiltonian

To derive H,, we use the Pauli elimination method, as in Sec. 5.2.1. For L,,, the fermion’s equation

of motion is
(i —m —q A —2imgay®) ¥ =0, (5.134)

which in terms of two-component fields is

(i0; — qp) ¢ = (7 - & + 2im ga) (5.135)

(i0y + 2m — qp) ¢ = (7 - & — 2im ga) (5.136)
In these equations, the axion coupling always appears with the fermion mass m, so we must work to
higher order in the nonrelativistic expansion to capture the desired O(g/m) terms in the Hamiltonian.

To do so, we write ¥ as

¥ :%(ﬂ"af%mga)@bfia;;mwdj (5.137)
1 0, —
" 2m (1 N Hzmng> (w0 —2imga) P+ O(1/m?) , (5.138)

where we iterated Eq. 5.137 to reach Eq. 5.138. Substituting this back into Eq. 5.135 yields

10 — q¢

2m

(10y — q¢) P ~ %(ﬂ"oﬂr%mga) <1 > (-0 —2imga)?) , (5.139)
which is accurate up to O(1/m3) terms. Note that this power counting argument treats the momentum
as O(1), so that an expansion in 1/m is also an expansion in velocity.

At this point, we can read off a fiducial Hamiltonian H,, by defining i9;1) = H,1. As shown in
Refs. [524, 525], the g-independent terms at O(1/m?) will contain the usual fine-structure corrections
to the Pauli Hamiltonian. We are instead interested in the O(g/m) terms, which can arise from
either the first or last factor in Eq. 5.139. The contribution from the first factor of Eq. 5.139 is

_ 0, — .
H, Diga 1—w ﬂ-azigaﬂ'-a'—ﬂqA-a, (5.140)
2m 2m

where we used the fact that (i0; — q¢) ¥ = O(1/m) and can thus be neglected. The last factor of
Eq. 5.139 gives

= 10y — qo .

H . 1——— ) (— 141

nDT-Oo ( CTe ) (—iga) (5.141)
: ga g o ga

~ —igaw -0 —g(Va) o — 5m q(Vo) - o+ B (Va) o — o T (5.142)
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Combining the two yields the O(g/m) part of the Hamiltonian,

_ a ] . a
HnD—g(Va)-a+2g—qu-a+%(Va)~a—§—m7r-a. (5.143)
However, this Hamiltonian is not physically appropriate, as it is not Hermitian. The reason is

that the equations of motion preserve the norm of the full four-component wavefunction ¥, which is

/d3xw\p:/d3x¢w+z&% ~ /d3wa <1+ (r-0)” 9(Va) '”) b, (5.144)

4m? 2m

where we used Eq. 5.138 and again dropped O(1/m3) terms. We thus define a renormalized two-

component wavefunction whose norm is preserved,

%:sz(1+(”"7)2—9(W)'0>¢, (5.145)

8m?2 4m

which defines the rescaling coefficient M. This subtlety was irrelevant for the derivation of Hy in
Sec. 5.2.1, since there the contributions to M started at O(g/m?). The physical Hamiltonian is then
identified using 101y, = H, 1y, giving

H, ~ H, + [M, H,] +id,M . (5.146)

As discussed in Refs. [524, 525], these M-dependent correction terms are essential for reproducing
fine-structure corrections; to give a more recent application, such a field renormalization is also
required to derive correct results in heavy quark effective theory [526, 527]. For our purposes, we
are interested in the g-dependent correction term, i0;M D —ig (Va) - o/4m. Including this term,
we arrive at the claimed result Eq. 5.133, which matches the one found in Ref. [428] using the
methods of Foldy—Wouthuysen transformations. The Pauli elimination method was also used in
Refs. [426, 427, 429], yielding the same EDM term, though only Ref. [429] kept track of the full

Hamiltonian.

5.11.2 Equivalence of the Hamiltonians

Truncating the Interaction

Before we explain why Hy and H, are equivalent, let us first dispatch a red herring. It is
tempting to conclude that the mismatch arises from truncating the exponential at O(g) in the full
nonderivative form of the interaction in Eq. 5.88, resulting in £,,. Historically, this was the resolution
to a related puzzle which arose in the study of pion-nucleon interactions, which have “pseudovector”
and “pseudoscalar” forms closely analogous to L4 and L, respectively. In terms of our axion-based

language, Dyson claimed that the couplings were equivalent on the basis of the axion wind terms
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being the same [528]. However, the two couplings give different amplitudes at O(g?) [529], and
it was quickly realized that the couplings were only equivalent up to additional interaction terms
of O(g?) [530, 531, 532]. To give a more recent example, for axions produced in supernova, both
axion-nucleon and pion-nucleon interactions are relevant. Both interactions can be rotated to the
nonderivative form, but in that case the cross-term (gm/f,) Na®N must be kept to compute a
correct axion bremsstrahlung rate [533, 534, 535].

By contrast, in our case there is nothing wrong with truncating at O(g). We are focusing on
axion dark matter searches, where all relevant amplitudes are O(g), since O(g?) and higher effects
are negligible. Furthermore, the mismatch between the Hamiltonians starts at O(g), so it cannot be
resolved by considering higher-order terms.

Incidentally, we note that £,, is often derived by applying integration by parts to L4, and then
“simplifying” with the free Dirac equation. This is not exact, but it yields the correct result because
applying the equations of motion preserves S-matrix elements up to the addition of higher-order

terms that are negligible here [536].
Unitary Equivalence

To relate the two Hamiltonians, we note that any quantum theory can be reparametrized by
applying a unitary transformation to the states. In particular, for any Hermitian operator S, we can
define “primed” states by |¢)') = €% [¢)). If the original states evolve as i0; |¢)) = H |1), the primed
states evolve as i0; [¢') = H' |¢"), where

H' = e (H —id) e ™ = H +4[S, H| — 8,5 + O(5?) . (5.147)
In particular, suppose we start with the derivative Hamiltonian, H = Hy, and choose
S=-p 9 {a,7 o} (5.148)
4m ) 3
where f is a dimensionless parameter. Working to O(g/m), the primed Hamiltonian is then
HeHi+ 8L fam-ot+8Y 4o E. (5.149)
dm 2m

For g = 1, we recover the nonderivative Hamiltonian H,,. Evidently, this transformation is the
nonrelativistic Hamiltonian analogue of the field redefinition used to convert L4 to £,. Of course, the
fact that the Hamiltonian can be transformed in appearance does not imply that experimental results
are ambiguous. If an experiment measures an observable A in the original picture, then in the primed
picture it measures a primed observable A’ with the same matrix elements, (| A [¢) = (¢'| A" |¢'),

which implies that operators transform correspondingly as

A =¥ Ae™ = A4i[S, A] + O(5?) . (5.150)
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Since matrix elements match by construction, experimental results are exactly the same in either
picture.

This insight was crucial to resolve an old controversy in the theory of pion-nucleon interactions.
In our language, Refs. [537, 538] pointed out that the coefficient of the axioelectric term could be
modified by a unitary transformation. This led to confusion, with some claiming that pion absorption
amplitudes were ambiguous. However, in Ref. [539], it was pointed out that such a transformation
also generates an additional term involving the nuclear potential (the analogue of the EDM term
above), and that when this is properly accounted for, all physical results are unchanged.

A similar lesson can be drawn from the relativistic quantum mechanics of spin-1,/2 particles, where
a unitary transformation can be used to map the Dirac representation to the Foldy—Wouthuysen
representation [441]. In the latter representation, the so-called “Zitterbewegung” (or jittering) of
the fermion’s position and spin is eliminated, but its coupling to electromagnetic fields becomes
nonlocal [540, 541]. Despite these radical differences, the two representations are perfectly physically
equivalent. Similarly, we will see that all values of § give equivalent physical predictions, but 5 =0
is by far the easiest choice to work with. For any 8 # 0, proper calculations of physical observables

will display “mysterious” cancellations that reflect the non-manifest axion shift symmetry.

5.11.3 The Physical Axioelectric Term

In this section, we set the axion gradient Va to zero for simplicity. We also consider only neutral
particles, ¢ = 0, so that we can discuss the axioelectric term in isolation. In this case, the primed

Hamiltonian in Eq. 5.149 is

e (1)

PO (5.151)
Thus, for neutral particles it appears that one can shift the coefficient of the axioelectric term to
an arbitrary value, without any other consequences. On this basis, Ref. [428] concluded that the
axioelectric term is unphysical for neutral particles, and should be eliminated by choosing § = 2.

The problem with this reasoning is that for a single particle, any force, whether real or fictitious,
can be removed by performing a unitary transformation which maps the laboratory frame to the
particle’s frame. The difference between the two cases is that real forces can produce relative
accelerations between distinct colocated particles, while fictitious forces do not. By this standard,
the axioelectric force is real and its effects can be measured experimentally.

To see this explicitly, we must generalize Eq. 5.151 to a Hamiltonian with multiple interacting
particles. One simple way to do this is to consider a Lagrangian with two neutral fermion fields ¥y

and ¥y of mass m, with interactions
(12) _ STIIN: STITN: T T
L, =g(0,a) (\Ill'y VWU 4 Woyhy \Ilg) +cU U100, (5.152)

where ¢ is a coupling constant for the contact interaction. Following the same procedure as in
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Sec. 5.2.1 yields
2
p1

a —
) — i P1-01 — 0\112\112) ’(/Jl 5 (5153)
m m

i(?t ’(/Jl ~ (
where a similar equation holds for 5. In the limit where there is a single nonrelativistic well-localized

particle of each type, we can simplify the bilinears as in Appendix 5.7, giving a Hamiltonian

g~ P PR

a
=~ Qm—cé(?’)(xl—xz)—%(plﬁd +p2-02) . (5.154)

Finally, applying the unitary transformation generated by Eq. 5.148 to each particle yields

2 2 :
a
H’:—;;ln—kfgz —05(3)(X1—X2)— (1—§)i(r’1~0’1+p2-o’2)

+

@

ac
% (o1 — o) - V16®) (x1 — x2) . (5.155)

For the unprimed Hamiltonian in Eq. 5.154, the axioelectric term produces a measurable relative
acceleration effect. For example, if the particles begin in their lowest bound state, with different
spin directions, then a time-varying axion field can induce a transition to an excited state. On the
other hand, for the primed Hamiltonian in Eq. 5.155 with 8 = 2, the axioelectric term is indeed
rotated away, but it is replaced with a new term which induces precisely the same transitions. Similar
reasoning would hold for any interaction between a particle and a measurement apparatus. One is
free to work with H’, but for 8 # 0 it will always contain complicated additional terms which encode
the physical effect of the axioelectric force.

One might argue that the final term in Eq. 5.155 is only present because we chose to start with

the derivative form of the interaction. Indeed, if we had started with
L3 = —2mga (U1iy° Wy + Uain®Ws) + c U ¥ oy | (5.156)

then the corresponding nonrelativistic Hamiltonian would be Eq. 5.155 with S = 1 but without the
final term. However, Eq. 5.156 is not an appropriate choice of Lagrangian because it violates the
shift symmetry of the axion. The correct way to derive 6532) is to start from Eq. 5.152 and apply a

chiral field redefinition, which instead yields
£32) = _9m ga (@12")/5\1/1 + @2@'75\112) 4 cT,e%997° @, Tpe?i997 (5.157)

It is straightforward to check that the nonrelativistic Hamiltonian corresponding to this Lagrangian
is indeed given by Eq. 5.155 with 8 = 1. In other words, regardless of what Lagrangian we start

from, the axioelectric force is most directly described by taking 5 = 0.
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5.11.4 The Unphysical Nonrelativistic EDM Term

In this section, we instead set the axion gradient Va and time derivative a to zero for simplicity, so
that we can discuss the nonrelativistic EDM term in isolation. In this case, the primed Hamiltonian
in Eq. 5.149 is

p)~ PoIA L 4 g, g,
H'(x,p)~ = ——~+q¢—5 -B-o—dE-0, (5.158)
where d = —fqga/(2m), and all of the external fields above are evaluated at x. The final term in

Eq. 5.158 is indeed the nonrelativistic limit of the contribution of a true EDM to the Hamiltonian
density, Hgpm = (d/2) Uy5c" ¥ F,,,. However, perhaps surprisingly, the term —d E - o in isolation
has no O(d) physical effects in the nonrelativistic limit, so that Eq. 5.158 does not directly imply
physical effects proportional to the axion field.

Energy Levels of Bound Electrons

The simplest and most general way to see this is to note that H’ is unitarily equivalent to Hy,
which has no nonrelativistic EDM term. Crucially, unlike the axioelectric term in Appendix 5.11.3,
the Hamiltonian without the nonrelativistic EDM term does not contain any other O(d) terms, so its
effect can truly be removed without consequence. This remains true even when interparticle Coulomb
interactions are included.

In particular, EDMs are often measured through the energy level shifts they induce in atoms
placed in an external, constant electric field. If the atoms are described nonrelativistically, with only
pairwise Coulomb interactions, then a nonrelativistic EDM term can be eliminated at O(d) by a
unitary transformation generated by S o< 7 - o. Since this S is time-independent, Eq. 5.147 implies
that it preserves energy levels. We thus conclude that nonrelativistic EDMs do not have any O(d)

effects on atomic energy levels, which is simply the famous statement of Schiff’s theorem [261].
Shifting the Position Operator

While the physical equivalence of H,, and Hy decisively rules out an O(d) EDM, it is unintuitive
that the —dE - o term is unphysical for charged particles. This is because such a term seems to
suggest the generation of electric dipole radiation and spin precession in an electric field. Indeed,
the neutron EDM can be measured using the latter effect [542]. However, the situation for charged
particles is fundamentally different. The reason is that a particle of charge ¢ can always be artificially
described by a position operator shifted relative to the usual one by Ax, which introduces an electric
dipole moment d = g Ax. This is the fundamental reason an EDM term appears in Eq. 5.158, and it
implies that the same physical effects can be described without it.

To make this statement more precise, consider the position operator x in the unprimed Hamiltonian,
which has no EDM term. As usual, the acceleration of the particle is proportional to E(x), its static

Coulomb field is centered at x, and when the particle accelerates, the electric dipole radiation it
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produces is governed by d?x/dt%. In light of these facts, we say that x is the particle’s “center of
charge” x,. However, after a unitary transformation to H’, Eq. 5.150 implies that the center of
charge becomes

X, =x+(d/q) o+ O(d*) , (5.159)

which is shifted from x precisely as anticipated in the previous paragraph. By construction, the
center of charge evolves the same way in both pictures, so that any effect of the apparent EDM can
be equivalently explained without it.

For example, suppose a free electron is placed in a uniform magnetic field By, so that the spin
precesses at the Larmor frequency wy = ¢By/m. If the particle is at rest under the unprimed
Hamiltonian, dx/dt = 0, then dx,/dt = 0, which implies that no electric dipole radiation is produced.
When we consider the same situation under the primed Hamiltonian, the particle has a precessing
EDM, but simultaneously orbits in a circle of radius d/q in the opposite direction at the cyclotron
frequency w. = ¢Bo/m. These two effects compensate each other, so that dx; /dt = 0 and, again,
no electric dipole radiation is produced. Conversely, if the particle were at rest under the primed
Hamiltonian, electric dipole radiation would be produced, but it would be equivalently described

under the unprimed Hamiltonian as a consequence of the particle’s circular motion.
EDM-Induced Spin Precession

Similarly, it naively seems possible to unambiguously identify the EDM through its effect on spin
precession, but this is also impossible. To illustrate this point we will consider two more thought
experiments.

First, Ref. [426] proposed an approach which is analogous to certain searches for the neutron
EDM. Its authors claimed that if an electron was placed in a uniform electric field, the EDM would
cause its spin to precess, resulting in an observable transverse magnetic field from its magnetic dipole
moment. This led Ref. [47] to project very strong experimental sensitivity for atomic magnetometers,
shown in Fig. 5.2. However, this idea has a fundamental problem. If the electron was free, it would
immediately accelerate out of the experimental apparatus. If it was instead bound in a nonrelativistic
atom, it would experience zero average electric field and hence undergo no spin precession [543].

Therefore, the experiment proposed in Ref. [426] cannot work as stated. For a free electron,
we could instead allow the electron to fly away, but subsequently measure its spin dynamically.
Concretely, suppose a free electron is prepared at rest with vertical spin, and then experiences a
uniform horizontal electric field. After passing through this field it encounters a Stern—Gerlach
apparatus, i.e., a vertical but nonuniform magnetic field, where the field gradient deflects the electron
according to its spin. This appears, in principle, to be a way to measure the EDM-induced spin
precession without requiring it to be bound.

The problem with this idea is that the unprimed Hamiltonian, with no EDM, yields the same
deflection. In this picture, the electron’s location is shifted by (d/q) o, so it flies through the
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Stern—Gerlach apparatus off center, yielding an additional gv x B Lorentz force. It is straightforward
to show that the center of charge behaves the same way to O(d) in both pictures. Once again, the

apparent EDM effect can be equivalently explained without an EDM.

5.11.5 True EDMs and Spurious EDMs

There are many experiments, reviewed in Refs. [544, 545], which are sensitive to constant electron
EDMs. Unfortunately, the shift symmetry of the axion implies that a constant axion field cannot
produce a signal in any of them. Here, we explain how a number of these experiments work and

elaborate on why they cannot measure an axion signal.
Scattering and Spin Precession of Free Electrons

A true electron EDM affects the relativistic scattering of electrons on nuclei [546, 547, 548]. True
EDMs can also cause spin precession when a particle moves at relativistic speeds through a magnetic
field; this was used in the first searches for the electron and muon EDM [549, 550, 551, 552] and today
is relevant in storage ring experiments. Crucially, both of these signatures do not follow from the
nonrelativistic EDM term, but rather come from relativistic corrections present in the true EDM’s
full Hamiltonian density, Hgpwm = (d/2) Uy°c** ¥ F..

Since the axion contributes a nonrelativistic EDM term of O(ga/m), such corrections would first
appear in the Hamiltonian at O(ga/m?). However, Ref. [428] computed the Hamiltonian out to this
order and showed that the O(ga/m?) terms actually exactly vanish for a constant uniform axion
field.” In other words, while a true EDM and a constant axion field modify the Hamiltonian in the
same way at leading order in the nonrelativistic expansion, the axion does not induce the relativistic

corrections that make true EDMs observable for free particles.
Energy Levels of Bound Electrons

The most sensitive modern electron EDM experiments measure shifts of atomic or molecular
energy levels. As we have discussed in Appendix 5.11.4, Schiff’s theorem states that O(d) shifts of
atomic energy levels vanish in the nonrelativistic limit. Therefore, to find a nonzero effect one must
either work to O(d?) [553, 554] or account for relativistic effects such as length contraction, in whose
presence there are O(dv?) energy level shifts [555, 556, 557].

Recalling that our expansion in 1/m is equivalent to an expansion in v, these facts naively suggest
that a constant axion field shifts energy levels at O(g?a?/m?) and at O(ga/m?), respectively. The
problem with this reasoning is, again, that a constant axion field does not enter the Hamiltonian in the
same way as a true EDM. The two have the same nonrelativistic limit, but differ in their relativistic

and higher-order corrections. In order to compute these purported axion-induced energy level shifts

"Note that Ref. [428] uses a different convention for the coupling; in their variables the nonrelativistic EDM term is
O(1/m?) and the leading relativistic corrections to it are O(1/m3).
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consistently, one must expand the Hamiltonian to O(g?a?/m?) and O(ga/m?), respectively. This
produces additional terms which completely cancel off any energy level shift. Although such a lengthy
computation has not been explicitly demonstrated in the literature, such a cancellation must occur
to all orders due to the underlying shift symmetry of the axion. These “mysterious” cancellations
are the hallmark of a non-manifest symmetry and are one of the reasons it is often easier to work

with manifest symmetries.

Recasting EDM Ezxperiments

In an EDM experiment of measurement time 7, Ref. [427] asserted that the axion-induced
nonrelativistic EDM term acts like a constant true EDM when m,7 < 1, thereby claiming a bound
on the axion-electron coupling many orders of magnitude stronger than existing bounds. However,
this is incorrect; as we have just discussed, the signal from a true EDM arises from relativistic
corrections which are not shared by the spurious axion EDM.

On the other hand, when the axion field has nontrivial time dependence, a term proportional to
a(t) o - E can produce observable effects, such as shifts in electronic energy levels. However, such
shifts are generally suppressed by powers of m, /Ry, where Ry = a®m,/2 is the scale of electronic
energy levels. For example, Ref. [493] showed that the energy level shift for bound electrons, linear
in the external electric field, is suppressed by (m,/Ry)?.

Recently, Refs. [428, 429] noted that for free electrons, axion-induced effects are suppressed by
powers of m,7. For example, Ref. [429] computed the time evolution operator for a free particle,

from ¢t = 0 to t = 7, and noted that it depended on the quantity

= / "t dug(t) = L / "t (d(t) — (7)) | (5.160)

T T

where dog is an “effective” EDM. The left-hand side has a simple physical interpretation given by
Eq. 5.159; for a free particle at rest in the primed picture, it is simply ¢ times the difference of the
center of charge’s final location and its average location. Eq. 5.160 is indeed suppressed for m,7 < 1,
and unsuppressed for m,7 2 1. However, Refs. [428, 429] assumed without justification that the
signal in a bound electron EDM experiment is not suppressed when m,7 2 1, even though it is
governed by completely different observables. Thus, for m,7 ~ 1 these works overestimate the signal

strength for bound electrons by powers of Ry - 7> 1.
Color Charged Fermions

Throughout this chapter, we have exclusively considered the case where W is a color neutral
fermion. The story is somewhat different when W is a quark field, since the chiral field redefinition

leading to the nonderivative coupling £,, also produces a term proportional to a G, G Both
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this term and £, can produce true hadronic EDMs for a constant axion field a. If one starts with
only a derivative coupling, then their contributions will cancel, in accordance with the fact that the
derivative coupling L itself vanishes for constant a. But in a generic QCD axion model, there will
be true hadronic EDMs induced, which can be probed by both existing EDM experiments and in
dedicated experiments which resonantly amplify the effect at nonzero m, [381]. For a recent review
of such efforts, see Ref. [558].



Chapter 6

Stellar Shocks From Dark Asteroids

This chapter is based on Stellar Shocks From Dark Matter Asteroid Impacts, by A.Das, S. A. R. Ellis,
P. Schuster, K. Zhou, Phys. Rev. Lett. 128, 021101 (2022).

Abstract

Macroscopic dark matter is almost unconstrained over a wide “asteroid-like” mass range, where
it could scatter on baryonic matter with geometric cross section. We show that when such an
object travels through a star, it produces shock waves which reach the stellar surface, leading to a
distinctive transient optical, UV and X-ray emission. This signature can be searched for on a variety
of stellar types and locations. In a dense globular cluster, such events occur far more often than flare
backgrounds, and an existing UV telescope could probe orders of magnitude in dark matter mass in

one week of dedicated observation.
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6.1 Introduction

Astronomical and cosmological observations have provided all evidence for dark matter (DM) thus
far. Stars, substellar objects, and stellar remnants therefore comprise natural venues for probing the
nature of DM. The capture of particle DM is well-studied, and can result in signatures ranging from
heating [559, 560, 561, 562] and modifications of stellar structure [563, 564], to outright destruction by
the formation of a black hole [565, 566, 567]. DM candidates light enough to be produced thermally
in stars, such as the axion, can also be constrained by stellar cooling rates [568].

However, DM could also be in the form of objects of macroscopic mass and size, a possibility
which is consistent with all cosmological constraints [569, 570, 571]. While macroscopic DM arises
in many theoretical scenarios, it is difficult to detect terrestrially primarily because such objects
are rare, given the low local DM density. As Mpy increases, experimental searches require either
large detection volumes or long integration times. For example, for Mpy < 10° kg, limits on
macroscopic DM passing near the Earth can be set with tabletop experiments, calorimeters, and
gravitational wave detectors [572, 573], or searches for fast-moving meteors [574, 575, 576] and seismic
waves [577, 578]. However, for Mpy 2> 10720 M, corresponding to a heavy asteroid, macroscopic
DM would not have collided with Earth since the advent of human civilization, and setting constraints
requires speculative appeals to geologic history [579, 580]. Unambiguously probing the mass range
1072°Mg < Mpym S 1071 Mg of “dark asteroids” will therefore require looking to the stars.

In this chapter, we point out that because dark asteroids move supersonically in stars, dissipation
through any non-gravitational interaction will generate shock waves. This allows the dissipated
energy to quickly propagate to the stellar surface, where it is released in the form of a transient,
thermal ultraviolet (UV) emission. Crucially, such events are correlated with the local DM density,
but uncorrelated with the underlying activity of the star. Next-generation survey telescopes would
detect such events without requiring a dedicated search, while existing telescopes could find them by
monitoring regions of high DM density. This would constitute a DM direct detection experiment on
astronomical scales, with the stars as the detector volume.

A detailed overview of models that produce dark asteroids is beyond the scope of this chapter,
but the reader can keep several scenarios in mind. Self-interactions in the dark sector allow models
as simple as asymmetric DM [581] to build up composite objects of high multiplicity in the early
universe [582, 583], and support compact structures [584, 585, 586]. Additionally introducing a
lighter, oppositely-charged particle allows dark atoms to form, providing an alternative cooling
mechanism which can generate large DM structures [587], while charging the DM under a non-
Abelian gauge group naturally allows dark nucleosynthesis [588, 589]. An even richer dark sector,
which could result from mirroring part or all of the Standard Model, allows the formation of mirror
stars [590, 591, 592, 593]. Phase transitions in the dark sector can also produce large dark objects, for
both bosonic and fermionic DM [594, 595, 596, 597], with the density determined by the temperature

of the phase transition.
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For concreteness, we will introduce our signature by assuming that all DM is in the form of
spherical dark asteroids with the same mass Mpy and radius Rpy. We further assume that they
scatter baryons elastically with geometric cross section o = 7R2,,, enter the star head-on, and do
not disintegrate while passing through the star. In the final section, we discuss how these properties

can arise and how the signature changes when they are relaxed.

6.2 Stellar Collisions

We compute stellar profiles with MESA [598, 599, 600, 601, 602], assuming solar metallicity and the
settings recommended by MIST [603], and match them at the photosphere to atmospheric profiles
computed with PHOENIX [604]. When a dark asteroid enters a star of mass M, and radius R,, it
will be traveling at roughly the escape velocity vesc = \/m , and is therefore hypersonic, with
Mach number Ma ~ 100. It is accelerated inward by gravity, and dissipates energy due to a drag
force pov?cy/2, where cq =~ 1 for a supersonic sphere [605]. For most of the parameters we consider,
the dark asteroid remains hypersonic until it either dissipates most of its energy to drag, or reaches
the hot stellar core.

Describing the resulting production and propagation of shock waves is a complex hydrodynamic
problem. However, it can be decomposed into simpler problems each solvable by controlled approxi-
mations, as shown in more detail in the Supplemental Material. First, because the dark asteroid is
hypersonic, Ma > 1, its passage can be treated as an instantaneous deposition of energy Fy, per
unit length, which creates a cylindrical blast wave. Numeric blast wave solutions are known, and
are used to model meteors traversing the Earth’s atmosphere [606, 607]. The shock wave becomes
weak after it travels a characteristic radial distance Ry = \/W ~ Ma Rpy, and asymptotically
approaches an N-wave profile, a weak shock solution characterized by a pressure discontinuity Ap
and length L. Following Ref. [606], we match a blast wave onto an N-wave profile at distance 10R,
where the shock strength is Ap/p = 0.06, the length is L = 2.8 Ry, and roughly half of the original
energy remains in the shock wave.

To treat the propagation to the stellar surface, we use standard results from weak shock theory [608,
609]. In particular, the propagation of a weak shock wave through a slowly varying medium can be
described by geometric acoustics. Because the speed of sound decreases with distance from the center
of the star, the ray paths refract radially outward. We propagate each piece of the shock front along
such a ray. For an acoustic wave, if the wavefront area evolves as A(s) along a ray, then the pressure
amplitude varies as Ap o +/pcs/A(s), while the period L/cs remains constant. The discontinuities of
an N-wave cause additional dissipation: when the shock wave travels a length L, there is a fractional
increase in L, and a fractional decrease in shock strength and total energy, of order Ap/p.

Finally, as each piece of the shock front approaches the stellar surface, the decreasing density and

pressure cause a rapid increase in the shock strength. For the DM masses and radii of interest here,
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the shock becomes strong, Ap/p 2> 1, below the photosphere, at optical depths up to ~ 102. Analytic
solutions exist to describe the arrival of a strong shock wave at the edge of a star [610]. To roughly
approximate these results, we assume that once the shock wave becomes strong, its remaining energy
heats the stellar material above it to a uniform temperature T, which sets the typical frequency
band of emission. This is reasonable because convection in the shocked region near the stellar surface
will effectively smooth out temperature gradients. The timescale for energy release is then dictated
by the rate of blackbody radiation from the surface, and is typically on the order of hundreds of
seconds.

This treatment is compatible with previous work on shock waves in stars. In massive stars just
prior to core collapse, convection can excite acoustic waves [611] which then steepen into weak
shocks, which dissipate in the same way as they travel outward [612, 613]. Refs. [614, 615] considered
the strengthening of a shock wave near the surface of a star; consistent with this chapter, we find
that our shocks are insufficiently energetic to eject mass, as they emerge with a typical speed

kgTy/my, < Vesc-

In Fig. 6.1, we show the total shock energy released from the surface of a Sun-like star, and the
typical final temperature Ty. The qualitative features of this plot can be readily understood. For
higher Rpy, the dark asteroid stops near the stellar surface, and a small portion of the surface is
heated to a high temperature. As Rpy; decreases, the shock waves are primarily produced deeper in
the star, with a shorter wavelength. This increases the dissipation they experience as they propagate
out to the surface, decreasing the energy released. At the smallest radii, drag is insufficient to prevent
the dark asteroid from passing through the entire star, so that only part of its energy is deposited,
leading to a rapid fall-off in signal energy.

Since a strong shock has AT/T ~ 1, the temperature Ty roughly tracks the local temperature
at the depth where the weak shock becomes strong again; as a result, it is relatively insensitive to
Mpym and Rpy, and typically peaks in the far UV. At lower densities, Ty rapidly rises because the
dark asteroid stops so close to the surface that the shock never becomes weak. At the very lowest
densities shown, the dark asteroid stops above the photosphere. In this extreme case, the emission
spectrum is not necessarily thermal, and depends on the detailed physics of the resulting plasma.
We do not study this regime because it is in tension with cosmological constraints, but we expect
photons to be released at up to X-ray energies, € ~ m,v2,. ~ 10*eV.

Similar results apply to other star types, and are shown in the Supplemental Material. The main
difference is that for equal Mpy and Rpyg, the signal energy is higher for more compact objects,
such as red and brown dwarfs, because their density profiles rise more steeply with depth, causing
the dark asteroid’s energy to be deposited closer to the surface. Conversely, the signal energy is

significantly lower for giant stars, because of their extended envelopes.
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Figure 6.1: Contours of energy release (solid), characteristic temperature (dashed), and penetration
depth (dotted) for a dark asteroid impact on a Sun-like star. We show bounds from the CMB
limit on DM-baryon scattering [59], heating of cold gas clouds [60] (though see also Ref. [61]), and
microlensing [62] (though see also Refs. [63, 64, 65]). We do not show constraints from femtolensing
of gamma-ray bursts [66], which are weakened by finite source size effects [67].

6.3 Observational Prospects

Dark asteroids are expected to produce rare transients on all types of stars, with a frequency
dependent on the stellar and local DM parameters. For a star moving with a DM halo, averaging

over a Maxwellian velocity distribution for the DM yields a collision rate [616]

8 Pom Vd 2 3Ue2zsc
=\/———7R; |1 6.1
3T MDM i + 21}3 ( )

where vy is the velocity dispersion. The final term accounts for the focusing effect of gravitational

attraction. In all cases we will consider, vese > vq, giving

M, £10_15M® Pont 270km/s
Mo Ry Mpym  04GeV/em3 vy

'~ (4x105yr 1) (6.2)
As shown in the inset of figure 6.2, we expect a brief X-ray emission as the dark asteroid passes
through the stellar atmosphere, followed by a gradual optical and UV emission as the shock wave
produced inside reaches the surface of the star. Since most of the energy emerges in the UV, and

cooler stars emit relatively little in this band, it is easiest to search for these events as UV transients.
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The light curve would also have a long tail as the violently heated patch of the stellar surface
gradually cools, which could be targeted for follow-up optical observation. Note that we have treated
all collisions as head-on, though the high degree of gravitational focusing implies that most collisions
are glancing. Our calculation is thus maximally conservative, because it gives the shock waves the
longest possible path to the surface. Accounting for the impact parameters would increase the signal
strength and temperature, and could also increase visibility to X-ray telescopes.

Upcoming transient surveys could detect dark asteroid collisions on nearby stars without requiring
a dedicated search. Among star types, K dwarfs are promising targets, as they have significantly
larger masses and radii than M dwarfs, but also have a higher number density and negligible UV
emission compared to hotter stars. As a concrete example, we consider ULTRASAT [617], a proposed
wide-field UV transient explorer designed to detect distant supernova shock breakouts, which will
also monitor many nearby stars. We compute the maximum distance from which ULTRASAT could
observe dark asteroid collisions at SNR > 5, conservatively counting only impacts on K dwarfs, and
approximate the star density as uniform out to 1kpc from the Earth. The observable region of
parameter space is cut off at high Rpy because the signal temperature becomes too high, at low
Rpwm and Mpy because the signal energy becomes too low, and at high Mpy because the events
become too rare.

A similar region could be probed by the upcoming LSST survey [618], but estimating the event
rate is more difficult because of LSST’s complex observing strategy and multiple filters. In addition,
since LSST would be able to see events at a significantly larger distance d 2 kpe, a more detailed
model of the galactic stellar and DM densities would be required, along with estimates of UV
extinction. Exoplanet searches such as TESS [619] and the planned PLATO mission [620] have
exceptionally large fields of view, but observe in the red, which reduces the sensitivity because of
stellar variability and shot noise. However, these instruments could effectively detect transients on
cool red dwarfs or brown dwarfs, which thereby probes lower Rpy, as shown in the Supplemental
Material.

Because the local DM density is low, a potential obstacle for any local search is the background
from stellar superflares, which occupy a similar temperature and energy range. Observations from
Kepler [621, 622] and TESS [623] find no superflares on the vast majority of FGK dwarfs, and almost
none on those that are not rotating rapidly, which allows highly active stars to be excluded from
observation. However, for any individual event, it would be difficult to rule out the possibility of a
superflare without further information. For example, follow-up observations could determine the
detailed light curve, which could fall off more slowly for dark asteroid impacts because the energy
emerges from within the star rather than from its atmosphere. Simultaneous observation with other
instruments could rule out flares using spectral information, as they are expected to have a significant
radio and X-ray component.

An alternative strategy is to perform a focused search in a region where the impact rate per star
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Figure 6.2: Contour plot showing observability. We shade regions where impacts on K dwarfs within
1kpc would be seen by ULTRASAT, and impacts on Sun-like stars in 47 Tuc would be seen by HST,
at least once per year and week of observation on average, respectively. In both cases, we demand
SNR > 5. For 47 Tuc, we show two possible values of the core DM density, as discussed in the main
text, and require the rate of dark asteroid impacts to exceed superflares of similar energy by at least
an order of magnitude. A schematic light curve for three frequency bands is shown in the inset.

is significantly higher. As a concrete example, we consider 47 Tuc (NGC 104), a well-studied nearby
(d ~ 4kpc) globular cluster which has a dense core and negligible UV dust extinction [624].

While the DM content of globular clusters today is not known [625, 626], they are thought to
have formed in large DM subhalos [627, 628], with computational studies suggesting an initial DM
mass of about 260 times the stellar mass [629]. Tidal stripping and DM thermalization are expected
to have reduced the DM content of the globular cluster since formation [630], with ~1% remaining
today [631]. We assume this formation history holds for 47 Tuc, and model the DM distribution
with an NFW profile [632]. Gravitational interactions transfer kinetic energy to the dark asteroids
and lighter stars, which we account for by coring the DM profile [633] and taking a relatively heavy
benchmark star of solar mass.

From the above procedure, detailed in the Supplemental Material, we infer a core DM density
Pou = 4 Mg /pcd. Since the velocity dispersion is vy ~ 12km/s, the collision rate per star is
almost 4 orders of magnitude higher than in the local region, even though DM is still a vastly
subdominant component of the core. For most of the parameters we consider, the event rate exceeds
the rate of superflares of comparable energy on Sun-like stars [622] by orders of magnitude. Yet our

estimate is conservative, as a recent analysis with similar assumptions [559] found a core DM density
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Pou == 25 M /pc? [634]. Furthermore, we neglect adiabatic contraction of the DM halo [635, 636],
which would significantly increase the core density, and we do not consider the possibility of a DM
cusp due to an intermediate-mass black hole [637, 638], within which the DM density would be
enhanced by orders of magnitude.

To monitor 47 Tuc, we consider the Wide Field Camera 3 instrument on the Hubble Space
Telescope (HST), using the F225W filter. This instrument’s field of view is sufficient to capture most
of the DM core, and the UV filter alleviates stellar crowding [639]. In Fig. 6.2, we show the region
where at least one event with SNR > 5 is expected in one week of continuous observation. HST has
in fact already monitored 47 Tuc for over a week to search for exoplanets [640], though these optical
and infrared observations are less useful for our purposes due to stellar backgrounds. Since the event
rate scales as 1/Mpy, new parameter space could be probed with as little as one hour of dedicated

UV observation.

6.4 Discussion

For concreteness, we have focused on specific assumptions and experimental searches, but our results
also apply more generally. For instance, we have taken elastic scattering as a generic benchmark, but
specific models can give rise to nonelastic interactions, such as catalyzing proton decay, annihilating
with ordinary matter, or absorbing part of the dissipated energy. We have also assumed a geometric
cross section for baryon scattering because it is the result of any sufficiently strong interaction that
is not long-ranged, but the dark asteroid can be partly transparent to baryons, or interact by a
long-range force, yielding a smaller or larger cross section respectively. These effects can be accounted
for by simply scaling the energy deposited per length, Fy,, as long as Ry 2 Rpu.

The assumption of geometric cross section implies relatively strong DM interactions with the SM,
and it is interesting to see how this can be compatible with existing constraints. As shown in Fig. 6.1,
cosmological constraints are relatively weak, essentially because dark asteroids would be extremely
rare, and the constraint from DM self-interaction in the Bullet cluster is orders of magnitude weaker.
Strong DM constituent interactions with the SM could be accommodated if, for example, the dark
asteroid was composed of “dark atoms” comprised of oppositely charged particles bound by a dark
U(1). If the constituent has mpy < 100 MeV, and less than 1% is unbound, terrestrial constraints
require that the DM-nucleon cross section not exceed og; < 10722 cm? [641, 642]. A dark asteroid
of density g/cm3 containing 100 MeV constituents with this SM interaction strength would have a
mean free path of ~100 m, so that the assumption of opacity holds for the regions of interest of
Fig. 6.2.

Our rough estimates of the collision rate and signal energy could be refined in many ways. We
have taken all dark asteroids to have the same mass Mpyr, though a realistic production mechanism

would lead to a range of masses. This would not necessarily harm prospects for a local search, as
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impacts of heavier dark asteroids could be seen from further away. Dark asteroids could pass through
a star but lose sufficient energy to be captured, ensuring subsequent collisions. This enhancement of
the event rate occurs for a wide range of Mpy because most collisions are glancing, and leads to
the intriguing possibility of followup detection. Finally, our treatment of the shock propagation and
convective energy transport near the surface could be improved with detailed analytic arguments or
numerics, which would also yield the detailed shape of the light curve.

Collision events have been investigated in related contexts, though the results are qualitatively
different. Primordial black holes passing through stars deposit a small amount of energy through
dynamical friction, but the result is too weak to observe [643, 644]. Dark asteroids could also trigger
supernova in white dwarfs by depositing energy in their interiors [645, 646]. The survival of white
dwarfs therefore implies a strong constraint on macroscopic DM due to the long effective integration
time, but it only applies to dark asteroids of roughly nuclear density, which can penetrate the white
dwarf’s crust.

Within the Standard Model, the closest analogue to a dark asteroid impact would be a comet
impact [647]. However, comets are expected to be rare outside of planetary systems, with the
interstellar comet density bounded orders of magnitude below the DM density [648]. Comets are
also “rubble piles” which fall apart before even reaching the stellar surface, leading to a qualitatively
different signature. By contrast, in simple dark sector models the binding energy of a dark asteroid
may easily exceed its kinetic energy, which is only about (v4/c)? ~ 1076 of its total mass energy,
implying that ablation is a small effect.

Many additional directions could be explored in future work. For instance, the high DM density
at the galactic center would make it ideal for a focused search, though one would have to model
its distinct stellar populations and use a sightline with low extinction. Globular clusters besides
47 Tuc could be promising, especially if new nearby clusters are found, or confirmed to contain
an intermediate-mass black hole. Milky Way satellite galaxies are more distant but are known to
host a high DM density, and could likely be used to probe higher Mpy. At the opposite end of the
mass range, impacts on the Sun are expected to occur annually for Mpy < 10719M, and would be
energetic enough to be easily detected by solar observatories. It would be interesting to see if the
resolution of these instruments permits such impacts to be distinguished from solar flares. In many
of these cases, it may be possible to find impact events in a reanalysis of archival data.

The possibility of detecting dark asteroid impacts in nearby stars provides an interesting target for
UV transient searches with small satellites [649, 650, 651], while more powerful instruments would be
well-suited for focused searches. These observations are enabled by the rapid advance of time-domain

astronomy, which we have shown provides an unusual route to discovering the nature of dark matter.
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6.5 Appendix: Supplemental Calculations

6.5.1 Details of Shock Calculation

In this section, we give further details on the shock wave calculation described in the main body,
which is depicted in Fig. 6.3. The initial cylindrical blast wave has been calculated numerically [652],

and following Ref. [606], its shock strength can be fit as

Ap = 2y 0.4503
p v+ 1(1+4.80323)3/8 -1

(6.3)

where x = r/ Ry, and we set v = 5/3. For z = 10, the shock wave profile closely approximates an
N-wave. The paths of the shock rays for the N-wave are calculated by applying the principle of least
time to the sound speed profile ¢(r) computed by MESA.

To propagate the N-wave, we use the formulation of Ref. [609], which states that the pressure

profile can be written as

Ap(L,t) = B(€) g(¥) (6.4)

where £ is the arc length along a shock ray. Here, the scaling B(¢) o +/pc/A({) accounts for energy
conservation as the local density, sound speed, and shock front area A(f) change, and B(0) = 1. The

pressure profile is a function of

Y =t—7(0) +9(¥)AW) (6.5)

where 7 is the travel time, dr = d¢/c. In the absence of nonlinear effects, 1) =t — 7, indicating that
the wave maintains its temporal profile. The shock age A accounts for the nonlinearity of the wave,
with dA = (8B/pc®)dl and B = (7 + 1)/2. The pressure profile for an N-wave with initial pressure
amplitude Apy is

—Apot/Ty —Tp <t <Tp

g(t) = (6.6)

0 otherwise
where Lo = 2¢Ty. Plugging this into the previous results, the pressure amplitude Ap, length L, and
total shock wave energy E evolve as Ap = eB Apg, L = Lg/¢, and E = e¢Ey, where

1

O = A ammAD

(6.7)

Dissipation by photon diffusion is also present, but it is subdominant for all of the parameter space
probed in Fig. 2 of the main body.
To calculate the total energy release, we discretize the dark asteroid’s trajectory. For each segment,

we match to an N-wave, which determines Apy and Ty. This determines the initial N-wave energy
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Figure 6.3: Depiction of the phases of shock propagation (left). A cylindrical blast wave solution
is matched to an N-wave (right) when the shock become weak. The N-wave is propagated along
acoustic rays, and becomes strong and deposits its energy near the surface.

for the segment, ,

Ey~ §(Apio2)(AToc) (6.8)
which is approximately half the energy dissipated by the dark asteroid in that segment. We then
integrate €({¢) along each shock ray until the shock becomes strong again. To calculate the final
temperature of each piece of the surface, we take the remaining energy eEj of the shock wave and
assume it uniformly heats the patch of the surface above it, calculating the heat capacity using the
MESA profile. The typical final temperature T is defined by an energy-weighted median.

Two main features of this formalism determine the qualitative behavior of Fig. 1 of the main
body. First, the fractional energy dissipation when the shock wave travels a length L is (Ap/p)(8/7),
as can be shown by expanding Eq. (6.7). (This is equivalent to Eq. (15) of Ref. [613] up to a factor
of 2, which arises because Ref. [613] considers a train of N-waves, while we consider only a single
N-wave.) Therefore, there is a significant loss of energy when the shock originates from deep inside
the star, cutting off sensitivity to low Rpy. Second, the typical initial length Lg is not Rpy, as
might naively be expected, but the much larger Ry ~ Ma Rpy;. This allows a significant fraction of
the energy to escape, even though we consider Rpy much smaller than stellar scales.

For very low Rpy, shock dissipation is very effective, so the shock remains weak all the way to
the photosphere, and continues traveling outward through the stellar atmosphere. The total energy
release is highly suppressed, as indicated at the bottom of Fig. 1 of the main body, but T can be
much higher due to the high temperatures of the chromosphere and corona. The detection prospects
would thus be quite different from the UV signals primarily considered in this chapter.

For the opposite limit of large Rpy and low dark asteroid densities, the dark asteroid stops

very close to the surface, and the stellar profile changes significantly on the scale Ry, rendering the
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cylindrical blast wave solution inapplicable for large x. In these cases, we match at z = 2 when
possible (which we have checked yields almost identical results, in general, to matching at = 10).
However, when the shock starts so close to the surface that it never becomes weak, our calculation
breaks down entirely, and we simply assume that all the energy escapes, leading to the vertical
contours at the top of Fig. 1 of the main body. To very roughly estimate T’ in this case, we assume
the volume along the shock rays is heated to a uniform temperature.

To illustrate these points, we show results for brown dwarfs and red giants in Fig. 6.4. In red
giants, the shock waves lose the vast majority of their energy and remain weak all the way to the
surface, where the emission is at temperature Ty ~ T,. This makes it difficult to observe dark
asteroid impacts, even though the rate per star is high. For brown dwarfs, the energy released is
high even for very low Rpyr, but the stellar density profile rises so rapidly that the caveat mentioned
in the previous paragraph applies to a wide range Rpwm 2 1km. To get a reliable estimate of T in
this regime, it may be useful to compare to detailed hydrodynamic studies of comets [653] and rocky

planets [654] impacting Jupiter.

6.5.2 Modeling of 47 Tuc

To find the collision rate between dark asteroids and stars in 47 Tuc, we must estimate the distribution

of both species. For the stellar matter, we fit the surface density data reported by Ref. [655] to a 2D

King model [656],
S(r) = k ( LI ! )2 (6.9)
VI+/re)? 1+ rfre?) '

where the core radius r. and tidal radius r; are as reported in Ref [655]. Our best fit to the surface

density in the GC core yields k ~ 6 x 10* My /pc?, and the resulting model agrees to within 30%
everywhere within r < 30 pc, which is sufficiently accurate for our estimates. Assuming the GC is

spherically symmetric, we use the Abel transform,

1 /°° d¥x(y) dy (6.10)

pu(r) = —— Tyim’

T
to obtain the 3D stellar density profile shown in Fig. 6.5.

To model the DM density profile, we assume the globular cluster formed in a DM-rich halo with
initial total DM mass Mpu tot =~ 260M, gc = 2 x 108Mg, as inferred from Ref. [629]. We model
this formation halo with an NFW profile [632],

Po
(5)(+ )"

where a is the scale radius. Here, the reference density is defined in terms of the concentration

Pxrw (T) = (611)
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parameter ¢ as

Mpm, tot
0= s (B Fe) =

)_1. (6.12)

We infer the values of a and ¢ using the estimated age of 47 Tuc of 11.5 &+ 0.4 Gyr [657, 658],
corresponding to a formation redshift zy ~ 3.0 £ 0.5 in a ACDM cosmological history. To do this, we

c
1+¢

set Mpwm tot to the halo’s virial mass

4
Mago = (200p.(25)) gmgw (6.13)

defined as the mass corresponding to an average halo density 200 times the critical density of the
universe at formation, p.(2) = 3H(z)?/87G. In a A-CDM universe, H(z) = Ho/Qm (1 + 2)3 + Qa,
where Hy ~ 67.4 km/s/Mpc today and ©,, = 1 — Qj ~ 0.315 [659], from which we obtain regy =
4600 =+ 600 pc. The scale radius a is equal to ragg/c.

Finally, to compute ¢, we use the semi-analytic results of Ref. [660] (which are consistent with
the more recent analyses in Refs. [661, 662] for our halo mass), which yield ¢(z, Magp) = 5.8 £ 0.7.
We therefore choose the parameters ¢ = 5.8 and a = 790 pc for the profile shown in Fig. 6.5. Note
that the zy dependence in ¢ and raoo roughly cancels, imply little uncertainty in a. Therefore, our
results are relatively insensitive to uncertainties in the age of 47 Tuc.

After the globular cluster’s formation, the DM is heated through gravitational interactions with

2
rms’

stars, which cores the DM profile. Given a typical DM energy E ~ Mpyv the rate of change of

DM energy due to these interactions is [633]
dE _ 8(6m)'/2G?p, Mpy In A

At (020 4 02 )

(Ex — E), (6.14)

where In A ~ In(0.4N,) is the Coulomb logarithm [663] and N, is the number of stars in the core of
the globular cluster, v, ;ms is the rms speed of the stars, and F, is the average stellar kinetic energy.

Assuming vyms ~ v, rms and noting that £, > F, the typical heating timescale is

1dE|™"  0.081403
heat — ’Edt ~ m (615)

Setting theat to the estimated age of 47 Tuc, M, to a solar mass My, and vyys to the measured
velocity dispersion vy = 12.3 km/s [655] yields p, ~ 86 M, /pc®. We therefore assume the DM profile
is cored when the stellar density exceeds this value, which corresponds to coring the NF'W profile
obtained above at rpeat >~ 5.6 pc.

As a check that our procedure yields sensible results, integrating the cored NFW profile out to
the tidal radius of 47 Tuc gives a total DM mass of 1.9 x 10° M, which is roughly consistent with
the results of the Jeans equation solution models of Ref. [626] for NGC 2419. It should be noted,
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however, that 47 Tuc, owing to its greater proximity to the galactic center than NGC 2419, might

have experienced greater stripping of its DM halo.

6.5.3 Event Rate and Telescope Sensitivity

We estimate the observable event rate for a search on nearby stars as

1/4
Tior ~ — ( wd3

2 3 max

Q
) Sonr (6.16)

where dp,.x is the maximum distance at which the events can be observed, n, is the stellar density,
and € is the angular field of view. The factor of 1/2 is because impact events can only be seen from
one side of the star. We consider K dwarfs with benchmark M, = 0.7Mg and R, = 0.75Rs, and
following Ref. [664], we estimate the local density of K dwarfs to be n, = 0.0135pc™2 on the basis of
a local census.

The currently planned field of view of ULTRASAT [665] is 2 = 200 deg?. To find the maximum
distance, we assume the signal energy is released isotropically, so that the observed flux at a distance
dis

_ Esig 2
T texp 4md?

(6.17)

where the factor of 2 is again because events are only visible from the hemisphere of impact, and the
timescale is texp = max(tyyp,300s), to account for ULTRASAT’s cadence. We then calculate the AB
magnitude of the events in the ULTRASAT band 220-280 nm, assuming a blackbody spectrum of
temperature T'. For the events we consider, star noise is subdominant, and the limiting magnitude
for detection at SNR > 5 given a total exposure time 900s is 22.3. We scale this sensitivity to a time
texp and use it to determine dpax, which we cap at 1kpc.

For a search in 47 Tuc, the event rate is
Tior =~ / Cdr (4mr?)n,T. (6.18)
0

Because of mass segregation, we take the stars in the core to be Sun-like, M, = Mg and R. = Rg.
Since the distance to 47 Tuc is d = 4 kpc, we integrate out to rna.x = 2.5 pc, accounting for the field
of view of the WFC3 instrument of HST. We calculate the AB magnitude of the events in the same
way as for ULTRASAT, using the F225W filter, which is most sensitive to wavelengths 210-260 nm.
We infer a sensitivity threshold over a timescale tex, = max(typ, 300s) using the measured sensitivity,
at SNR = 5, to sources of magnitude 26.3 in an exposure time 5400s [666].

Note that because the signal energy varies over orders of magnitude over the parameter space, the
region probed is relatively insensitive to order one factors. For instance, taking a higher threshold,
such as SNR > 10, or removing the factors of 2 discussed above, would not qualitatively change

Fig. 2 of the main body.
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Figure 6.4: Analogues of Fig. 1 of the main body for other star types. The differences in signal
energy at the lowest dark asteroid density are due to the differences in escape velocity at the surface.
Shock dissipation is less severe for brown dwarfs, because dark asteroids are stopped more quickly.
It is much more severe for red giants, because even low density dark asteroids can penetrate to a

substantial depth.
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Figure 6.5: Our modeled stellar and DM density profiles for 47 Tuc. We also show the field of view
of HST, which encompasses the entire stellar core, but only part of the DM core.



Chapter 7

Invisible Vector Meson Decays

This chapter is based on Probing Invisible Vector Meson Decays with the NA6 and LDMX FExperi-
ments, by P.Schuster, N. Toro, K. Zhou, Phys. Rev. D 105, 035036 (2022).

Abstract

Electron beam fixed target experiments such as NA64 and LDMX use missing energy-momentum
to detect the production of dark matter and other long-lived states. The most studied production
mechanism is dark Bremsstrahlung through a vector mediator. In this chapter, we explore a
complementary source of missing energy-momentum signals: Bremsstrahlung photons can convert
to hard vector mesons in exclusive photoproduction processes, which then decay to dark matter
or other invisible particles, such as neutrinos. We find that existing NA64 data can improve the
leading constraints on invisible light vector meson decays, while a future run of LDMX could improve
them by up to 5 orders of magnitude. For the examples of a dark photon and a U(1)p gauge
boson mediator, accounting for meson decays substantially enhances these experiments’ sensitivity,

especially to thermal relic dark matter of mass m, 2 0.1 GeV.
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Br(V,M — inv) Br(V,M —vp) Br(V,.M — v+ Xiny) Br(V,M —yvd)
oY - 2.4 x 10713 [3] - unknown
w <7 x107° [685] 2.8 x 10712 [3] - unknown
o) < 1.7 x 1074 [685] 1.7 x 10711 [3] - unknown
J(1S) | <7x1074[687] 2.7 x 107 [690] < 1.7 x 1076 [691] 7% 10711 [692]
T1S) | <3x1071[688] 1.0x 1075 [690]  <4.5x1079[693] 2.5 10~9 [681]
w0 < 4.4 x 1079 [689) see caption < 1.9 x 1077 [74] 2 x 10718 [694]
n < 1.0 x 1074 [686] see caption <5x 1074 [695] ~ 2 x 10715 [694]
n' <6 x 107* [686] see caption <2 x 1075 [695] ~ 2 x 10714 [694]

Table 7.1: Summary table for invisible and radiative decays of flavorless vector mesons V' and
pseudoscalar mesons M. Most experimental bounds are as in Ref. [2], except for invisible 7° decay
and radiative n and 1’ decay. The experimental bounds on invisible decays tag decays of a heavier
meson and search for missing mass corresponding to the given meson, while those for radiative decays
search for missing mass from an invisibly decaying X. In the Standard Model, these processes occur
through decays to neutrinos. Note that for the pseudoscalar mesons, decays to two neutrinos are
proportional to m2 because of helicity suppression. Thus, decays to four neutrinos may dominate,
but they are also extremely rare [3], being suppressed by (Grm3,)*.

7.1 Introduction

Light dark matter (DM) in the sub-GeV mass range has received a surge of interest over the last decade,
triggered by its potential to explain several direct and indirect detection anomalies [667, 668, 669],
and more generally by its viability as a WIMP-like thermal relic in simple dark sector models. Such
models generically predict meson decays with missing energy, and several works explored flavor
violating decays of B mesons, D mesons, and kaons [670, 671, 672], and invisible and radiative decays
of light flavorless mesons [673, 670] and heavy quarkonia [674, 675, 676, 677]. More recently, invisible
and radiative decays of light flavorless mesons [678, 679] and heavy quarkonia [680, 681, 682, 683, 684]
into DM have been reconsidered from an effective field theory perspective.

Motivated by these predictions and others, flavor factories have set limits on invisible meson decay,
as we show in Table 7.1. Invisible decays of the light mesons w, ¢, i, and i’ have been searched for
at BES [685, 686], and the leading constraints on the invisible decay of heavy quarkonia J/¢ and T
have been set at BaBar [687, 688]. Recently, NA62 [689] has set a stringent limit on invisible decays
of ¥ mesons.

In this chapter, we describe a new method for detecting invisible meson decay. Existing searches
tag the invisibly decaying meson by producing it through the decay of a heavier meson. By contrast,
missing energy /momentum experiments such as NA64 [696, 697] and LDMX [698, 699] are sensitive
to any process in which a beam electron transfers most of its energy to invisible particles, leading
to a missing energy signal with no accompanying penetrating particles. The exclusive production

and invisible decay of an energetic meson contributes to this inclusive missing energy signal. As a
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result, such experiments may be used to simultaneously set limits on the invisible branching ratios
of all kinematically accessible mesons, potentially strengthening existing constraints by orders of
magnitude. These electron beam experiments are conventionally interpreted as probes of the DM
coupling to electrons, but as we will see, their sensitivity to invisible meson decays also offers a
powerful probe of the DM or light mediator couplings to quarks.

We will consider dark sector models where the DM particle x interacts with a vector mediator A’
which in turn interacts weakly with quarks, focusing on the well-motivated examples of a kinetically
mixed dark photon [700, 701] and a U(1)g gauge boson [702, 703, 704, 705]. (For reviews of
dark sectors and dark photons, see Refs. [706, 707, 708, 709].) Such models can be probed by
the invisible decays of flavorless vector mesons. This signature is particularly promising because
photons impinging on nuclei can efficiently convert into these mesons, through exclusive forward
photoproduction reactions that transfer little energy to the recoiling nucleus or nucleon. Our work
thus complements Ref. [710], which focuses on invisible decays of light pseudoscalar mesons.

A simple estimate demonstrates the potential of our approach. At NA64 or LDMX, the sequence
of events that leads to a missing energy/momentum signal from invisible vector meson decay is
shown in Fig. 7.1. The expected yield of the vector meson V' through exclusive photoproduction
is Ny = NeforempPv, where N, is the number of electrons on target, firem is the fraction that
produce a hard Bremsstrahlung photon, and py is the probability the photon undergoes an exclusive
photoproduction process.

Most photons initiate an electromagnetic shower through a photon-conversion process, with cross
section oy N_ete-N = Tmn/9Xo, where my is the mass of the nucleus and X is the radiation
length. The photoproduction cross section is oy v N = leCAUX , where U(‘)/ is the cross section for

exclusive photoproduction on a single nucleon, and fY _ is an order-one correction factor. Thus,

Vx,fV X v \4
py ~ 900 Ofnuc —10"5 0 99 nuc (71)
7T omy 12.86 g/cm? 1 pb 1.0

where we have normalized to the radiation length for copper. Typically oy is on the order of 1 ub,
so that given the LDMX Phase II design parameters N, = 10'® and firem = 0.03, we expect meson
yields on the order of 10 to 10'°. This leads to the strong projected bounds on invisible vector
meson decay shown in Fig. 7.2. As we will see, at high m 4,, the corresponding sensitivity to dark
sector models exceeds that due to A’ Bremsstrahlung, largely because the latter is parametrically
suppressed by (me/mas)?.

The rest of the chapter is structured as follows. In section 7.2, we describe in greater detail how
invisible meson decay can give rise to missing energy/momentum signals at NA64 and LDMX. In
section 7.3, we estimate the exclusive photoproduction yields of the relevant vector mesons, reserving
details for the appendix. We calculate the invisible branching ratios in the dark photon and U(1)p

models in section 7.4, and show the resulting projected constraints in section 7.5. We conclude by
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Figure 7.1: Schematic depiction of the DM signal at LDMX from A’ Bremsstrahlung (top) and
invisible vector meson decay (bottom). In the former, DM is produced through an on- or off-shell
A’ in the target. In the latter, a hard photon is produced in the target, and converts to a vector
meson V in an exclusive photoproduction process in the calorimeter. The vector meson then decays
invisibly to DM via mixing with the A’.

discussing potential future directions, such as experimental studies and applications to neutrino

physics, in section 7.6.

7.2 Missing Energy/Momentum Experiments

Fixed target experiments have emerged as a powerful probe of light dark sectors [711, 712, 713]. In
this chapter, we focus on the missing energy approach [714], exemplified by NA64, and the missing
momentum approach [715], exemplified by the proposed LDMX experiment. In both cases, individual
electrons from a low-intensity electron beam are tagged and directed at a target. Dark matter
production through A’ Bremsstrahlung, shown at the top of Fig. 7.1, leads to an observed final
state consisting solely of a much lower-energy (and transversely deflected) recoil electron, with the
rest of the energy carried by the produced DM particles, which pass through the detector without
interacting. These events are identifiable with order-one efficiency by measuring the electron’s energy
loss with downstream tracking and/or calorimeters, together with the absence of other detected
particles that could have carried the energy away. Missing energy/momentum experiments must
measure the detector response to one electron at a time, which limits their event yield. Nonetheless,
they can match or exceed the sensitivity of much higher-luminosity beam dump experiments to
weakly coupled light DM, as beam dumps are only sensitive to the small fraction of DM production
events where the DM rescatters in a downstream detector.

In the missing energy approach, the target is the front of the electromagnetic calorimeter itself.
By contrast, in the missing momentum approach, DM production occurs in a thin target separated

from the electromagnetic calorimeter, allowing the electron to be subsequently deflected and tracked
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Figure 7.2: Bounds on invisible meson decay, summarizing information from Tables 7.1 and 7.3. We
show the best current bound, our projected 90% C.L. exclusions for four experimental benchmarks
(assuming zero background events), and the invisible branching ratio within the SM due to decays to
neutrinos.

downstream of the target. This enables a higher degree of background rejection, as well as in situ
background measurements that would lend credence to any claimed discovery.

In both experimental approaches, electrons often produce hard Bremsstrahlung photons in the
target which carry away the majority of their energy, and such events must be rejected extremely
reliably. A key potential source of background is the case where the hard photon initiates a
hadronic shower through an exclusive photoproduction process, such as yp — 7tn or YN —
NKgKj. Reliably rejecting these photonuclear reactions is an important design driver for the
downstream electromagnetic and hadronic calorimeters, which has been studied in detail for LDMX
in Refs. [698, 699].

The main point of this chapter is that the exclusive photoproduction of vector mesons, YN — VN,
can also be an important source of real missing energy/momentum signals. These vector mesons
carry almost all of the original photon’s energy, and decay well before directly interacting with any
other nuclei in the calorimeters. If they decay to invisible final states such as DM, as shown at the
bottom of Fig. 7.1, then the entire process leaves no trace of the original photon besides the recoil
energy of the nucleus or nucleon. Therefore, it is crucial to understand the efficiency with which
these recoils survive vetoes used by NA64 and LDMX to reject Standard Model backgrounds. While
this is ultimately an experimental question, we will argue below that these survival probabilities

should be of order one.
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As discussed in the following section, meson production proceeds through both coherent and
incoherent processes. Coherent production involves scattering off an entire nucleus, and is peaked
at very low momentum transfer ¢ < 1/rp,.. Even for a light target nucleus such as silicon, this
corresponds to recoil kinetic energies below 100 keV. Such energy depositions are unobservably
small, especially given the likelihood that the nucleus would never even reach active material of the
calorimeter. Thus, coherent meson photoproduction produces an unambiguous missing energy signal.
It accounts for most of the light meson yield at NA64, and about half of the meson yield at LDMX.
However, it is form factor suppressed for heavy mesons, such as ¢ mesons at LDMX and J/¢’s at
NA64.

In these cases, incoherent production dominates; it leads to recoils off individual nucleons, with
characteristic momentum transfer ~ 500 MeV. Therefore, the nucleons receive a typical kinetic
energy ~ 100 MeV, and recoil at wide angles of 50° to 70° from the beamline. These energies are
near the sensitivity limits of the detectors.

For example, a proton with 50 MeV kinetic energy at these angles would stop within one tungsten
absorber layer of the LDMX ECal, and thus could be completely undetectable. By contrast, a
200 MeV proton could travel through 5 to 10 layers and leave a short track, similar to those LDMX
has proposed to use to reject short-lived charged kaon backgrounds [699]. These higher-energy
proton recoils may also be vetoed by NA64’s selections on the lateral and longitudinal shape of the
electromagnetic shower [714]. When the scattered nucleon is a neutron, it would miss the NA64
HCal completely due to the wide production angle and so is presumably undetectable, but the veto
efficiency of the LDMX side HCal for wide-angle, low-energy neutrons is marginal (e.g. see Fig. 50 of
Ref. [698]).

Properly determining the signal efficiency for incoherent meson production is thus an experimen-
tal question that requires detailed simulation and, preferably, in situ performance measurements.
Nucleons with recoil energies below 50 MeV are virtually assured to appear as missing energy, while
those with recoil energies up to 200 MeV would survive vetoes with an order one probability. For
this chapter, we therefore take a kinetic energy cutoff of 100 MeV for both protons and neutrons at
NA64 and LDMX. However, as discussed below, our results are generally not qualitatively sensitive
to the choice of cutoff.

We note that at LDMX, the pr distribution of missing-energy events from meson photoproduction
and invisible decay matches that of ordinary Bremsstrahlung, not the higher-pr spectrum expected
from A’ Bremsstrahlung. Therefore, electron p7 does not offer any additional discriminating power
between the meson-induced signal and Bremsstrahlung-initiated background. This does not impact our
sensitivity analysis, which is based on LDMX projections that assume sub-single-event backgrounds
before any additional electron pr requirements. However, it does limit the toolkit available for
distinguishing a meson-induced signal from mismodeled backgrounds.

We will numerically estimate meson yields for four experimental benchmarks, described in
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Table 7.3. First, we consider both existing NA64 data using a 100 GeV beam, and the results of
a future run with roughly 20 times more electrons [87] at similar energies. At NA64, an event is
potentially identified as signal if more than half of the energy is missing. On the basis of the thick
target Bremsstrahlung results of Ref. [716], we estimate that a fraction fuyem /2 0.5 of the electrons
result in a hard photon carrying at least this much energy, and since the Bremsstrahlung spectrum is
roughly flat, we take a typical photon energy of 75 GeV. For LDMX, we consider the two nominal
stages of running described in Ref. [698], assuming a thin, 10% radiation length tungsten target.
For the 4 GeV “Phase I” benchmark, the trigger requires the electron to lose more than 2.8 GeV of
its energy, which occurs via Bremsstrahlung to a fraction fyrem = 0.03 of the electrons, resulting in
photons with typical energy 3.5 GeV. For the 8 GeV “Phase II” benchmark, we double these energy

numbers.

7.3 Vector Meson Photoproduction

Our next task is to refine our estimate of the exclusive photoproduction yield Ny . Proton beam
dumps face a similar problem, as in their case, pseudoscalar meson decay is an important source
of DM. Typically, the reach of a proton beam dump experiment is estimated using Monte Carlo
simulations (e.g. see Refs. [717, 718, 719]), which are tuned to match data at the ~ 25% level.
However, this approach is unnecessary for our purposes. Particle transport Monte Carlo programs
such as Geant4 [720] excel at modeling the complex secondary interactions that occur for typical
photons. This level of modeling is not required for our study, where photons only undergo a single,
exclusive photoproduction process, and the vector mesons produced in these reactions decay well
before interacting with any matter in the downstream detector.

In fact, a simulation-based approach is also inadequate, as neither Geant’s hadronic models nor
particle physics Monte Carlos such as Pythia [721] include careful modeling of exclusive photopro-
duction processes. Pythia’s parton-based modeling is designed for the deep-inelastic regime, while
our reactions of interest are in the diffractive regime. Meanwhile, Geant4 [722] does not include
short-lived resonances in its hadronic models, but rather treats reactions such as vp — pp as a
component of, e.g., vp — w7~ p. More specialized programs such as GiBUU [723] do propagate the
light vector mesons through nuclei, but no semiclassical procedure can adequately describe coherent
photoproduction, which often accounts for most of the meson yield. For heavy nuclei and high
photon energies, neglecting coherent photoproduction underestimates the yield by up to an order of
magnitude.

Therefore, we will focus on estimating the yield transparently from a combination of theory and
experimental measurements. Of course, to study more experimentally subtle questions, such as the
probability of vetoing a recoiling nucleon from incoherent photoproduction, the models discussed below

would need to be embedded into a Monte Carlo program with appropriate systematic uncertainties.



CHAPTER 7. INVISIBLE VECTOR MESON DECAYS 176

10°
w photoproduction on Cu - = =
= = =
- o ol
3 = S
| __ B, =75GeV X X
102 - T~ & &~ ~
— ~~__Coherent
[} ~,
| SO
=
©
S
g 10] 4
=<
~
=
=
~
<
~— Incoherent
0 J
10 E, =175 GeV
10-?
1073 10°

Figure 7.3: Differential cross sections for coherent (dashed) and incoherent (solid) w photoproduction.
We also show contours of nucleon recoil energy for the incoherent process.

To begin, we refine Eq. (7.1) to account for the fact that the calorimeters are comprised of layers

containing different nuclei. Weighting by the photon survival probability yields

py = /O ~ exp (— /O zmczx’> ”(‘2:3 £ (@) da. (7.2)

For both NA64 and LDMX, this integral is largely determined by the composition of the front of the
electromagnetic calorimeters. At NA64, most of the mesons are photoproduced in the lead absorber
layers, with most of the remainder from carbon in the plastic scintillator [697]. For LDMX, about
half of the mesons are photoproduced from carbon, silicon, and oxygen in the preshower, while most
of the rest are photoproduced in the tungsten absorber layers [724]. Note that in general, py is
higher for materials with lighter nuclei, because the radiation length scales as Xo ~ A/Z?2, due to
coherent scattering off the Z protons.

The per-nucleon exclusive photoproduction cross section o has been thoroughly measured for
all relevant mesons in the entire energy range of interest. We extract the light vector meson cross
sections in Table 7.3 from the theoretical fit of Ref. [725]. For the ¢ meson, Pomeron exchange is the
dominant contribution, explaining the characteristic slow rise in cross section with energy. For the
p and w mesons, exchanges of light mesons such as the f»(1270) and 7% dominate for low energies,
while Pomeron exchange takes over at high energies, explaining why the cross section remains fairly
high at NA64 energies.
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Figure 7.4: Contributions to meson yield from incoherent (solid) and coherent (dashed) processes,
as a function of the nucleon number A, for typical photon energies at LDMX and NA64. We show
results for w (left) and ¢ (right) photoproduction; results for p are similar to those for w. Coherent
production is suppressed for the ¢ meson at low photon energies, due to its higher mass.
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Figure 7.5: Measure of total meson yield for the w and ¢ for three benchmark nuclei, as a function of
the photon energy E..

| N E. By forem |of(ub) of (ub) o (ub)| N, N Ny

NA64 (cur.) [2.8 x 10 100 GeV 75 GeV 0.5 9 0.8 0.7 | 7x10° 5x10° 5x10°
NA64 (ult.) | 5 x 102 100 GeV 75 GeV 0.5 9 0.8 0.7 [12x10® 9x10° §x10°
LDMX I 4x10" 4GeV 35GeV 003 | 23 5 0.4 [1.1x10° 1.9x10® 1.1 x 107
LDMX II 106 8 GeV 7 CeV  0.03 16 1.9 0.5 |3x10"° 3x10° 5x10®

Table 7.2: Total electrons on target NN, electron energy E., and estimated fraction firem of electrons
that yield hard Bremsstrahlung photons (with typical energy E,), for our four benchmarks, as
discussed in section 7.2. We also show the per-nucleon exclusive light vector meson photoproduction
cross sections and the estimated total meson yields, calculated as described in section 7.3. The
estimated number N/, of J/1) mesons produced at NA64, not shown in the table, is 6 x 102 (current)
and 1.1 x 10° (ultimate).
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Naively, the cross section for nuclei is simply the incoherent sum Aoy, but the computation of
the correction factor fy,. is nontrivial. To proceed, we must note that mesons can be exclusively
photoproduced through two distinct processes. In the coherent process, the nucleus remains in its
ground state and recoils as a whole, leaving it with negligible kinetic energy; it is peaked at very low
momentum transfer, with a scale set by the radius of the nucleus. In the incoherent process, the
meson recoils off an individual nucleon, and the characteristic momentum transfers are somewhat
higher, being set by Pomeron physics. These qualitative features are shown in Fig. 7.3.

We separate the contributions of these processes by defining finc.con = Oinc,con/A00, Where
foue = fine + feon. Naively, the cross section for the incoherent process scales as A, but it is
suppressed by absorptive final state interactions. In the limit of a very large, opaque nucleus, the
effective number of nucleons participating is determined by the geometric cross section of the nucleus,
Ao ~ 12, ~ A?/3, leading to the rough scaling fine ~ A~Y/3. Tt is further suppressed by nuclear
shadowing, a destructive interference effect most important at high photon energies.

In the coherent process, the photoproduction amplitude is coherently summed over the nucleons,

leading to a forward differential cross section doon/dt|g=o that naively scales as AZ?. The coherent

2
nuc

peak extends up to t ~ 1/r2, . ~ A~2/3 implying a rough scaling feon, ~ A'/2, though it is also
suppressed for heavy nuclei by absorptive final state interactions. In contrast to the incoherent process,
the coherent cross section increases at higher photon energies, because a lower longitudinal momentum
transfer ¢ ~ m$, /E., is required to produce the meson, leading to constructive interference across
the entire nucleus. These qualitative features are shown in Fig. 7.4.

The coherent and incoherent cross sections on nuclei can be measured separately, since coherent
production is peaked at very low momentum transfer. For the light vector mesons, the coherent cross
sections have been thoroughly measured decades ago, for a wide variety of nuclei and photon energies,
and a standard Glauber optical model fits the data; we estimate that the theoretical uncertainty is
at most 25%. The subleading incoherent cross section is less well-measured, and the data is more
ambiguous; here we estimate an uncertainty of up to 50%. Further details on the theoretical modeling
and experimental measurements may be found in the appendix, but for the purposes of estimating
the reach, the conclusion is simply that fi,. is close to one for most energies and nuclei we consider,
as shown in Fig. 7.5. We compute the entries in Table 7.3 by additionally requiring that the nucleon
recoil energy be less than 100 MeV for the incoherent process, which decreases the incoherent yield
by up to 50%. However, as shown in the appendix, our results are not strongly dependent on the
precise choice of cutoff; it is usually the uncertainty on the coherent and incoherent cross sections
that dominates.

We may also consider heavier vector mesons, and the most promising example is J/¢ photopro-
duction at NA64. Following HERA data [726], we estimate a per-nucleon elastic photoproduction
cross section of O'OJ /Y = 15 nb at NAG4 energies. Photoproduction of J/¢ on nuclear targets may

also be described by optical models, which have been recently refined within the leading twist
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fv.x (MeV) P w ¢

uyHu 157 136 8

dytd —148 142 8
syHs 0 —10 233
Tt 154 46 75

Jh 2.8 89 83

Table 7.3: Form factors describing the coupling of a light vector meson V' to a current X.

approximation to treat ultraperipheral ion collisions at the LHC (e.g. see Ref. [727]). Fortunately, it
is much more straightforward to treat the lower center-of-mass energies at NA64, W, ~ 10 GeV. In
this case, the high longitudinal momentum transfer strongly suppresses coherent photoproduction
and nuclear shadowing in incoherent photoproduction. Furthermore, final state interactions are
relatively unimportant because the J/v-nucleon cross section is several times smaller than for the
light vector mesons [728]. We may thus estimate feon ~ 0, finc & 1, with accuracy comparable to our
other yield estimates.

NAG64 can also produce T mesons, but the cross sections at its energies are orders of magnitude
smaller than for J/v, making it uncompetitive with the current BaBar constraint. Meanwhile, at
LDMX energies, T production and incoherent J/1 production are kinematically forbidden. Coherent
J /v production is kinematically allowed, but our optical models are not necessarily trustworthy in
this very high momentum transfer regime; in any case, they predict a very strong suppression. We
thus consider only J/v production at NA64, yielding the final column of Table 7.3.

7.4 Invisible Branching Ratios

Given the meson yields shown in Table 7.3, LDMX and NA64 can place a 90% C.L. limit Br(V —
inv) < 2.3/Ny on the invisible branching ratio of each relevant meson, assuming zero background
events and neglecting theoretical uncertainty, yielding the results shown in Fig. 7.2. We expect that
current NA64 data could already set a strong limit on the invisible decays of the p meson, improve the
bounds for w and ¢ by about an order of magnitude, and improve the J/ bound by roughly a factor
of 2. Of course, actually setting such limits would require a more detailed analysis of theoretical
uncertainties and experimental efficiencies, since our projections consider only statistical uncertainty.

Future NA64 data will improve on all of these results by roughly a factor of 20. In particular,
the resulting limit on J/¢ invisible decay would be competitive with the projected limit Br(J/¢ —
inv) <3 x 107° from a future run of BES III [729]. LDMX could further improve on the light meson
results by orders of magnitude, highlighting the potential of missing energy /momentum experiments
as precision probes of meson physics.

To constrain specific dark sector models, we must compute the expected invisible branching ratio
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of each meson. For concreteness, we focus on dark sectors with pseudo-Dirac fermion DM, and a

vector mediator with interactions
LD eeA, Ty +gp A, XX (7.3)

where € is the kinetic mixing parameter, and J§ = ¢ CadV"q stands for the electromagnetic current
JEu (cq = Qq) or the baryon current J% (¢, = 1/3). For the U(1)p model, we also assume a loop-
suppressed kinetic mixing ee/(4m)? with the photon. This does not affect the meson decay signature,
but is relevant for computing the reach from A’ Bremsstrahlung and the thermal relic target below
the two-pion threshold. For the dark sector parameters, we take benchmarks ap = g%, /47 = 0.5 and
mar/my = 3.

To compute the invisible branching ratios for light vector mesons, we first find the relevant form
factors, defined by (0].J% |V (¢€)) = imy fy,xe*. From the results of Appendix C of Ref. [730], which
accounts for ¢-w and p-w mixing, we infer the first three rows of Table 7.3, giving the couplings fv 4
to light quark currents gy*q. Note that f, , vanishes because we are ignoring the small effect of p-¢
mixing, but this does not qualitatively affect the results. Next, we straightforwardly infer the bottom
two rows of Table 7.3. Here, f,, gm is suppressed due to a partial cancellation between the v and d
components, while f, g is strongly suppressed, because it is only nonzero due to mixing effects.

The amplitude for an on-shell vector meson V' to decay to xy through a virtual A’ is
" —qtq” /m3,

= (gpee)(@(p)yo(p)(my fv.xeu) (7.4)
2,

M:

where ¢" is the meson’s momentum. Squaring and summing over final spins and averaging over

initial meson polarizations ¢” gives the decay rate

ap(ee)2 2« (m3, 4 2m2),/m3, — 4m2 75)

vy =
xx 3 (m?%, —mi)? +T%,m?,

in the frame of the meson. The resonant peak is cut off by the width I" 4, of the A’ due to decay to

DM, where for our dark sector model,

FA/ ap
o=y L A mly (L 2m] ). (7.6)

for on-shell A’. (These results can equivalently be derived by considering mixing with the A’ in the
vector meson dominance framework, e.g. see Ref. [83].) The expected number of missing energy
events via production of V' is then Ny T'v_,,5/T'v.

However, in the above derivation, we have implicitly applied the narrow width approximation for
the vector meson V' by taking it to be on-shell. A more accurate expression is obtained by averaging

Eq. (7.5) over the spectral density of photoproduced V'’s, or equivalently, by treating both V' and A’
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as intermediate states in the full YN — xxN process. In particular, when I' ,» < I'y but the two
resonances overlap, |ma —my| < Ty, it is more accurate to apply the narrow width approximation to
the A’. Assuming a Breit—Wigner lineshape for both resonances, the resulting correction is equivalent
to multiplying Eq. (7.5) by I'v /T4 and replacing I' 4+ with I'y in the denominator. We apply this
correction when showing results for the p meson, which is about twice as wide as the A’ for nearby
masses, resulting in a flattening and broadening of the resonant peaks.

When the masses are widely separated, |ma, —my | > T4/, 'y, the situation is more subtle. Here,
the spectral density has two distinct contributions. The contribution at ¢ ~ m? corresponds to
the standard result from on-shell V’s, while the additional contribution at ¢ ~ mi, corresponds to
production of far off-shell vector mesons that mix with a nearly on-shell A’. The contribution of this
second peak can be comparable or even greater, especially when ap < 1. It cannot be interpreted in
terms of an invisible branching ratio of the p, but it does enhance the signal rate. However, properly
evaluating this contribution would require a more detailed treatment of the momentum-dependence of
the photon-p Pomeron vertex, the final-state phase space, and the spectral shape of the p. Therefore,
we conservatively neglect it in this initial study.

Finally, for the J/v(1S), we compute the invisible decay width by comparing it to the decay
width to ete™, as in Ref. [731]. Because the quarks carry spin 1, the quark spinor bilinear @y v is
purely spatial, which implies that the longitudinal term in the A’ propagator does not contribute to
the amplitude. As a result, the two decay widths are identical up to constants and kinematic factors,

giving

Br(J/ = xX) _ ap (cce>2 my (mi, +2m3), /mi, — 4m3 (7.7)
Br(J/y — ete) e \ Q. (mi, - m‘2/)2 + Fi,mi‘, '
where we used m, < my = mj/y. In the limit my, mas < my, the final factor reduces to unity,

leaving the expected ratio of couplings.

7.5 Projected Reach

For a specific dark sector model, the expected number of signal events is Ngjg = >, NyBr(V — inv),
and if no signal and background events are seen, a 90% C.L. limit may be set on the model by
imposing Ngje < 2.3. In Fig. 7.6, we show the current and projected constraints on the dark photon
model from individual mesons. As indicated in the left panel, current constraints on the invisible
decays of J/1 and the light vector mesons are not competitive with the leading experimental bounds.
However, as shown in the right panel, missing energy experiments can improve the latter constraints
by up to 5 orders of magnitude, in the case of LDMX Phase II. When combined with the projected
improved measurements of J/¢ and T invisible decays, we find that meson decays alone can probe a
substantial portion of the thermal freeze-out “target” region of couplings for m, 2 0.1 GeV.

In Fig. 7.7, we show the same results for a U(1)p gauge boson mediator. In this case, most
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Figure 7.6: Constraints on the dark photon model with fermionic DM. At left, we show existing
constraints from current bounds on invisible vector meson decays, as well as those from the beam
dumps LSND [68, 69], E137 [70, 71], MiniBooNE [72], and COHERENT [73], radiative pion decay at
NA62 [74], the missing energy experiment NA64 [75, 76], production in eTe™ collisions at BaBar [77],
and precision measurements of the Z° mass at LEP [78]. At right, we show the strongest projected
90% C.L. exclusions from invisible decays of each meson alone. For the light vector mesons and J/,
these constraints will come from LDMX and NA64, respectively, assuming zero background events.
For the T, we take the projected limit Br(T — inv) < 1.3 x 107° from Belle II [79].
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Figure 7.7: Same as Fig. 7.6, but in the U(1) g model. In this case, the leading existing constraints
are from CCM [80, 81] (rescaled to mas/m, = 3 using Ref. [82]), NA62 [74] (recast for a U(1)p
gauge boson using Ref. [83]), MiniBooNE [72] (rescaled to ap = 0.5), and rare processes K — X
and Z — vX, which have 1/m?%, enhanced rates due to the U(1) 5 anomaly [84, 85]. These latter
constraints are shaded more lightly at right, since they may be removed by coupling to a nonanomalous
current such as B — 3L,. Thermal relic curves assume a loop-suppressed kinetic mixing with the
photon, and are computed as in Ref. [86].
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Figure 7.8: Projected 90% C.L. exclusions for the four experimental benchmarks described in
Table 7.3, assuming zero background events, in the dark photon (left) and U(1)p (right) models,
both with fermionic DM. For comparison, we also show projections for Belle II [79], and for A’
Bremsstrahlung at LDMX Phase II [86] and a future run of NAG64 [87]. For projections from proton
beam experiments, see Ref. [88].
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constraints on dark photons do not apply, because they depend on the dark photon’s coupling to
electrons. Instead the strongest constraints for most masses come from precision measurements of
rare processes, which are enhanced due to the U(1)p anomaly, though invisible T decay remains the
strongest constraint at high masses. Despite these strong existing bounds, the projected future reach
from meson decay probes new parameter space for m, 2 0.1 GeV, and covers almost the entirety of
the thermal freeze-out region. The sensitivity to invisible p meson decay is suppressed by a small
form factor, as noted above, but this is compensated by increased sensitivity to invisible w decays.

Referring to Table 7.1, invisible decays to neutrinos in the Standard Model remain a negligible
background for the light vector mesons, even at LDMX Phase II. However, they imply that any
future meson decay experiment will only be able to probe 2 to 3 orders of magnitude beyond LDMX
Phase II, before running into a “neutrino floor” that slows further progress. For the J/4, this floor
is a few orders of magnitude beyond the NA64 (ultimate) projections, while Belle IT will nearly reach
the T floor. Conversely, by searching for invisible meson decays, LDMX and NA64 will also be
sensitive to neutrino-quark interactions from physics beyond the Standard Model. As we discuss in
section 7.6.3, they could provide the leading bounds on several effective operators that are otherwise
difficult to probe with upcoming neutrino experiments.

In Fig. 7.8, we show the constraints on dark sectors for our four experimental benchmarks. The
main qualitative feature is that in all cases, meson decay improves the reach of these experiments for
mas 2 0.5 GeV. In this regime, the reach due to A’ Bremsstrahlung is weak, due to the (me/mas)?
suppression of the Bremsstrahlung cross section, and the fact that the higher momentum transfer
begins to resolve heavy nuclei. In the case of NA64, meson decay does not currently probe new
parameter space. However, it will allow future runs of NA64 to probe the thermal freeze-out region at
masses around the resonances m 4/ = my, up to an order of magnitude higher in mass than through
A’ Bremsstrahlung alone. Meson decay also extends the reach of LDMX upward in mass, by roughly
a factor of 2. We note that the reach from Belle II is highly complementary: when combined with
LDMX, the thermal freeze-out region from MeV to GeV masses will be well explored.

For the U(1)s model, meson decay dramatically improves the reach of both NA64 and LDMX,
since the A’ Bremsstrahlung channel is penalized by the loop-suppressed coupling to electrons.
Typically, these experiments are viewed as probing mediator couplings to electrons, while proton
beam experiments probe couplings to quarks. The meson decay signature discussed here shows that
electron beam experiments can have competitive sensitivity to quark couplings.

The constraints we show fall sharply at threshold, 2m, = my-, but in fact, heavier dark matter
can be produced in these experiments through the decays of heavier mesons, such as the resonances
w(1420) and p(1450) of the light vector mesons. The main obstacle to predicting this sensitivity is
the lack of data on photoproduction cross sections for these resonances. We expect the sensitivity to
be lower, due to the larger width of the resonances, but potentially still high enough to probe new

parameter space. Similarly, for the .J/v, one can consider production of excited charmonium states



CHAPTER 7. INVISIBLE VECTOR MESON DECAYS 187

such as ¢(29).

It is also interesting to consider how the reach due to meson decay depends on the dark sector
parameters €, ap, m,, and my.. First, both the thermal annihilation cross section and the invisible
meson decay rate are proportional to e2ap, which implies that for a fixed mass ratio R = ma// My,
both of these curves are roughly independent of ap on a y vs. m, plot. Therefore, invisible meson
decay maintains its relative sensitivity to the thermal freeze-out region for lower ap, though the
reach due to A’ Bremsstrahlung improves. (However, as mentioned in Section 7.4, the invisible decay
rate might actually be enhanced at lower ap because of the contribution of off-shell vector mesons
mixing with on-shell A’.)

The effect of changing the mass ratio R is shown in Fig. 7.9. For low m 4/, increasing R rapidly
improves the reach in y of both A’ Bremsstrahlung and meson decay, because y o« 1/R*, while
in this regime the A’ Bremsstrahlung rate is proportional to 1/R?, and the invisible meson decay
rate is independent of R. Increasing R allows invisible meson decay to probe very high mediator
masses, m4 > my, even though the mixing with the vector meson is lowered. In this regime A’
Bremsstrahlung would be strongly suppressed because of the high momentum transfer required to
produce the A’, but invisible meson decay is not, as the momentum transfer is set by my rather
than m 4.

Because invisible meson decay proceeds through off-shell mediators, it also occurs in the “forbidden”
regime R < 2, where an on-shell A’ cannot decay to DM. In this case, there may be complementary
constraints from visible A’ decay, and there is still a predictive thermal target for sufficiently high
my and ap [86]. However, the potential to reach these targets through the meson decay signature

is weaker because of the scaling with R mentioned in the previous paragraph.

7.6 Future Directions

7.6.1 Additional Meson Decays

We have focused on the invisible decay of vector mesons as a probe of dark sectors with vector
mediators, but there are numerous potential extensions. First, missing energy experiments will also
set leading, but weaker limits on the invisible decay of pseudoscalar mesons. NA62 has set a strong
bound on invisible 7% decay, which seems difficult to improve upon, but the bounds on invisible n
and i’ decay are quite weak. Since these mesons have a different spin from the photon, they cannot
be photoproduced by Pomeron exchange. Instead, their exclusive photoproduction is described by
Reggeon exchange, leading to cross sections that rapidly fall with energy [732, 733]. This suppresses
the yield of these mesons at NA64, though both NA64 and LDMX should still be able to significantly
improve bounds for  and 7’.

In a similar vein, it could be interesting to investigate the invisible decay of scalar mesons
(JPC = 071), such as the f5(980) and a¢(980), as these provide complementary information to the
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Figure 7.9: Projected 90% C.L. exclusions from invisible vector meson decay at LDMX Phase II
in the dark photon model, for several choices of the mass ratio R = mas/m,. Thermal targets are
shown for R = 3, and are roughly independent of the mass ratio except when R — 2 is small.

invisible decay of vector mesons. However, there is currently little data on the photoproduction of
these mesons, with the first measurements only made comparatively recently [734, 735].

The invisible decay of neutral kaons has never been measured, and both NA64 and LDMX should
be able to set strong bounds, without requiring a kaon beam. We note, however, that there are
several complications that suppress the potential sensitivity. First, as for  and 7/, the exclusive
photoproduction cross sections for K¢ and K, fall rapidly with energy. Due to conservation of
strangeness, kaon photoproduction converts a nucleon to a hyperon. This implies a minimum energy
deposition in the calorimeters of about 200 MeV when the hyperon decays; determining the associated
veto efficiency requires further detector study. Finally, the K, is sufficiently long-lived that there is
a substantial penalty from demanding that it decay before interacting with the calorimeters.

Mesons can also undergo radiative decays, into a photon plus missing energy. For both LDMX and
NAG64, the signal efficiency for such a process is penalized because the photon must carry sufficiently
little energy. This is relatively unimportant at NA64, where the photon may carry a substantial
fraction of the meson’s energy, but at LDMX we require the photon to be soft enough to completely
avoid detection in the calorimeters, which requires it to be emitted nearly backwards in the meson’s
frame. It may be possible to partially circumvent this penalty by allowing a small amount of energy
to be detected in the calorimeters, but this could introduce other backgrounds, which would require

a more detailed study to evaluate.
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mediator coupling Voxx V-=oaa9xx M-—=>xx M= yxx
scalar gq v
pseudoscalar Gv°q v v
vector gv*q v v
axial vector gy*v%q v v

Table 7.4: Quark couplings to mediators that can cause invisible and radiative decays of vector
mesons V (JF¢ = 177) and pseudoscalar mesons M (JF¢ =0~1).

In particular, missing energy experiments could improve bounds on radiative n and n’ decay by
orders of magnitude, extending existing constraints associated with radiative 7% decay to higher A’
mass. Constraints on this process could also be set using existing data at BES [736] and KLOE [737],

)

and much stronger future constraints could come from “n-factory” experiments [738], such as the

upcoming JEF [739] and proposed REDTOP [740].

7.6.2 Additional Dark Sectors

We have focused on dark sectors with vector mediators because they are probed by invisible vector
meson decay, but as indicated in Table 7.4, the other meson decays discussed in the previous section
can probe other types of mediators. Here we consider each possibility in turn.

First, we note that vector mediators can also be probed through radiative pseudoscalar meson
decays. For the reasons given in the previous subsection, we expect that the associated constraints
will be weaker, for the models considered in this chapter, than those from invisible vector meson
decays. On the other hand, when m 4, < m;, the A’ can be produced on-shell in the decay M — A’~,
giving an radiative decay rate independent of ap. It could therefore be a leading constraint in models
with ap < 1, such as U(1) g models with ap ~ ap.

Scalar mediators can be probed by radiative vector meson decays. In the minimal case of a
Higgs-mixed scalar, the mediator couples to quarks proportionally to their mass, and thus our
signatures are not competitive with collider and B meson constraints [741], which already exclude
most of the thermal relic target. On the other hand, it may be possible to probe new parameter
space in models where the scalar preferentially couples to light quarks [742, 743, 744].

Axial vector mediators can lead to invisible pseudoscalar and radiative vector meson decay, and
in minimal models, they couple universally to up-type and down-type quarks [745]. However, axial
vectors are very strongly constrained through the FCNC processes K — A’ and B — K A’, which
occur with 1/m?, enhanced rates due to the vector’s coupling to a nonconserved current [85]. This
will be the strongest constraint at low m 4/, but our meson decays may be competitive for A’ masses
above the K — wA’ threshold. A similar story applies for pseudoscalar mediators [746], as they
behave like the longitudinal components of light axial vectors.

Our results could also be generalized by changing the type of DM considered. We have focused on
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pseudo-Dirac DM because it is a simple option consistent with all cosmological constraints. It is also
a conservative choice, since its thermal freeze-out region is the most difficult to probe. However, we
do not expect any of our results to qualitatively depend on this choice. The coupling of the mediator
to quarks crucially determines which meson decays are allowed because the initial meson states have
definite P and C. But since the DM is generally produced at least semi-relativistically, it does not
necessarily exit in the s-wave, which implies that the particular coupling of the mediator to DM is
not as important. Therefore, we expect similar results to apply for scalar and Majorana DM, except
that the falloff of the sensitivity near threshold, my =~ 2m,, may differ. For this reason, we have not
shown constraints from DM direct detection, which depend sensitively on the type of DM.

Finally, new physics that explicitly violates flavor could give rise to invisible or radiative neutral
kaon decays [747, 748], but this must compete with stringent existing flavor constraints, such as
from KT decays. For instance, in a sterile neutrino model, these constraints imply Br(Kj — vv) <
10710 [749], which could possibly be probed by dedicated searches, but is likely out of reach of the
strategy described in this chapter. On a related note, one can consider models where the dark sector
particles carry baryon number, which can then lead to baryon decays with missing energy [750], such
as the invisible decay of neutral hyperons [751]. At NA64, this can appear as a missing energy signal
if the hyperon is produced by, e.g. yp — KA at large momentum transfer, so that it carries most of
the photon’s energy. However, the dark sector particle masses must fall within a narrow window so
that the analogous nucleon decays are kinematically forbidden, to avoid much stronger constraints
on proton and neutron decays, and there are again potentially strong but model-dependent flavor

constraints.

7.6.3 Neutrino Constraints

Independent of dark matter, the signatures discussed here can be used to test any model that enhances
meson decays with neutrinos in the final state. For example, a new gauge boson that couples to
both quarks and neutrinos can mediate invisible vector meson decay or radiative pseudoscalar meson
decay. Assuming the quarks and neutrinos have comparable charges, the latter process is likely
more sensitive since it is suppressed by only ¢2, where ¢ is the gauge coupling, while the former is
suppressed by g*.

Many of the strongest constraints on new light gauge bosons, such as electron beam dump
experiments, rely on the coupling to electrons. Thus, light gauge bosons that couple to a combination
of B, L, and L, [752, 753, 754, 755] are subject to fewer constraints. As a concrete example, a
light B — 3L, gauge boson would be nonanomalous, assuming the introduction of a right-handed
neutrino, and predominantly decay invisibly to 7 neutrinos. The leading direct constraints on such a
particle are largely from measurements of radiative pseudoscalar decays [756], which, as mentioned
in section 7.6.1, could be significantly improved upon by missing energy experiments.

However, there are also much stronger indirect constraints on such gauge bosons, due to constraints
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on neutrino non-standard interactions from measurements of neutrino oscillations [757, 758]. Therefore
it may be more interesting to take a more model-independent, effective field theory point of view. As
shown in Ref. [759], a number of four-fermion operators involving strange quarks or tau neutrinos are
unconstrained by measurements of neutrino oscillations or the CEvNS process. For these operators,
the best existing constraints come from the relatively weak bounds on invisible vector meson decay,
and the potential 5 order of magnitude improvement of these bounds at LDMX would resolve this
blind spot.

7.6.4 Experimental Prospects

The potential of the invisible meson decay signal immediately suggests several avenues of further
study, to refine our rough estimates. As a first step, Monte Carlo simulations could be used to
compute the flux and spectrum of Bremsstrahlung photons, account for the detailed composition of
the front of the calorimeters where photoproduction dominantly occurs, and to better understand
the detector (non-)response at NA64 and LDMX to the recoil energy left behind. The optical models
used for the meson yields, which we estimate have uncertainties ranging from 25% to 50%, could
be substantially improved by dedicated photoproduction measurements on nuclei at the relevant
energies. Ideally, however, one would additionally perform in situ measurements to assess the meson
yield and experimental efficiency, such as by “removing” tracks from meson production and decay in
real events. At LDMX, it may also be possible to measure mesons produced in the target itself.
Meson production could also be considered as an explicit factor in the LDMX experimental design.
For example, because of the A/Z? scaling of the photoproduction probability py, the meson yield
could be significantly enhanced using a preshower primarily composed of light elements. However,
this would also increase photonuclear backgrounds, presenting a tradeoff against the reach from A’
Bremsstrahlung. In addition, since mesons can also be photoproduced in the target itself, the meson
yield could be enhanced by, e.g. replacing the tungsten target with a thicker titanium target.
Further study of vector meson production and decay is highly motivated for a number of
experiments. At electron beam dumps such as E137 or the proposed ILC beam dump [760], the
exclusive photoproduction processes described here account for only a small fraction of the mesons
produced. However, these mesons are highly energetic, leading to forward boosted dark matter
that is more likely to hit a distant detector; it would thus be interesting to consider whether this
effect could extend the beam dumps’ reach. At NA64, there is already an opportunity to claim
leading constraints on the invisible decays of p, w, ¢, and J/v, if the experimental and theoretical
uncertainties can be accurately quantified. Finally, at future runs of NA64 and at LDMX, exploring

this signature is essential to assessing the ultimate sensitivity to dark matter.
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7.7 Appendix: Optical Model for Meson Photoproduction

As discussed in section 7.3, exclusive photoproduction includes both a coherent process, where the
nucleus remains in the ground state and recoils as a whole, and an incoherent process, representing
the effect of photoproduction off individual nucleons. Both of these processes are well described
by a Glauber optical model. Such models have a long history; we will follow the notation of the
most comprehensive review [761], but its results do not differ significantly from the first theoretical
expressions written over fifty years ago, e.g. see Ref. [762]. First, the coherent differential cross

section for photoproduction of a vector meson V is

do.  dog 2

dt — dt

(7.8)

o0
/dzb dz ' PFaI2)n(p 2) exp (—02‘/(1 - iav)/ dz' n(b, z'))

0=0

where (dog/dt)|g=o is the forward differential cross section for photoproduction of V off a single
nucleon, n(b, z) is the nucleon number density, qr and g are the transverse and longitudinal
momentum transfer, oy is the scattering cross section of V' on nucleons, and ay is the ratio of
the real to the imaginary part of the V-nucleon scattering amplitude. The first exponential factor
represents the difference in phases due to photoproduction at different points in the nucleus, while
the final factor accounts for absorption as the meson leaves the nucleus.

These absorptive final state interactions have a significant effect, as shown in Fig. 7.10. Of course, in
reality, final state interactions actually produce other particles, and Monte Carlo simulations indicate
that a substantial fraction of the inclusive meson yield arises from “sidefeeding”, i.e. production in
these secondary reactions [723]. However, for missing energy experiments we require a hard vector
meson to carry the vast majority of the photon energy, so we are primarily interested in exclusive
meson production; it is thus reasonable to treat the final state interactions as purely absorptive.

The coherent cross section is dominated at very low momentum transfer, |t| < mf,, and in this
regime t —(qﬁ + q%.), where ¢ = m{, /2E, is the minimum momentum transfer. In the high energy
limit gj7uue < 1, the coherent peak extends to gr ~ 1/rnyuc, leading to the narrow coherent peaks
shown in Fig. 7.11. For heavy nuclei at few-GeV energies, we have ¢y, 2 1, which leads to the
suppressed coherent cross sections shown in Fig. 7.4.

It is interesting to compare these results to the cross section for A’ Bremsstrahlung, which
can be estimated in the Weizsécker—Williams approximation (e.g. see Ref. [711]). The integral in
Eq. (7.8) effectively defines a form factor qualitatively similar to the elastic nuclear form factor in A’
Bremsstrahlung, with both falling off for ¢ > 1/r2 .. However, A’ Bremsstrahlung is a 2 — 3 process
with an intermediate virtual photon, leading to a differential cross section additionally weighted
by (t — tmin)/t? which softens the dependence on 7,,.. This is responsible for the Z? scaling of A’
Bremsstrahlung at low m ./, in contrast to the rough A%/3 scaling for coherent photoproduction.

Because tpin ~ (m%,/2E,)? for A’ Bremsstrahlung, the falloff in A’ Bremsstrahlung for high

my is similar to the falloff in coherent photoproduction for high my . However, the absorptive
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term in Eq. (7.8) implies that not all nucleons in a heavy nucleus effectively contribute to coherent
photoproduction. This effectively lowers the nuclear radius by an order-one factor, which is the
reason the meson decay signature reaches somewhat higher in m 4, than A’ Bremsstrahlung before
being significantly form factor suppressed. For example, at LDMX Phase II, the finite beam energy
suppresses coherent ¢ photoproduction by a factor of ~ 4, but it suppresses A’ Bremsstrahlung at
ma = Mg by over two orders of magnitude.

Next, the incoherent differential cross section is

do; - doy 2 /OO / /
il /d bdzn(b,z)exp( oy j dz' n(b,2")

z

— 00

z 2

X (7.9)

"

dz/// n(b, z//l))

Here, the first factor accounts for absorption, while the final factor is a “shadowing” correction
accounting for destructive interference between photoproduction at z, and photoproduction at z”
followed by scattering at z. (This equation has a misprint in Ref. [761], which we have corrected.)
Both of these effects are comparably important for heavy nuclei, as shown in Fig. 7.10. Because
shadowing is a coherent effect, it becomes more important at high energies, leading to the decrease
of fine with increasing energy shown in Fig. 7.4. Measurements of the angular distribution dog/dt

—BItl and following the most recent measurements, we take

are well-described by exponentials e
B = 6.4 GeV ™2 for p [763], B = 5.4 GeV ™2 for w [764], and B = 3.0 GeV 2 for ¢ [765, 766]. For
the J/1, we take B = 4.7 GeV ™2 as measured by HERA [726]. These quantities determine the
differential cross section at high momentum transfer, shown in Fig. 7.11.

As discussed in section 7.2, we demand a nucleon recoil energy 7, < 100 MeV for incoherent
photoproduction, but the precise veto efficiency is somewhat uncertain. However, because the LDMX
and NA64 calorimeters are dominantly comprised of heavy nuclei, where coherent photoproduction
generally dominates, the choice of cutoff does not qualitatively affect our results. Varying the cutoff
by a factor of 2 affects the light meson yields at NA64 by less than 5%, while at LDMX it affects the
p and w yields at the 10% level. Coherent photoproduction is suppressed for ¢ at LDMX and J/4 at
NAG64, where the choice of cutoff leads to a uncertainty of up to 50%.

For the parameters oy and ay, we adopt the values of Model I of Ref. [761], which were
motivated by quark model estimates and chosen to adequately describe coherent photoproduction
data. The results do not depend strongly on the nuclear density model, but we use a Woods—Saxon

distribution [767],
1

where ¢ = 1.12 A3 fm and a = 0.545fm. We fix the total single nucleon photoproduction cross
sections oy to data, as described in section 7.3.

Because coherent production is so sharply forward peaked, the coherent and incoherent channels
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may be measured separately by placing restrictions on t. As reviewed in Ref. [761], coherent p
and w photoproduction have been thoroughly measured for a variety of nuclei and photon energies,
and are well-described by optical models to within an uncertainty of at most 25%. Coherent ¢
photoproduction is less well-measured; the data can still be fit, but with a larger uncertainty in g
and 04.

There is much less data available for incoherent photoproduction, particularly at high photon
energies, and the data that exists is more ambiguous. At the time of writing of Ref. [761], the data
for incoherent p photoproduction was sufficient to confirm the existence of a shadowing effect, but
not enough to investigate it in detail. We have chosen to implement the simplest version of it, but
theoretically reasonable modifications of Eq. (7.9) could change the cross section by as much as 50%,
while still fitting the data comparably well.

More recently, a number of experiments have measured incoherent photoproduction on nuclei,
motivated by anomalous results for ¢ mesons at SPring-8 [768] (for a recent review, see Ref. [769]). The
measurements indicate a steep falloff of fi,. with increasing A for low photon energies, corresponding
to an absorption cross section o, dramatically above the quark model expectation. Several theoretical
works have proposed explanations based on “in-medium” modifications of the ¢ meson width, while
Ref. [770] considers the alternative of w to ¢ transitions. Currently, these puzzling results do not
seem to have a canonical explanation, and different experiments are not fully in agreement; thus,
we regard our estimate of ¢ production at LDMX Phase I to be uncertain within a factor of 2.
Fortunately, these in-medium effects should become less important at the higher energies of LDMX

Phase II and NA64, where incoherent photoproduction is in any case subdominant.
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Figure 7.10: Hlustration of the effects of parts of Egs. (7.8) and (7.9), with full results in purple.
Shadowing and absorptive final state interactions play comparable roles in reducing the incoherent

cross section. Without final state interactions, the coherent cross section would be much larger, with
f coh ™ Al/g-
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Figure 7.11: Illustration of the integrated differential cross section for meson production, for several
different mesons (left) and nuclei (right), at LDMX Phase II energies. Coherent production is sharply
peaked at low t, especially for heavier nuclei. Incoherent production extends significantly higher in ¢,
and we show vertical contours of the associated nucleon recoil energy.



Chapter 8

Continuous Spin Fields

This chapter is based on Interactions of Particles with “Continuous Spin” Fields, by P.Schuster, N.
Toro, K. Zhou, JHEP 04, 010 (2023)

Abstract

Powerful general arguments allow only a few families of long-range interactions, exemplified by gauge
field theories of electromagnetism and gravity. However, all of these arguments presuppose that
massless fields have zero spin scale (Casimir invariant) and hence exactly boost invariant helicity.
This misses the most general behavior compatible with Lorentz symmetry. We present a Lagrangian
formalism describing interactions of matter particles with bosonic “continuous spin” fields with
arbitrary spin scale p. Remarkably, physical observables are well approximated by familiar theories
at frequencies larger than p, with calculable deviations at low frequencies and long distances. For
example, we predict specific p-dependent modifications to the Lorentz force law and the Larmor
formula, which lay the foundation for experimental tests of the photon’s spin scale. We also reproduce
known soft radiation emission amplitudes for nonzero p. The particles’ effective matter currents are
not fully localized to their worldlines when p # 0, which motivates investigation of manifestly local
completions of our theory. Our results also motivate the development of continuous spin analogues
of gravity and non-Abelian gauge theories. Given the correspondence with familiar gauge theory in
the small p limit, we conjecture that continuous spin particles may in fact mediate known long-range

forces, with testable consequences.

197
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8.1 Motivation and Overview

Relativity and quantum mechanics imply that long-range forces are mediated by massless particles,
which were first classified by Wigner [771]. Powerful restrictions on their interactions have been
derived from the covariance of amplitudes for soft radiation emission [772, 773, 774], as well as
the consistency of coupling to perturbative general relativity [775] and gauge theories, e.g. see
Refs. [776, 777, 778]. These results underlie the common belief that familiar gauge theories and
general relativity encompass the full range of possibilities for long-distance physics in nature.

However, these arguments ignored the most general type of massless particle in Wigner’s classi-
fication, a “continuous spin” particle (CSP) with nonzero spin Casimir W? = —p?, where we call
p the spin scale. The bosonic CSP has an infinite tower of integer helicity states. Just as with
ordinary massive particles, the helicity states are mixed under Lorentz transformations by an amount
controlled by the spin scale. As p — 0 one smoothly recovers the familiar massless states with
Lorentz invariant helicity.

Recent results suggest that this limiting behavior applies well beyond kinematics. In Refs. [779,
780], the arguments of Ref. [772] were first extended to bosonic CSPs, yielding well-behaved soft
factors. Furthermore, Lorentz covariance and unitarity imply the soft factors are scalar-like, vector-
like, or tensor-like. In each case, for p < w the soft factors reduce to those for minimally coupled
massless scalars, photons, and gravitons respectively, with the other helicities decoupling. This
“helicity correspondence” raises the intriguing possibility that the massless particles in our universe
may in fact be CSPs, with deviations from familiar theories in the deep infrared.

More recently, Ref. [781] constructed the first gauge field theory for a bosonic CSP, which reduces
as p — 0 to a sum of free actions for each integer helicity, e.g. a Maxwell action for h = +1 and a
Fierz—Pauli action for h = £2. (For reviews and discussion, see Refs. [782, 783, 784, 785].) This
continuous spin field action was quickly generalized to lower dimensions [786] and the fermionic [787]
and supersymmetric [788, 789] cases, illustrating the robustness of its approach of encoding spin as
orientation in an auxiliary “vector superspace.” Other formalisms, including constrained metric-
like, frame-like, and BRST [790, 791] formulations, have also been used to construct actions for
fermionic [792, 793] and supersymmetric [794, 795, 796, 797] continuous spin fields, as well as those in
higher-dimensional [798, 799, 800] and (A)dS [801, 802, 803, 804, 805, 806] spaces. Relations between
these formulations and the vector superspace formulation are discussed in Refs. [782, 799, 788].

The key outstanding physical question is to understand how continuous spin fields couple to matter.
Interactions of continuous spin fields with matter fields were studied in Refs. [807, 808, 809, 810],
but they were gauge invariant only to leading order, like the Berends—Burgers—van Dam currents
for higher spin fields [811]. Furthermore, the currents that could reduce to minimal couplings as
p — 0 do not exist for matter fields of equal mass. All of the other currents are nonminimal: they
correspond to higher-dimension operators such as charge radii, with vanishing soft factors. While

they are a valuable first step, they are less interesting phenomenologically as they do not capture the



CHAPTER 8. CONTINUOUS SPIN FIELDS 199

1.0
—_— h =41
— h=0,42
&
(]
—
oS
>
N B W
=
~
Q,
0.0 ; .
1071 100 10!

puo/w

Figure 8.1: Power radiated by an nonrelativistic oscillating charged particle, normalized to the
ordinary Larmor result, for a photon with spin scale p. We show power emitted into the ordinary
helicities h = £1, the “nearest neighbor” helicities h = 0,42, and the total in all integer helicities.

leading, inverse-square forces we observe.
In this chapter, we aim to resolve both of these problems, putting the study of matter interactions
on a firm footing. We depart from previous work by coupling the continuous spin field to a spinless

matter particle with worldline z#(7), via the action

S = —m/dT + %/d‘lx [d*n] (5’(772 +1)(0,P)* + % 5(n* + 1)(A\If)2>
+/d4x ('] & (n? + 1)\If(n,x)/d7'j(77,m (1), 5(7)). (8.1)

The first line contains the free gauge field action of Ref. [781], which is integrated over a bosonic
superspace (z,n'), and depends on p via the operator A = 9, - 9, + p. The final term couples the
field to a current sourced by the matter particle. The interaction is exactly gauge invariant when
j satisfies the local continuity condition Aj = 0 up to total 7-derivatives. We classify all solutions
to this equation as scalar-like, vector-like, or non-minimal, where the first two families reduce to
minimal scalar or vector couplings as p — 0.

For each choice of j, we can use the action (8.1) to compute various observables. “Integrating
out” the field ¥ by solving its equations of motion yields an effective action for the matter particles,
which contains static and velocity-dependent potentials. Evaluating the action for a given W yields
the force on a matter particle in a background field, while evaluating it for a given z#(7) yields the
field produced by a moving particle. Remarkably, we find that observables involving only null modes
of the field, such as radiation emission and forces in a radiation background, are universal. That is,
for all scalar-like or vector-like currents the results depend only on p, and not on the details of the

current.
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Universality allows us to predict specific deviations from familiar results in electromagnetism.
For example, if the photon is a CSP, the force per charge on a particle with any vector-like current

in an h = £1 plane wave background with angular frequency w is

F 2
g:(E+vXB)—IW((EoVL)VLnLEviM)+... (8.2)
where v, =v — (v- l;)l; is the particle’s velocity transverse to the direction of propagation k. The
force can be written exactly in terms of Bessel functions, and is well-behaved for arbitrary p/w. As
another example, if such a particle performs nonrelativistic sinusoidal motion with characteristic

velocity vg and frequency w, the total power it emits into radiation modes is

2,.,2,.2 9 2,,2
p=2Y""% <1 p“°+...> (8.3)

127 80 w?

where the leading term matches the standard Larmor formula, and the first correction includes
radiation emitted into helicities h = 0,+2 and a reduction of radiation emitted into h = +1. As
shown in Fig. 8.1, we can compute the power for arbitrary pvy/w, and it always remains finite, even
in the limit pvy > w where radiation is produced with many helicities.

The force between two particles is not universal, depending on the details of the current, but
still obeys helicity correspondence. For example, we will show that some simple vector-like currents
predict no deviations from Coulomb’s law, while others predict corrections at long distances. The
underlying reason that many equally “minimal” currents exist is that these currents are not fully
localized to the particle’s worldline. We expect this feature can be removed in a more fundamental
description involving additional “intermediate” fields. Exploring such descriptions is a key next step,
and might in turn identify certain preferred currents. However, with our present theory we can
already recover manifestly causal particle dynamics assuming appropriate boundary conditions for j.

Another key next step would be the formulation of continuous spin fields with non-Abelian
symmetry, which are necessary to consistently describe tensor-like currents, or to embed a CSP
photon within the Standard Model. Such developments would be exciting because of the possible
relevance of continuous spin to outstanding problems in fundamental physics. In particular, the
enhanced gauge symmetry of a continuous spin field could shed light on the cosmological constant and
hierarchy problems, while the presence of weakly coupled “partner” polarizations and modifications
to long-range force laws may have bearing on dark matter and cosmic acceleration. Currently these
applications are only speculative, but the results derived here already make it possible to probe the
spin scale of the photon experimentally.

Remarkably, observable consequences of nonzero p have never been considered before this work,
besides the pioneering attempt of Ref. [812] to identify neutrinos with fermionic CSPs. The underlying
reason is that continuous spin physics has been shrouded in confusion since its inception. It is often

assumed that the infinite number of polarization states would render physical observables divergent,
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but the helicity correspondence implies that almost all of these states decouple. Thus, real experiments
will measure finite values for, e.g. Casimir forces and the heat capacity of the vacuum. All helicities
are emitted in Hawking radiation, but the total power remains finite because of the falling greybody
factors for high helicity modes. Finally, as we have already stated above, forces remain finite despite
being mediated by an infinite number of helicity states, and radiation emission is finite even in the
p — oo limit where all helicities are produced.

Confusion has also stemmed from field-theoretic “no-go” results. Several authors showed in the
1970s that it was impossible to construct Lorentz invariant, local theories of gauge invariant fields that
created and annihilated CSPs [813, 814, 815, 816, 817]. However, under such restrictive assumptions
it would also be impossible to construct electromagnetism, which requires a gauge potential, or
general relativity, which in addition has no local gauge invariant operators. There are also plentiful
no-go theorems concerning interactions of “higher spin” fields with |h| > 2 [818]. These theorems
indeed imply we cannot write currents which reduce to minimal couplings of higher spin fields in
the p — 0 limit, but they do not pose any obstruction to the existence of scalar-like or vector-like
currents.

The chapter is organized as follows. In section 8.2, we review the kinematics of CSPs and the
action for the bosonic continuous spin field. In section 8.3, we couple this field to a current sourced
by a matter particle and identify families of scalar-like and vector-like currents. In section 8.4 we
investigate the localization of simple currents in spacetime, and show how appropriate choices of
current yield manifestly causal dynamics. In section 8.5, we compute static and velocity-dependent
forces between a pair of matter particles, as well as the force on a matter particle in a radiation
background, which is universal. In section 8.6, we find the universal radiation emitted from an
accelerating particle in arbitrary motion, and use the special case of an abruptly kicked particle to
recover the soft factors found in Refs. [779, 780]. Finally, in section 8.7 we discuss future directions
and speculative applications. Detailed derivations are collected in appendices, which are referenced
throughout the text.

Conventions

We work in natural units, » = ¢ = ¢ = 1. We denote the Minkowski metric by g,,, and use a
(+ — ——) metric signature. Fourier transforms obey f(k) = [d*ze™*® f(x), so that a spacetime
derivative O* = 0¥ becomes —ik"*. Vector superspace coordinates are naturally defined with raised
indices, so that n* = (%, n), and similarly we write k* = (w,k) and x* = (¢,r). Vector superspace
derivatives are always written as 9}y, with the n explicit.

When manipulating tensors, symmetrizations and antisymmetrizations of n indices are defined
without factors of 1/n!, complete contractions of symmetric tensors are denoted by a dot, and a
prime denotes a contraction with the metric, i.e. a trace. For example, for a totally symmetric rank

3 tensor S*?, we have S(Wr) = 6SHr . G = SHPS,p, and S™ = g,,S"P. Two primes denotes
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a double trace, i.e. a contraction with two copies of the metric.

For a null four-vector k#, we will often introduce a basis of null complex frame vectors (k*, g, €'/ , €" ),
where €' = e_, and the only nonzero inner products are e, -e_ = —2 and ¢-k = 1. (This normalization
differs from Refs. [779, 780] but matches Ref. [781].) This implies

1
Guv = (k“q,, + ‘I,uku) - §(€+,u6—7u + 6—,;L5+,u)~ (8.4)

0123

We define the Levi—Civita symbol to obey e = 1, and fix the handedness of the basis by demanding

eHrPT = k[“q”e’jrei]/%. As a concrete example, if £* = (w,0,0,w), we can choose

¢ = (1/2w,0,0,—1/2w), € = (0,1, +i,0). (8.5)

8.2 The Free Theory

In this section, we set up the theory of a free bosonic continuous spin field. We begin in subsection 8.2.1
by reviewing the continuous spin states that such a field must create and annihilate. In subsection 8.2.2
we write down the action and immediately specialize to p = 0, where familiar gauge theories are
recovered as special cases. Finally, in subsection 8.2.3 we consider nonzero p and discuss the resulting

qualitative changes.

8.2.1 Continuous Spin States in Context

In a relativistic quantum theory, states transform under translations P* and rotations and boosts
JH¥ which generate the connected Poincare group. The state space of an elementary particle is an
irreducible unitary representation of this group. For any such particle, we can always diagonalize
translations to yield states obeying P*|k, o) = k*|k, o), where k* is the particle’s four-momentum
and o denotes its internal “polarization” state. The nontrivial physical content of each representation
is given by the action of “little group” transformations [771], which keep the four-momentum constant
but may change the internal state. In general, the little group is generated by the elements of
the Pauli-Lubanski vector W# = %e/“’p"JVpPU, which has three independent components because
k-W |k,o) = 0. Representations are classified by the values of the Casimir invariants P? = m? and
W2 = —p?, where m is the mass and we call p the spin scale.

For massive particles, with P? > 0, we can boost the particle’s momentum to k* = (m,0,0,0).
In this case, the nonzero components of the Pauli-Lubanski vector are the rotation generators
W = mJ. The little group is therefore the rotation group SO(3), whose projective representations are
characterized by an integer or half-integer spin S > 0, corresponding to spin scale p = m\/m .
These are the usual massive spin-s particles, often encountered in the quantum mechanics of atoms

and nuclei.



CHAPTER 8. CONTINUOUS SPIN FIELDS 203

This familiar setting allows us to give the spin scale an intuitive physical meaning. Label the
states of a moving particle as |k, h) where the helicity h = —s, ..., s is the projection of the spin in the
particle’s direction of motion, J -k. Then an infinitesimal Lorentz boost by v, in a transverse direction
mixes these states into each other, U(v ) |k,h) =", can|k’, h') where the mixing coefficients for
h # h' scale as positive powers of pv, /kY. In other words, the spin scale characterizes the mixing of
helicity states under Lorentz transformations.

We can carry these lessons to the case of massless particles, P? = 0, where the little group

generators for a general momentum k¥ are
RZ(]-VV, Tizei-W (8.6)

and g and e are the frame vectors defined in the conventions. These operators obey the commutation
relations [R,Ty] = £T4, with T_;r_ = T_, which is the algebra of ISO(2) = E(2), the isometry group
of a plane. (See Ref. [779] for further discussion.) Concretely, if k* = (w,0,0,w) and we choose the
other frame vectors as in (8.5), then R =J - k is a rotation about the axis of the three-momentum
and T4 are combinations of transverse boosts and rotations. By diagonalizing the helicity operator
R, we can work with states obeying R |k, h) = h|k, k), just as in the massive case.

Since the helicity operator is not inherently Lorentz invariant, we expect T+ to mix helicity states

by an amount controlled by the spin scale. Indeed, the commutation relations yield
Ty |k, h) = p|k,h £ 1). (8.7)

This equation implies that the ladder of helicity states does not end! That is, a single massless
particle generically has infinitely many polarizations, which is tied to the non-compactness of the little
group F(2). To avoid this situation, textbook treatments specialize to p = 0, sometimes implicitly,
recovering the familiar irreducible representations which have only a single internal state |k, h) with
Lorentz invariant helicity.

By contrast, the “continuous spin” representations are characterized by a nonzero spin scale p,
which can take on a continuum of real values. Their historical name often leads to the misconception
that we are allowing the helicity to take on continuous values, but A must always be integer or
half-integer to yield a projective representation of the Poincare group. A bosonic continuous spin
representation contains states of all integer h, a fermionic continuous spin representation contains
all half-integer h, and supersymmetry unifies the two into one multiplet [788]. One can Fourier
transform the helicity basis to reach the “angle” basis |k, 0) = Y, €'’ |k, h), where the little group
transformations take a simpler form [779]. Although the angle basis provides a geometric picture
for the little group action, we will work primarily in the helicity basis, as it offers the most natural
description of physical reactions.

For completeness, we note that the continuous spin representations can also be constructed by
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starting with a massive particle representation, and taking the simultaneous limits m — 0 and

S — oo with m.S fixed [819]. However, that description will not be useful here.

From States to Fields

In the nonrelativistic limit, it is straightforward to describe the interactions of atoms and nuclei with
arbitrarily high spin. However, while these particles evidently have no trouble interacting in our
Lorentz invariant universe, we have a more difficult time describing such processes using the standard
tool of relativistic quantum field theory.

The basic problem is that the building blocks of quantum field theory are local fields transforming in
representations of the Lorentz group, but these fields must create and annihilate particles transforming
in little group representations. Outside of the simplest cases, there will be a mismatch in the number
of degrees of freedom. For example, a massive spin 1 particle has 3 polarizations, but is usually
described by a vector field A*(x) with 4 components. To remove the extra degree of freedom, one
must use a Lagrangian whose equations of motion yield a single constraint, such as 9 - A = 0. More
generally, a bosonic spin s particle with 2s + 1 degrees of freedom can be described by a symmetric
rank s tensor field with (s + 3)(s+2)(s+ 1)/6 degrees of freedom, provided one chooses a special
Lagrangian which yields an intricate set of constraints. This approach was pioneered by Singh and
Hagen for arbitrary spin [820, 821], but to this day it remains challenging to use.

The situation is even more subtle for massless particles. The CPT theorem implies that the
helicities of massless particles always come in opposite-sign pairs, where h = +1 for the photon
and h = %2 for the graviton. To describe the two photon polarizations with a four-component
vector field one must use a Lagrangian with a built-in redundancy, or “gauge symmetry,” so that the
two unwanted degrees of freedom decouple or are non-dynamical. Describing the graviton with a
symmetric tensor field h,, (x) requires removing eight degrees of freedom, and hence a more complex
gauge symmetry. More generally, gauge field theories for free particles of any helicity were developed
by Fang and Fronsdal [822, 823], and involve high-rank symmetric tensors. As with the massive
case, manipulating these tensors at high ranks is cumbersome. In addition, the gauge symmetries
place increasingly severe constraints on the fields’ interactions at higher ranks, as we will discuss in

subsection 8.3.1.

8.2.2 Embedding Fields in Vector Superspace
Vector Superspace Actions

We now turn to the problem of constructing a free field which creates and annihilates a single
bosonic continuous spin particle, which has all integer helicities. Given the preceding discussion,
one can expect such a field theory must involve symmetric tensor fields of arbitrarily high rank,

and an accompanying set of gauge symmetries to account for extra degrees of freedom. However,
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manipulating all of these fields would be technically painful.

Relatively recently, Ref. [781] introduced the first action for a free bosonic continuous spin field,
which is the basis for the treatment of interactions in this chapter. (Predecessors to this result include
a covariant equation of motion [824] and an alternative action which propagated a continuum of
CSPs [825].) The key is to avoid the complications of high-rank tensors by introducing fields that
depend on an auxiliary four-vector coordinate n* in addition to the spacetime coordinate x*. Lorentz
transformations act on this “vector superspace” by z — Az and n — An, so that the Poincare
generators are

pPr=ior, J" =i(zlos +nlor)). (8.8)

A field ¥(n, z) analytic in 7 can be decomposed into component symmetric tensor fields of arbitrarily
high rank. For example, a direct Taylor expansion would give ¥(n,z) = 1) (z) + n“wﬁl)(x) +
77“77”1/)&2,,) (z) + ..., though we will shortly see that a slightly different expansion is more useful.

The action for the field is [781]

s(¥) = 5 [ dtaldt <5’(n2 F@T + 507+ 1)(A\If)2) (3.9)

where A = 0, - 0, + p. To explain the notation, the delta function and its derivative imply the
action only depends on ¥ and its first n-derivative on the unit hyperboloid n? + 1 = 0, and thus
remains unchanged under the gauge symmetry d¥ = (n? + 1)%x(n,z). The field ¥ is defined for
all n, but field values far off the unit hyperboloid are pure gauge, with no physical meaning. The
regulated integration measure [d*n] permits standard manipulations such as integration by parts.

The 7 integrals in this subsection can be evaluated using

d*n]6(n* + 1) F = —71824——1 o — ) F , .
/[ 7]] (77 1) (77) (1 ] 199271 ) (77) =0 (8 10)
l4 5 2 F 1 92 1 94 A F )

These generating functions are derived in appendix 8.8.1, and all other 7-space integration identities
needed in this chapter are derived in appendix 8.8.2. The deeper geometric motivation for the action
is discussed in appendix 8.8.3 and Ref. [781].

In the rest of this subsection, we will specialize to p = 0 and show how (8.9) contains the
action, equation of motion, and gauge symmetry for familiar massless particles of arbitrary integer
helicity. For instance, the derivatives on the right-hand sides of (8.10) and (8.11) will produce tensor
contractions between the component fields. The purpose of this exercise is to gradually build facility
with 7-space computations, and to demonstrate the power of the formalism, which can replace an

infinite set of tensor manipulations with a single integral.
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Decomposing the Action

We can write the action in terms of uncoupled component tensor fields by defining

= Pwym 6™ (@) (8.12)

n>0

= o(z) + V21 Au(2) + 200" — g" (0 + 1) hyu () + ... (8.13)

where the ¢(") are symmetric rank n tensors, and the Py are the polynomials

pPHabn 2"/2 M1, pHn

1
() sglmts ) (o 1)> : (8.14)

n—2)!

It is straightforward to see how the action reduces in simple cases. First, if only ¢(°) = ¢ is nonzero,

then only the first term of (8.9) is nonzero, giving

1 1
ste) = 5 [ dtelatn) o0 + 0@00 = 5 [ ' (0.0)° (815)
which is the action for a massless scalar field. If only ng = A, is nonzero, the terms are
L [1dtn) 8 (2 0,0 = Lo 4, 0040
5 [l d (" +1)(8:9)° = —5 9pA, (8.16)
1 4 1 2 1 AH 2
5 [l S50F + 1)@, 0,9)? = 3 (@,4%) (817)

which sum to the canonically normalized Maxwell action,
1 4 Qv
S[¥] = ~1 d*x F, F". (8.18)

If both ¢(©) and ¢() are nonzero, there is no cross-coupling between them because their product is
linear in 77, and only even powers of 1 contribute to the integrals.

Similarly, if only gi)m, = hy, is nonzero, one recovers the Fierz—Pauli action, which describes the
metric perturbation in linearized gravity. As explained in Ref. [781], one can recover a Fronsdal
action for each of the ¢(™, and furthermore there are no cross-couplings between fields of different
ranks. This can be efficiently derived using orthogonality theorems for the polynomials ;) shown

in appendix 8.9.1, though it need not be read to follow the main text.

Decomposing the Equation of Motion

By formally varying (8.9) with respect to ¥, we obtain the equation of motion

§'(n* +1) 020 — %A (6(n* +1)AT) = 0. (8.19)
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In general, we can integrate this against P, to extract the equation of motion for oM,
For example, if we trivially multiply by Py = 1 and integrate over 7, the second term in (8.19)

does not contribute because it is a total ) derivative. The first term yields

0= / [din) &' (n* 4+ 1) 0> T (8.20)
= [l 562 4 1) (264 VEPRA + 2t - g4 1) Bl ) (820
=0%¢ (8.22)

as expected. Above, the contribution of A, vanished since it is linear in 7, and the contribution of
hyu cancels after evaluating the integral. More generally, the decoupling of all other 6™ immediately
follows from the orthogonality theorems in appendix 8.9.1.

To give one more example, integrating the equation of motion against P(’i) =2n* gives

0= \/i/[d‘*n] §(? + 1) " 020 — %n" A(6(n* +1)AD) (8.23)
1

= x/i/[d‘*n] 8+ 1) 020 + 58;‘ (5(n* + 1) AD) (8.24)

= —9?A" 400 - A (8.25)

again as expected, where ¢ and h,, decouple by parity considerations, and again the #™ in general
decouple by orthogonality. Of course, with more work we recover the linearized Einstein equations at

rank 2, and the Fronsdal equations for general rank n.

Gauge Symmetry

The general gauge symmetry of the action (8.9) is
6V = De(n,z) = (1 0y — 3(n* + 1)A)e(n, ). (8.26)

where €(7, ) is an arbitrary function analytic in 7. The operator D satisfies two identities which will

be used frequently below,

A(De) = 02e — %(nQ + 1)A%, (8.27)
5 (i +1)De — %A(é(vf +1)6). (8.28)

These identities, together with integration by parts, can be used to show the infinitesimal gauge
variations of the two terms in the action cancel, as required.

Once again, the single expression (8.26) simultaneously packages the gauge symmetries of all of
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the component fields, as can be seen by expanding

e(n,z) =Y Puy(n)- (). (8.29)

n>0

For example, the contribution of €© is
Oe0) ¥ = 713, e (8.30)

which is, up to an overall constant, simply the familiar gauge transformation 6 A, = 9,¢ of electro-

magnetism. Similarly, the contribution of () is

1
bW = — (200" — g™ (® + 1)) (D,elV) 8.31
) ﬁ(nn 9" (" +1)) (9uey”) (8.31)
which is essentially the gauge transformation dh,, = 9,§,) of linearized gravity. The pattern

continues, with e(”=1) generating the gauge symmetry for ¢,

Gauge Fixing and Plane Wave Solutions

In electromagnetism, the Lorenz gauge 9, A* = 0 simplifies the free equation of motion to §2A4* = 0.
Similarly, in linearized gravity the Lorenz/harmonic gauge Bﬂﬁ’“’ = 0 simplifies the equation of
motion to O2h*Y = 0, where h*” = hyw — %h’gwj is the trace-reversed metric perturbation. Both of

these gauges are special cases of the “harmonic” gauge
S +1) AT =0 (8.32)

which simplifies the equation of motion (8.19) to §(n? + 1) 92W¥ = 0. Concretely, this implies that in
harmonic gauge 92¥ must be proportional to (n? + 1)2.

Such an ambiguity does not appear in electromagnetism and linearized gravity, but does in higher
spin theories, where it arises from the freedom in double traces. We can remove it by using some of

the residual gauge symmetry to go to “strong harmonic” gauge, where
020 = 0. (8.33)

While these gauge conditions will be crucial throughout the chapter, we defer further discussion to
the next subsection, where we show that these gauges can be achieved for arbitrary p.

The equations above are solved by the null plane waves ¥ = e~ ¥, k(n), where k* is a null
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four-momentum, A is an integer, and

in-ey)h h>0
V()| = G- es) B (8.34)
p=0 (—i?? . 6,)_}1 h <0

where €/} are null frame vectors associated with k#, defined in the conventions. As shown in
Ref. [781], the little group generators act as Ry, , = h)y, , which implies & is indeed the helicity,
and T4 ¢, = 0 up to pure gauge terms, which implies the helicity is Lorentz invariant. More
concretely, if we further specify to €} = 0, the modes given above are exactly those of radiation
gauge in electromagnetism for h = 41, and of transverse traceless gauge in linearized gravity for
h = £2. As we will show in the next subsection, (8.34) gives a complete basis of physical solutions.
This implies that the action (8.9) for p = 0 indeed contains, for each null momentum, exactly one

mode of each integer helicity.

8.2.3 Continuous Spin Fields

Generalizing the previous results to arbitrary spin scale is straightforward, as p only appears through
the operator A = 0, - d; + p. Remarkably, all of our n-space results, including the equation of
motion (8.19), gauge symmetry (8.26), identities (8.27) and (8.28), and (strong) harmonic gauge

condition (8.32) and (8.33) are unchanged. The null plane wave solutions are now

- h
(1) = €= (in-ep) h>0 (5.35)
(—in-e_ )" h<0

where ¢" is another null frame vector. The integer h still represents the helicity, but now we have
Ty Ynr = pY(nt1),r up to pure gauge terms, so that the parameter p indeed corresponds to the spin
scale. This was shown explicitly in Ref. [781], though that work used a different phase convention for
Ty, and the phase factor e ~*?"'¢ was sometimes reversed or dropped.
Again, the solutions (8.35) are a complete basis of physical solutions, in the sense that the general
mode expansion for a free bosonic continuous spin field is
3

k —ik-x
U(n,z) = /(27T)32|k| ; (an(k)ynk(n)e ™" +c.c.) oo + De (8.36)

which is everywhere analytic in 1. Here, De is a pure gauge term, and a;(k) is the amplitude of the
mode of helicity h and momentum k. These coefficients contain all of the gauge invariant information
in the field. By the orthonormality relation (8.268) for helicity modes, they can be extracted by

projection,

onlk) =20 [ 808 + Ui R) (8.37)
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To see that the pure gauge term does not contribute to the right-hand side, apply (8.28) and note
that the solutions (8.35) satisfy the harmonic gauge condition.
These are the key results we will need going forward; in the remainder of this subsection we prove

the assertions made above, and discuss further features of the action.

Tensor Mixing

An important qualitative difference for nonzero p is the ubiquitous mixing of tensor components. For
example, the action now contains mixing terms and apparent mass terms,

S[P] = S[T] (6 (0"A,) + A" (O, H — 0 hy) + ...

P
+7
p=0 V2

+p—2 ¢2—1A Aﬂ—¢h’+1(h’)2—1h hH 4 (8.38)
. 5 Au 5 3 .

which makes it hard to see that the physical solutions still represent massless particles. The mixing
terms vanish in harmonic gauge, but then the harmonic gauge condition itself mixes tensor ranks, as
do the solutions (8.35), which each contain tensors of arbitrarily high rank. Thus, while the tensor
expansion is a useful conceptual tool at p = 0, it is less intuitive at any nonzero p, and may be

misleading if not used with care.

Achieving (Strong) Harmonic Gauge

To think about gauge fixing, it is useful to separate the null and non-null modes of the field. For the
null modes, one has 9>¥ = 0 by definition, and the equation of motion implies the harmonic gauge
condition is automatically satisfied for all fields which are bounded at infinity. The (strong) harmonic
gauge conditions are only nontrivial statements about non-null modes, on which 92 is invertible.

To see that harmonic gauge can be reached for non-null modes, note that (8.27) implies
0(8(n? +1) A) = §(n® 4 1) 2. (8.39)

Since € is arbitrary and 92 is invertible on these modes, this freedom can be used to set §(n? +1) AW
to zero. The residual gauge freedom is in the form of ¢ with §%¢ = 0, which only affects null modes,
and e proportional to n% 4+ 1. We can use the latter freedom to reach strong harmonic gauge, since
for e = (n? + 1)B(n, x) we have

5.(02W) = —%(n2 +1)202 AB. (8.40)

Since Af is arbitrary and 9? is invertible, we can indeed set 92W to zero for non-null modes, which

completely eliminates them.
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Incidentally, gauge transformations of the form e = (n? + 1)3 correspond precisely to the gauge
symmetries §, ¥ = (n? 4+ 1)%y first noted below (8.9) for x = —Af3/2. The only subtlety of this
correspondence is that y gauge transformations which fall appropriately at infinity may correspond
to S which do not fall at infinity. For this reason, Ref. [781] and the higher spin literature often

introduce € and x gauge transformations as two separate families, despite their redundancy.

Completeness of Helicity Modes

Working in momentum space, the field ¥(n, k) in strong harmonic gauge is only nonzero for null
k. Fixing one such k* for consideration, there is a residual gauge transformation e(n, k), and the

operator (8.26) that generates gauge transformations is
. 1 4 .
D:—zk-n—i(n + 1)(—ik - 0y + p)). (8.41)

It is convenient to pull out phases, defining e = —2ie~"9¢ and ¥ = e~ "¢ U, which simplifies the

gauge transformation and the harmonic gauge condition to

SV = ((* +1)(k-0,) —2n- k)&, (8.42)
k-0,¥=m*+1)a (8.43)

for some arbitrary a(n, k). Now, (8.42) implies
Sc(k -9, W) = (n* + 1) (k - 9,)%. (8.44)

To understand this, it is useful to think of € and « as Taylor series in -k, - ¢, and 7 - €. In these
variables we have k - 9, = 0y.q, so there is enough freedom in € to cancel off any . The residual

gauge freedom is in € = f + (n - ¢q)g for f and g independent of 7 - ¢, for which
5U = =2(n-k)f + (1 —n-epn-e)g. (8.45)

In other words, we can use all of the remaining gauge freedom to remove any terms in ¥ with powers
of n- k, or powers of both 1 - €4 and 1 - e_. After removing such terms we are left with T equal to a
sum of monomials in 7 - €4 or n - e_. This shows that the helicity modes (8.35) are a complete basis

of physical solutions.

A New Spacetime Symmetry

As a final remark, the vector superspace used to construct continuous spin fields is a bosonic analogue
of the fermionic superspace used in supersymmetric theories. As first noted in Ref. [783], the

action (8.9) is invariant under the 7-dependent spacetime translation dz# = w¥n, for antisymmetric
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wH¥ | corresponding to the tensorial conserved charge
N = i(n*0y —n"ok). (8.46)

This symmetry mixes modes of different helicity, even for p = 0, and it continues to hold when the
continuous spin field couples to particles. It would then appear to be a novel extension of spacetime
symmetry, which could evade the Coleman—Mandula theorem by virtue of the infinite number of
polarization states. While we have not yet found any use for this symmetry, it may be a guide to

constructing more complete continuous spin theories.

8.3 Coupling Matter Particles to Fields

We can couple spinless matter particles to fields by introducing currents built from the particle’s
worldline. This is the most useful way to describe low-energy classical experiments, and for familiar
theories it can be readily quantized, yielding a worldline formalism equivalent to perturbative quantum
field theory. In subsection 8.3.1 we identify minimal couplings to ordinary fields, and show that
almost all non-minimal couplings produce only contact interactions, which do not affect a particle’s
coupling to radiation. We generalize to continuous spin fields in subsection 8.3.2, where we enumerate
an enormous family of potential currents. Again, we find that the vast majority of these currents
do not couple to radiation, allowing us to define families of scalar-like and vector-like currents that
couple universally to radiation, and reduce to the familiar minimal scalar and vector couplings as

p— 0.

8.3.1 Review: Coupling to Ordinary Fields
Minimal Couplings to Scalar and Vector Fields

A free matter particle of mass m and worldline z#(7) has action

dzt dz,
So m/\/ o dr (8.47)

In this section we take 7 to be the proper time, but all results below can be straightforwardly

rewritten for general worldline parametrization by replacing dr with V22 dr and 2* = dz#/dr with

ZH /v 22, Now, we can couple the particle to a massless real scalar field ¢(x) by

i = / iz 6(2)J(2) (8.48)

which yields an equation of motion §2¢ = J for the field. The current J(z) can be built from z#(7)

and its derivatives; if we were considering particles with spin, it could also depend on the spin tensor
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S# (7). The minimal coupling corresponds to the simplest possible current,

J(z) = g/dT 6D (2 — (1)) (8.49)

which is localized to the worldline, and corresponds to a Yukawa interaction in a field-theoretic
description of the matter.

Next, consider the coupling of a particle of charge e to a massless vector field A, (),

i = — / o A (2) T (x). (8.50)

Here the simplest possible current J#, obeying worldline locality, translation invariance, and current

conservation 0, J" = 0 (which is required for Sin; to be gauge invariant) is
JH(x) = e/dT (7)) 6W (@ — 2(7)), (8.51)

which corresponds to a minimal coupling of scalar matter to a vector field. The field’s equation of
motion is 92A* = J* in Lorenz gauge. The current is conserved because its divergence is a total 7

derivative,
Oy JH = e/dT (249,) W (z — 2(7)) = —e/dr di5(4)($ —2(1))=0 (8.52)
T

where the integral vanishes because worldlines have no boundaries. This physically corresponds to

assuming particles and antiparticles are always produced or destroyed in pairs.

Non-minimal Couplings and Contact Terms

We are most interested in currents for continuous spin fields which reduce to the currents defined above
as p — 0. However, our formalism also includes currents which reduce to non-minimal couplings,
so to build intuition we first review them for scalar and vector fields. We continue to assume the
currents are Lorentz covariant and translationally invariant, so that the only dependence on position
is through the combination z* — z# (7). We further assume the current can be written as a 7 integral
of a function of z#(7) and 2*(7), with no explicit dependence on higher 7 derivatives or on 7-nonlocal
products.

For a scalar field, the most general current obeying these assumptions can be constructed
from (8.49) by acting on the delta function with powers of 82 or Z - 9,. This general current is most

compactly expressed in momentum space,
(k) = / dr ™0 FR2, k- (7)), (8.53)

where the minimal coupling (8.49) corresponds to f(k?,k - %) = g.



CHAPTER 8. CONTINUOUS SPIN FIELDS 214

All terms with at least one power of k? do not produce any fields away from the particles
themselves, and thus correspond to contact interactions. To build intuition, we will derive this basic

result for f = ¢gk? in several ways. In this case, the Lagrangian for the field is
1
L= 5(6,@)2 — Jo(x) 0°¢() (8.54)
where Jp is the minimal current (8.49). In terms of the shifted field & = ¢+ Jo, it becomes
Loz 1 2
L= 5(8;%25) - 5(3MJ0) . (8.55)

Since Jj is localized to a particle’s worldline, the interaction term is only nonzero when two particles
coincide, so it mediates a contact interaction. The shifted field is free, which implies the field ¢ is
not affected except for exactly on the particle itself. In particular, this coupling does not affect the
radiation produced by an accelerating particle. Conversely, it does not affect the particle’s motion
in the presence of a free background field, including any radiation field. In general, all of these
conclusions hold whenever the function f contains a factor of the differential operator 9% appearing
in the field’s free equation of motion.

We can also give some of these terms a more direct physical interpretation. For a particle at rest,
= (1,0), the 7 integration sets k° = 0, giving J(k) = f(—|k|?,0). Thus, for static particles terms
with powers of k - 2 have no effect, while those proportional to powers of k2 describe the particle’s
static, spherically symmetric spatial profile.

The k2 term itself corresponds in field theory to an operator analogous to a charge radius.
However, we note that, despite the name, the presence of such an operator does not actually imply
a particle has a nonzero radius, any more than a dipole moment implies a particle has a specific
length. The corresponding current is still localized, in the sense that it only depends on fields in
a neighborhood of the worldline. Particles of finite size can be described by (8.53), but only by
summing over an infinite series of terms. We highlight this point because the currents introduced in
subsection 8.3.2 will, by contrast, be intrinsically delocalized.

Terms with only powers of k - Z are the only ones that can yield non-contact interactions. To

understand them more physically, note that

/dT (k- 2" b = —i/dT(k~2)”_1 %(ei’”) _ z’/dre”“%(k L (8.56)
This implies that a term with a single power of k - 2 has no effect, and a term with two powers of
k - z implicitly depends on the acceleration Z. In general, a power of k - Z can be exchanged for a
7 derivative by the above manipulation, so term with more powers of k - Z depends on higher time
derivatives of Z. These terms describe the particle’s dynamic response to nontrivial motion. In other

words, they characterize the particle’s non-rigidity, e.g. distinguishing a rigid charged sphere from a
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spherical balloon full of charged jelly. To further build intuition, note that the n = 2 case corresponds

to a coupling in position space
Sint D / d*z dr (9,0,9(x)) 2427 6W (z — (1)), (8.57)

which has the enhanced shift symmetry d¢ = ¢+ b,2* of a galileon field [826].

The terms highlighted in (8.56) are the only ones that can affect the radiation produced by an
accelerating particle, though their effect is suppressed at low accelerations. This conclusion might
seem surprising because in general, it is certainly possible for a particle’s static structure to impact
the radiation it produces, e.g. through dipole and higher moments. However, those terms are not
permitted for a spinless particle by rotational symmetry.

In the vector case, gauge invariance imposes the constraint &, J*(k) = 0. After suitable subtraction

of total 7 derivatives, the most general current can be written as
JH(k) = /dT e®= (et + f(R% k- 2) (31K — k'E - 2)), (8.58)

where we have isolated the minimal coupling (8.51) in the first term. Again, terms in f proportional
to powers of k - # describe the source’s non-rigidity, and terms with k2 describe the source’s static
spatial profile, though now the constant term represents the charge radius.

In contrast to the scalar case, all of the non-minimal vector couplings correspond to contact
interactions, because they are proportional to (k*n*¥ — k*k¥)z,, and the field’s free equation of
motion is (k21" —k*k")A, = 0. None of the non-minimal couplings produce any fields away from the
particle itself, and they therefore cannot affect the particle’s response to free fields, or the radiation
it produces. This is essentially a statement of Gauss’s law: the vector radiation from a spherically

symmetric particle is determined solely by its charge.

Tensor and Higher Spin Fields

Matter particles can also couple to higher rank fields, but such fields introduce additional complications.
First, at rank 2, the coupling of a particle to the canonically normalized metric perturbation h,, (x)
in linearized gravity is
K
Sint = 3 / d*x by, ()T (2) (8.59)

where k = v/32wG. The stress-energy tensor of the particle is
™ (z) = m/dT F(1)2Y (1) 6W (x — 2(7)) (8.60)

and its divergence is
9, T = m / dr 2 (7) 0D (2 — 2(r)). (8.61)
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This presents two well-known, closely related problems: consistency of the equations of motion, and
gauge invariance of the action off-shell.

First, the equation of motion for h,, in linearized gravity implies 0,7"” = 0, which is only
true for non-accelerating particles. Thus, if we regard z#(7) as a given background then we cannot
consider nontrivial trajectories, while if we regard z*(7) as dynamical then the equations of motion
are inconsistent [507]. The resolution is simply the equivalence principle: in (8.59) we must use
the total stress-energy tensor, including that of the fields which cause the particle to accelerate.
Full consistency requires an infinite series in » of terms involving h,,, which leads to the nonlinear
structure of general relativity [827]. However, it is still possible to compute results to leading order
in the coupling « in the linearized theory.

Second, if we regard z#(7) as dynamical, gauge invariance of Sy, under dh,,, = 9(,€,) seems to
require 9, T*" = 0 identically, which is not true for general off-shell z#(7). The resolution is to recall
that the gauge transformation arises from an infinitesimal diffeomorphism symmetry, which also
acts on the particle’s position by dz# = ke*. Including this contribution implies that Sy also varies
under a gauge transformation, rendering the full action gauge invariant to leading order in x [827].
Achieving full gauge invariance requires generalizing dh,, to an infinite series in «, which recovers
the nonlinear gauge structure of general relativity [828].

These subtleties make it more difficult to generalize (8.60) to continuous spin fields, even at leading
order in k. The consistency problem implies we must include additional terms in the stress-energy
tensor, which complicates calculations. The gauge invariance problem is more serious, as it is not clear
how the more general continuous spin gauge symmetry (8.26) is supposed to act on z*. Furthermore,
it is unclear to what degree one can trust results calculated with an action that is only partially
gauge invariant.

For these reasons, we defer the study of “tensor-like” continuous spin currents that reduce to (8.60)
as p — 0 to future work. In this paper, we exclude tensor-like currents by demanding that both z*
and the action be completely gauge invariant.

As an aside, Ref. [829] considered a minimal coupling to higher spin fields,
JH i () = mg, / dr 21 (1) - 2 (1) 6D (2 — 2(7)). (8.62)

As for rank 2, the current is conserved when 2# = 0, and gauge invariance can be restored to

leading order in g, by gauge transforming the worldline, by 6z, o< g, 61(3:}_)1,71722111 :

-+ z¥n=2_ (For a
perspective on these transformations, see Refs. [830, 831].) However, we will not consider this further

as for n > 2 there is no known theory consistent or gauge-invariant to all orders.
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8.3.2 Coupling to Continuous Spin Fields

The free continuous spin field can be coupled to a current by
Sint = / d*z [d*n] &' (n* + 1) J(n,2)¥ (n, x). (8.63)

This is a canonical choice, as taking an integral over §(n? + 1) would just yield a special case of (8.63)
by the identity (8.243), while integrating over §”(n? + 1) or any other distribution would couple
generic currents to field values off the first neighborhood of the hyperboloid, which are pure gauge.

To gain intuition for (8.63), note that when p = 0, defining

T(n,@) =Y Py(n) - T™(x) (8.64)
n>0
= J(x) + V2 (z) + 20"y + ") %”(x) +.... (8.65)

simultaneously yields the minimal scalar coupling (8.48), vector coupling (8.50), and tensor cou-

pling (8.59). More generally, defining the “dual” polynomials by

_ 1
P(/:;)mﬂn _ 2”/2 (n}tl oot 4 ' g(muznua L. 77;%)) (8.66)

4(n—1)

leads to a sum of canonically coupled currents at each rank,

Sint = / d'z Y (~1)ne™ . gt (8.67)

n>0

as shown in appendix 8.9.1. The current J appears on the right-hand side of the equation of

motion (8.19), so the (strong) harmonic gauge conditions (8.32) and (8.33) become
S +1)AV =0, 020 =. (8.68)

The Continuity Condition
Demanding gauge invariance of Si,; yields a key constraint on the current,

S +1)AJ =0 (8.69)

which we term the continuity condition. Here we assume it holds off-shell, though note that on-shell,

it ensures the two conditions in (8.68) are consistent. As shown in appendix 8.9.1, we can reexpress
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the continuity condition in terms of tensor components as

<‘9 oy #(%—1) + ;J(/n+1))> =0 (8.70)
for all n > 1, where the brackets denote a trace subtraction.

To build intuition, we note that the trace subtraction is trivial at lower ranks, so that for p =0
we recover the ordinary conservation conditions 9 - J;) = 0 and 9 - Jg) = 0, and for higher ranks we
recover a “weak” conservation condition (0 - J(,)) = 0 familiar in higher spin theory. However, for
nonzero p the continuity condition mixes tensor ranks, which implies that any current must contain
an infinite tower of nonzero Ji,).

Concretely, consider the n = 1 and n = 2 cases of the continuity condition,

p 1 p 1

If we wanted to construct a “scalar-like” current whose p — 0 limit had only .J(gy of the form (8.49),
then the first equation implies J(1) must have a nonconserved, order p contribution, which then implies
J(2) must have a nonconserved, order p? contribution, and so on to arbitrary J(n). Alternatively, to
construct a “vector-like” current whose p — 0 limit has only the conserved Ji;) of the form (8.51),
the second equation requires J(9) of order p, and so on.

Constructing such a tower of tensors, with appropriate trace subtractions, requires complex
combinatorics. Furthermore, the results are physically opaque due to the omnipresent mixing between
ranks. For instance, it might seem impossible for J(;) to be nonconserved, given that it couples to
A, in the p — 0 limit, but this is permitted because of the complex mixing (8.38) of A, with other
tensor components. For these reasons, we find it much more straightforward to construct currents

directly in 7-space, without using a tensor expansion.

Constructing Currents

We will construct currents from the worldline using the same assumptions we used to find the general
scalar current (8.53) and vector current (8.58). Specifically, we assume the current in position space

has the form

J(n,x) = /de(n,:zz —2(71),2(1)) (8.72)

which corresponds in momentum space to
T k) = [ dr =g, 2) (8.73)

where f is the Fourier transform of j. The minimal scalar current (8.49) corresponds to f(n,k, 2) = g,

and the minimal vector current (8.51) corresponds to f(n,k, 2) = v2en- 2.
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We assume z#(7) is gauge invariant; as discussed above, this excludes currents which reduce to
minimal tensor or higher spin couplings as p — 0. Then gauge invariance of the full action requires

the continuity condition (8.69) to hold for arbitrary z*(7), which implies
(k- 0y +ip)f(n,k,2) = (n° + 1) aln, k, 2) (8.74)

where « is an arbitrary function analytic in 7. Strictly speaking, we are also free to add terms to f
proportional to k- Z, with no other Z dependence, as these are total 7 derivative which not contribute
to the current; the above equation assumes such terms have been dropped.

We assume f is analytic in 7, so that it can only contain positive powers of 7, and for nonzero
p the continuity condition implies that f must have arbitrarily high powers of 7. These must be
accompanied by arbitrarily high negative powers of k, which implies the currents cannot be localized
to the worldline. Furthermore, f contains an enormous amount of freedom, even if one fixes the
p — 0 limit. We will shortly discuss general currents, which are parametrized in appendix 8.9.2, but
let us first build intuition through simple examples.
Simple Scalar-Like and Vector-Like Currents
We begin by considering “scalar-like” currents with a = 0, which all reduce to (8.49) in the limit
p — 0. Note that for any vector V#(k, ), the continuity condition is satisfied by

fnk,2) = ge ViRV (8.75)

This family contains two illustrative special cases: the “temporal” current

Tr(n k) =g [ drets e (3.76)

which corresponds to V# = 2#, and the “spatial” current

ikes . n-k—mn-22-k
JS(U, k):g/dTek exXp <ZPW) (877)

which corresponds to V# = k#* — (k - 2)2*, the linear combination orthogonal to 2#. We can also

define vectors which are inhomogeneous in k*, such as
VI = kM £ Bpit (8.78)
for a dimensionless parameter 5. For real 5, we can construct the “inhomogeneous” current

Ji(n k) = g/dT etk (e—"f’""/+/’“"/+ n e—iﬂ"'Vf/k'Vf) . (8.79)
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Above, two terms are required to ensure the position-space current is real, J(—k) = J(k)*. Note
that a pure imaginary 8 would also satisfy the continuity condition, though in that case each term
alone would give a real position-space current.

Though many others exist, the temporal current Jr is the simplest for situations involving
radiation, the spatial current Jg has the simplest static limit, and the inhomogeneous current Jy is a
relatively simple extension of the two. Note that all three have essential singularities at k-V = 0. Such
isolated essential singularities are a generic feature of solutions to (8.74). However, while finite-order
poles in k are pathological, we will see these singularities are benign, leading to well-behaved physical
results and only a weak nonlocality.

These scalar-like currents can be straightforwardly generalized to “vector-like” currents, which

reduce to (8.51) as p — 0. For example, the vector-like temporal current is

m=0
_ Ve / dr e (ik - z) (e7PTE/ME 1), (8:81)
p

We can drop the —1 term because it is a total 7 derivative, leaving an integrand which directly
satisfies (8.74). This unfortunately makes the current appear to diverge in the p — 0 limit, but it is
convenient since the result is related to Jz by the simple substitution g — (v/2e/p)(ik - #). Similarly,

we can write a vector-like inhomogeneous current
JY (n,k) = 7\/52 - /dT e ((ik - V) etV BV () etV V) (8.82)
p

where analogous total 7 derivative terms have been dropped. Finally, writing the vector-like spatial
current requires constructing a prefactor which is annihilated by % - ,, but also reduces to - Z in the

p — 0 limit, again up to total 7 derivatives. The result is

J (n, k) = \[Ze/dre““'z <(’7 : *’3):2 _—((:.;)Z(k E) Zk;p z)

k—mn-33-k
xexp< 77”“) (8.83)

PR (k- 2)2

Despite appearances, these currents are all vector-like.
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General Currents

Now that we have seen some examples, let us parametrize the general solution for f. The result for

a =0 is given by (8.337) in appendix 8.9.2; which is equivalent to

2n-kn-z  (n-2)%k?

f=eTirmi/kz <go(u, k-2,k*) + <n2 +1- > g1(u, k- 2, k:2)> (8.84)
where u = - (k— 2k%/(k - 2)). For p = 0, this expression efficiently packages the minimal scalar
and vector currents, and all non-minimal currents. The general scalar current (8.53) corresponds to
go independent of u, while the general vector current (8.58) corresponds to go with a prefactor of
(k - 2)u. The function g; is less familiar, but if we take g; oc (k- 2)2, which is the simplest case which
avoids negative powers of k, the result includes a nonminimal tensor current. Similarly, taking the
simplest o oc (k- ) and applying (8.338), the result includes a nonminimal current for a rank 3
higher spin field.

The situation is less clear for nonzero p, where negative powers of k appear. For instance, the
temporal current (8.76) has gy = g, while the spatial current (8.77) has gg = g etru/ (k2 =k*) - Given
how complicated gy can be for even the simplest examples, it is not obvious how to usefully define
a “scalar-like” current, nor how to extract predictions given the enormous freedom in the general
solution.

However, a remarkable simplification occurs when we consider coupling to null modes of the field,

with k2 = 0. In this case, the difference of the spatial and temporal currents is

Jg — Jr = g/dT etk ze—ipn2/k2 (exp (lp(k?z)?> - 1) (8.85)

where the factor in parentheses contains only terms proportional to (n - k)™ for n > 0. Such terms do
not contribute to the action in the presence of radiation modes (8.35), because the 7 integral in this

case is proportional to
/[d477] &'+ 1)erra=2FA g e N (. k)" =0 (8.86)

which vanishes because k is orthogonal to itself, ex, and ¢ — Z/k - 2. Thus, the spatial and temporal
currents couple to radiation in exactly the same way.
This phenomenon turns out to be very general. As shown in appendix 8.9.2, any f, including

those corresponding to arbitrary «, can be written in the form
Fnk,2) = €738 (k- 2) + (K + D A) X (n, k, 2) (8.87)

where G(k - 2) = go(0,k - 2,0), D is the operator (8.41) generating gauge transformations, and X

is regular as k* — 0. The action (8.63) only depends on the current through the combination
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§'(n? + 1)J, and under this delta function the second term simplifies as
1
S+ 1)(*+DA)X = (5'(772 + 1)k + 5 Ad(n*+1) A> X (8.88)

where we used (8.28). The object acting on X is just, up to a sign, the differential operator in the
free equation of motion (8.19). Thus, by the same logic as in subsection 8.3.1, these terms do not
affect the radiation a particle emits, or its response to a free field background. These key physical
observables are determined solely by the single-variable function g.

We can therefore give sharp definitions of classes of currents based on §:

e Scalar-like currents have constant g(k - 2) = g.
e Vector-like currents have linear g(k - 2) = (v2e/p)(ik - ).

e Non-minimal scalar-like currents have § oc (k- 2)" for n > 2. They generalize the couplings

highlighted by (8.56), which characterize the matter particle’s non-rigidity.

e Currents with negative powers of k- Z are permitted in our analysis but less phenomenologically

interesting, because their support is nonlocal even when p = 0.

This classification is the main result of this subsection, and for the rest of this chapter we will
focus on scalar-like and vector-like currents. A continuous spin field coupled by a scalar-like current
is of less phenomenological interest because it reduces as p — 0 to a massless scalar field, which has
not been observed. However, this case is mathematically simpler and will serve as useful preparation
for the case of vector-like currents, which can describe infrared modifications of electromagnetism.

We have defined scalar-like and vector-like currents so that they couple to radiation universally.
Note, however, that the long-range force between particles is not universal. For scalar and vector
fields, we found that currents proportional to the equation of motion operator produce contact
interactions, which only take effect when particles coincide in space. By contrast, a continuous spin
current is generally not localized to a particle’s worldline, so the currents of particles can overlap
even when the particles themselves are well-separated.

To conclude, we note that while the decompositions above use a “temporal” prefactor e~ " #/k 2
this was an arbitrary choice made for later convenience, and does not single out the temporal current
as more fundamental. In addition, it is natural to conjecture that in a more complete description,
where all sources of stress-energy could to the continuous spin field with equal strength, one might
have tensor-like currents with § oc (k - 2)?/p?, where the terms that diverge as p — 0 reduce to
total derivatives on-shell. We defer further exploration of this conjecture to future work. Finally, in

appendix 8.9.3 we compare our currents to those previously found by working in terms of matter
fields.
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8.4 Currents and Interactions in Spacetime

The nonlocality of the currents found in section 8.3 motivates investigating the locality and causality
properties of our theory. In subsection 8.4.1, we compute the profiles of some simple currents in
spacetime, and show that they can be confined to the forward or backward light cone if their essential
singularities appear only at real frequencies. In subsection 8.4.2, we give specific requirements on
currents and their boundary conditions for the matter particles to have manifestly causal dynamics.

This section can be skipped without loss of continuity.

8.4.1 Simple Currents in Spacetime
Currents of Worldline Elements

We first compute the inverse Fourier transforms j(7, z, 2) for our simple currents, which gives the
spacetime profile of the current from a differential element of the worldline. For simplicity we can
work in the frame of such a worldline element, where 2* = (1,0). The results below are illustrated at
left in Fig. 8.2, and derived in appendix 8.9.4.

First, for the scalar-like spatial current, we have

w3 A o
js(n,r) = g/ d@:)i{ etz o—ipnk/|k| (8.89)
=gd(t) ((5(3)(1‘) - WK;T;T;OSQ)JQ (\/2|p77\r(1 — cos 9))) (8.90)

where 6 is the angle between 1 and r. Above, the w integral was trivial, while the k integral requires
handling a benign essential singularity at k = 0. One curious feature of this result is that it is not
everywhere analytic in 7. Analytic f’s can correspond to nonanalytic j’s, but there is still no problem
with defining n-space integration, as explained in appendix 8.8.3.

The result (8.90) shows that the spatial current of a worldline element is localized in time, but
has a part spread over a distance r ~ 1/p in space. The delocalized part smoothly goes to zero at
large r, and in the p — 0 limit it becomes larger in spatial extent, but also decouples. By contrast,

for the scalar-like temporal current the current is localized in space,

. dwdgk —ik-x _—i 0 w d()) —iw i 0 w
JT(no,r,t)=g/ @t © ke g=ipn’/ 295(3)(1')/%6 teion’/w, (8.91)

The frequency integral now passes through an essential singularity at w = 0, and thus requires
a contour prescription to define. Passing above or below it corresponds to imposing retarded or

advanced boundary conditions in position space, respectively. For the former, we find

jr(n,x1) = g6 (x) (6<t> o0 (2 pnot)> : (8.92)
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(2) x

Figure 8.2: Left: Localization properties of some simple scalar-like currents. In the rest frame of a
worldline element, with coordinates (x’,t'), the spatial current (blue) is localized on the spacelike
slice t' = 0, the retarded temporal current (red) is localized on the timelike ray x’ = 0, ¢’ > 0, and
the retarded inhomogeneous current (purple) is contained on or within the forward light cone. Right:
Essential singularities in the complex w plane for the spatial current, temporal current, and the
integral in (8.93) for the inhomogeneous current, for a velocity with k - v > 0. We also show an
integration contour corresponding to retarded boundary conditions for the inhomogeneous current.

Concretely, this implies the current of a worldline element at position r with velocity v is supported
on the forward ray r + vT for T > 0. It varies on the timescale t ~ 1/p, and is confined to within
the forward light cone.

Finally, for the scalar-like inhomogeneous current we have

) dwd®k ;1. )
jl(n,r,t):gRe/ ) e~k exp(—zp

n°(w+ pB) —n-k> (8.93)

w? + pfw — |k|?

For real 3, the integral has two essential singularities at real w, so a contour prescription is again
required to define the current in spacetime. Integrating above both singularities corresponds to
retarded boundary conditions, and gives a result confined to ¢ > 0. While we have not computed
the result, we expect it to have a spacetime spread ~ 1/p on dimensional grounds, and Lorentz
invariance implies it must be confined on or within the forward light cone. Advanced boundary
conditions correspond to integrating below both singularities.

The properties above are qualitatively unchanged for the vector-like currents. For example, for
the vector-like spatial current, j¥ is identical to (8.90) but with g replaced with v/2en®. For the

vector-like temporal current (8.81), we have
¥ e t) = Vaen® s () (3(t) - 0) L (2/pn0t ) ) (8.94)

which has the same localization properties as (8.92).
One cannot ascribe too much significance to the expressions above because 7-space expressions are
unphysical. We must always integrate over 1 to produce physical observables, and as we will see in

later sections, the results are often the same for currents which appear radically different in n-space.
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However, we can infer in general that boundary conditions are needed to define any current with
essential singularities at real w, and retarded or advanced boundary conditions can be imposed for
any current whose essential singularities are all at real w. These features suggest that such currents

arise more fundamentally through integrating out locally coupled, auxiliary degrees of freedom.

Currents and Fields of Static Particles

We can also build intuition by evaluating the total current for a static particle at rest at the origin,
and the accompanying continuous spin field. For ordinary fields, these currents are time-independent
and localized at the origin, but the continuity condition forbids such solutions for nonzero p, leading
to currents that are either delocalized or time-dependent.

For the scalar-like spatial current, trivially integrating (8.90) gives

Jstn.0) = g (595) = LU0 1, (i1 = osD) ) (5.95)

8mr2

which is delocalized. The corresponding field, in strong harmonic gauge, is

s(n.v) = 2= Jo (V2lpomlr(1 = cosd)) . (8.96)

For the scalar-like temporal current, formally integrating (8.92) yields zero for positive n°, but a
divergent result for negative n°. To make sense of the current, we need to introduce an appropriate
infrared regulator. One simple prescription is to turn off the coupling g at early times, replacing it

with g (7 + T') for a large positive T'. This gives a current
Jr(n°,t,r) = g 6@ (x) Jo (2 o (t+ T)) 0(t+T) (8.97)
and the corresponding field, in strong harmonic gauge, is an outgoing spherical wave
Ur(1,t,1) = 4%7,]0 (2 o0 (t+ T — r)) ot +T — 7). (8.98)

We recover the familiar scalar solution in the limit p — 0 and 7" — oo, provided that pT" < 1. We
could also regulate the solution by allowing the charge to oscillate with a low frequency, or by giving
the particle nontrivial motion; expressions for the current for arbitrary particle motion are given in
appendix 8.9.4 but are unenlightening.

For the scalar-like inhomogeneous current, there are a variety of contour prescriptions for the
frequency integration, but they all give the same current for a static particle. This is reflected by the

fact that we can perform the 7 integration first, which produces a delta function that eliminates the
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frequency integration, yielding

Bk —

T = g [ gy €7 cos( 8 ) (899)
™

which reduces to the spatial current for 5 — 0. Such a manipulation would not have been possible

for the temporal current, because for a static particle its essential singularity is at w = 0 itself.

Finally, for the vector-like currents the results are qualitatively similar, though there is also an overall

prefactor of n°.

8.4.2 Equations of Motion and Causality

We have just seen that the current j of an element of a particle’s worldline is not local, which seems

to violate naive causality. Specifically, generalizing the action (8.1) to multiple matter particles with

o
7

worldlines z!(7;) yields the equations of motion

2w(n.0) =Y [ drjtna - aln),s(n) (8.100)

mizi () = —/d49€ [d*n] &' (? + 1) U (n, z) (85 + dié) jn,x — 2zi(1), 2:(1)). (8.101)

? (3
This yields two types of potentially acausal effects. First, if j extends outside the forward lightcone
of z;, then (8.100) implies the field is sourced acasually: there are reference frames where the field
at = depend on the motion of particles at times later than z°. Likewise, if j extends outside the
backward lightcone of z;, then (8.101) implies the particle responds acausally: there are frames where
its acceleration depends on field values at times later than 2. These effects are both avoided if j is

local, but this is impossible for nonzero p.

Manifestly Causal Equations of Motion

There is, however, a straightforward modification of the equations of motion that renders our theory
manifestly causal. We have seen that currents whose essential singularities are at real w, such as the
temporal and inhomogeneous currents, admit retarded or advanced boundary conditions, where j is
confined within the forward or backward light cone respectively. The theory is manifestly causal if
the current has retarded boundary conditions jr when sourcing the field, and advanced boundary

conditions j4 when responding to it, i.e. if
020(n.0) = 3 [ drjnn.a — z(n), 4(m) (3.102)

mist () =~ [ dte ') 8 o2 + 1) V() (a;: " jj) jaln e — 5(r) s(m). (3.108)
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Note, however, that these equations of motion still have the unfamiliar property that their exact
solution appears to require knowledge of fields and particle trajectories in the infinite past, not just
on a Cauchy surface in spacetime.

Such equations of motion do not directly emerge from our action (8.1), which allows only a
single choice of current. But it is reasonable to speculate that this action is merely an effective one,
which arises from integrating out “intermediate” auxiliary or dynamical fields that interact locally
with both the particle and the continuous spin field. In this case, solving the intermediate fields’
equations of motion would require a choice of boundary conditions. Inserting such solutions into
the full equations of motion would induce precisely the kind of asymmetry in (8.102) and (8.103).
Motivated by the form of our currents, we have constructed toy models with similar structure, but

we have yet to realize a full Lagrangian model that renders our currents entirely local.

Non-Manifest Causality

We should also take care in dismissing the original equations of motion (8.100) and (8.101) as
irreparably acausal. In particular, the gauge field ¥(n,z) has a huge amount of gauge freedom, and
indeed no local gauge-invariant observables can be built from the field. Thus, the apparently acausal
sourcing of ¥(n,x) could be a gauge artifact. To avoid this ambiguity, we should define causality in
terms of the interactions of matter particles: the theory is causal if, when a particle is instantaneously
kicked at some point, the kick cannot affect the trajectories of other particles until they enter the
future light cone of that point.

One can perform a concrete computation to determine if the theory is causal in this sense, for
each choice of current j. We have not yet rigorously studied this question, but we note the answer
is not obvious a priori, as apparently acausal effects can vanish after the x and n integrations for
certain j. A similar cancellation arises in the quantization of the continuous spin field, where the
gauge fixed field operators end up obeying causal commutation relations.

Another possibility is that full consistency requires additional effects absent from (8.1), such as
“contact” interactions between extended currents that do not involve a continuous spin field, but
which exactly cancel acausal effects. Indeed, this is precisely what occurs in electromagnetism in
Coulomb gauge, which contains an instantaneous interparticle potential but yet is causal as a whole.

Further investigation of all of these possibilities represent important directions for future work.
For now, one can simply define our theory by the manifestly causal equations of motion. In practical
terms, the physical results derived below are not affected either way, as they either consider non-
accelerating particles — where retarded and advanced boundary conditions give equal results — or the
coupling of particles to radiation, where the results are completely independent of the details of the

current.
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8.5 Forces on Matter Particles

We can readily calculate the dynamics of matter particles from the action (8.1). In subsection 8.5.1,
we consider two particles interacting via the continuous spin field, and compute both the static
interaction potential and the leading velocity-dependent corrections for some example currents. In
subsection 8.5.2 we compute forces from radiation background fields. These are universal for all
scalar-like and vector-like currents, depending only on the spin scale p, and we give results for
backgrounds with |h| < 2.

8.5.1 Static and Velocity-Dependent Interaction Potentials

“w

Consider particles with trajectories ;' (1), coupled to a continuous spin field by currents J;. Each

current produces a field ¥; which interacts with each other particle j, contributing

Sij = / ' [d'n) &' (n° + 1) Wi(n, ) J;(n, x) (8.104)
_ d*k 4 10,2 Jz(nvk)‘](nv 7]{)
= */ @) [d*n] 6"(n™ + 1) (w—i—ie); T (8.105)
d*k , —ik'(zi(n)—zg(‘fj))f K 2 (K, 2
= —/ @t 14 80" + 1) drdr, ‘ ot ie)g”_ |k22) VL) (8.106)

to the action, where we have assumed retarded boundary conditions. Evaluating this generic
expression in terms of the particle trajectories allows us to compute both static and velocity-
dependent potentials. For simplicity we consider two dynamical particles, where the total interaction

action is Sint = (S12 + S21)/2 to avoid double counting. Two useful integrals are

/ dSk eik-r _ 1 (_,,,2)71 (8 107)
(2m)3 k]2t (2n)! 4dmr '

Pk (a-k)(b-k)e*T™ a-b—(a-)(b-F)
/(27r)3 k> a 87

. (8.108)

The n = 0 case of (8.107) is standard, and can be used to derive (8.108) using symmetry. For general
integer n > 0, (8.107) can be derived inductively by taking the Laplacian of both sides. Technically,
in that case there are also distributional corrections at » = 0, but this does not affect the computation

of long-range forces.
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Static Potentials

We warm up by considering static particles, z£'(7) = (¢;,r;), interacting by an ordinary scalar field,

f = g. Then the interaction simplifies to

7iw(ti7t]')eik-(rifl‘j)

@+ i) — [k

e

2 d4k 4 1(,.2
Sij = =g [d'n] 8" (" + 1) dt; dt; (8.109)

(2m)*
Performing one time integration and stripping off the other to yield a Lagrangian gives

d3k eik-(rl—rg) g2
Lt = g2 9 11
e~ / 2r)3 |k} dmr (8.110)

for a pair of particles with separation r = r; — ro. This is a familiar 1/r? attractive force.

Given our previous results (8.96) and (8.98) for the continuous spin fields of static particles, one
might suspect that for nonzero p the static potential must be radically different, either deviating
from 1/r or exhibiting time dependence. However, in the static limit, the p-dependent phases in the
temporal and spatial scalar-like currents simply cancel out, leading to the exact same result. This is
a first hint that continuous spin physics can be simpler than the intermediate 7-space expressions
suggest.

In general, while the definition of a scalar-like current ensures the potential contains a piece of
the form (8.110), there can be deviations at short or long distances. In appendix 8.9.2, we wrote
the general solution to the continuity condition for static particles. Using just the gy term in the
homogeneous solution (8.349), one can introduce terms in the integrand of (8.110) scaling as |k|™,
which yield contributions to the potential proportional to 1/r"*1. For positive n, this reflects how
ordinary nonminimal couplings can modify forces at short distances. The novelty of continuous spin
physics is that the continuity condition motivates solutions with an infinite series of negative n, which
modify forces at long distances.

To give one simple example, we consider the inhomogeneous current (8.79), which satisfies the
continuity condition for both real and imaginary 8. For this current there are cross terms whose

phases do not cancel, leading to

2 3 ik-r
g Pk e 4 32 2in°Bp% /K> | —2in°Bp*/|k|?
Lo, =9  [itns 1) (2 in’ Bp " Bp 11

¢ 4/(27r)3k|2/[ W30 +1) (24 ¢ e ) (410
2 3 ik-r
g d’k e . h 9 2

= [/ —_— (1 2 k 112
/ /(%)3 s (14 o280 /%) (8.112)
2 [e%s} . . 2.2
g sinz 2ipp°r

_ 91 d 1 “tpp T 11
47r2r/0 T <+J°< 22 >) (5:15)

2 [e'e] iT 2 2.2
:g(H JEY (W)) (8.114)
8mr U (2 T
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where we applied (8.255), then integrated over k and defined z = |k|r.

While it would be tempting to evaluate the integral by Taylor expanding the Bessel function
and applying (8.107) to each term, this would not be legitimate because the integral passes directly
through an essential singularity at = 0. However, for imaginary g the Bessel function is rapidly
oscillating but bounded near = 0, so the integral can be evaluated analytically. A continuation

with the desired symmetry properties can be written in terms of Meijer G-functions,
2 16
g 1 0.3 2 11
Ling = —— (14 —G% ([ —F—,2 . 8.115
i (g (e ) (A1)
i (1 _W2Bpr B er) )
Arr L(1/4)2 © 12v20(7/4)2

3
g1

=
Nl

At real 8, the function (8.115) can be Taylor expanded as

Lint = (8.116)
The force is always attractive, and at large r, the G-function falls to zero, leaving an asymptotic
potential of half the standard strength.

All of these qualitative conclusions hold unchanged for vector-like currents. For an ordinary
vector field, one picks up a factor of (n°)? which causes a sign flip, so that like charges repel. Again,
the temporal and spatial currents do not produce any deviations from Coulomb’s law, and the

inhomogeneous current yields long-distance corrections,

e? & e xt 2iBp3r?
Lipg = —— — -1 A1
=i Lt e (0 (M) ) @117

62 1 0.3 216 1371199
- & GO IR . 8.118
= (7 8 (g2 ) 1

This result can again be Taylor expanded for real 3, giving

e NBpr
Ling = =5 — (1 VAT (0/4 +> (8.119)

while at large r it oscillates and alternates in sign.

Velocity-Dependent Potentials

We computed static interaction potentials by evaluating the action for static particles, but there
are also important velocity-dependent effects. We can include them by evaluating the action for
moving but nonaccelerating particles, yielding a velocity-dependent potential. These potentials in
turn neglect acceleration-dependent effects, such as radiation reaction, but yield a good description
of the dynamics when the acceleration is small.

To aid the reader, we first review the velocity-dependent potential for an ordinary scalar field.



CHAPTER 8. CONTINUOUS SPIN FIELDS 231

For nonaccelerating particles, the worldline is @/ (1) = (¢;, ¥ + v;t;) where t; = v;7, so

% 7

dk dt; dt; e~ (ti—t) ik-(r) —r)) ik (vit;—v;t;)
Sij = fgz/ 16 < - ° (8.120)
@2m)* viy; (w+i€)? — |k|?
dSk dts ikeri;(t;)
=g / i_° . (8.121)
(2m)3 yiv; [k[? = (k- vi)?

where doing the #; integral set w = k - v;, and the separation is ry;(t) = r{ + vit — (r] + v;t).
Stripping off the ¢; integration yields the Lagrangian for particle j in the field of particle i, so that

the interaction Lagrangian of two dynamical particles with separation r(t) is

Line = ik / d3k3 eik.r;t) Al + Al (8.122)
27172 J (27)3 |k 1—(k-vy)?2 1—(k-vy)?
2 2 2 52 )2
g v vy (vicf)® (va-B) 4
-z <1 1_% y 0t (8.123)

where we used (8.108). A similar calculation for a vector field yields the potential

2

e 2

vi  v3 (vieB)? (ve-1)?
Tt R T +O(v4)) (8.124)

Liny = (1—V1'V2+

drr
which includes magnetic interactions and retardation effects. While it may look unfamiliar, it is

equivalent to the textbook Darwin Lagrangian [506]

2

Lint = —7— (1 _Vive ("21 Bv2-6) | O(v4)) (8.125)

since, up to accelerations, it differs by the total time derivative of (e2/167)(vy - £ — va - £).

For nonzero p our formalism readily yields expressions for velocity-dependent potentials in
momentum space, but evaluating the Fourier transform is complicated by the essential singularity
terms. We will therefore consider only the scalar spatial current, where the integrals are simplest.
The answer will be a series in the independent dimensionless variables v2 and pvr, so to avoid clutter
we will neglect terms suppressed by a power of v2.

Defining v;; = v; — v;, and letting V; be the vector defined below (8.77), we have

Li; ~ ¢* / dikM /[d477] §'(n? +1) e~ on-Vi/k-Vi gipn-V; /[k-V; (8.126)
Y (271—)3 |k|2 w=k-v; .
Pk ki@ )
2 4,7 570, 2 —ipn°kevi; /K|
d*n]é 1 P g . 127

where we dropped terms of order v? inside the exponent. Next, the k integral can be evaluated using

the same method as used to evaluate (8.353). Defining « = pv;;7;;(1 — cos ), where 6 is the angle
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between r;; and v;;, we have

92 g2
L =~ /[d477] S (n*+1)Jo (Mg,]ox) =<

47T7"7;j ’/TTZ']'

Io(V)Jo(Vx) (8.128)

where we performed the 7 integral by directly using the generating function (8.254). Thus, at leading

nontrivial order, the velocity-dependent potential for a pair of matter particles is

L= 2 (1= 2 v vy (v )80 O, (o)) (8.120)
e = 35 (Vi—v; v, — V)T v?, (pvr . .

For particles moving along a line, the new term has no effect, while for transverse motion it becomes

important at long distances, pvr ~ 1, just like the corrections to static forces.

8.5.2 Forces From Background Radiation Fields
The Interaction Lagrangian

Next, we consider the dynamics of a particle in a free background field ¥, by evaluating the interaction

action (8.63) in terms of the mode expansion coefficients defined in (8.36),

d*k *
Smt:Re/ —— [d*n] &' (n* + 1) Zah V. (n)J (1, k) (8.130)
(2m)% |K| Ko=|K|
where taking the real part adds on the negative frequency part of the field. As explained below (8.87),
this action is independent of X (7, k, 2), and thus depends only on §(k - 2).
For concreteness, we note this can be shown more directly. The k%X term in (8.87) vanishes since

k is null, and the remaining term is of the form D¢. However, the identity (8.28) implies

/[d477] §'(n* +1) (D) ¥ = %/[d‘*n] A +1)6) T (8.131)

and integrating by parts yields an integrand proportional to 6(n? + 1) (AW), which vanishes in
harmonic gauge. It thus vanishes in any gauge, since the action is gauge invariant.

In any case, we can keep just the g term in the current, yielding

Sm=Re . [ ar i |k| A8 (2 4 1) 6 an (e~ g ) 97/ (8152)
kO=|k|
h
_Rez / dr —LK e aoemits (VN L /v (8.133)
|k| le - V| kO=|K|

where we performed the n integral using (8.273) with V = p((2/k - 2) — ¢). We can make this more

physically transparent by specializing to €. = 0 and simplifying using the properties of the null frame
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vectors. The result is the Lagrangian

3 L h
Ly =ReY VI 02 / K (el (M) I <M> (8.134)
h

(2m)3 | K| v k|l—k-v

whose integral over coordinate time ¢ is the interaction action. Above, r(t) and v(t) are the position
and velocity of the particle, and v is the velocity in the plane transverse to k. The action is smooth
in v, despite its dependence on the magnitude of v, because of the phase in front of the Bessel
function.

The expression (8.134) is our general result, but for simplicity we will specialize to monochromatic

plane waves traveling in the k=2 direction, by taking
an(k) = wo ap (27)%6) (k — wz). (8.135)

The resulting Lagrangians are

. h
L5, = VT — P Re Y e ienlt—2) (vlv) I <ﬂw> (8.136)
h wo(

vy 1—v,)

for any scalar-like current, and

2 , —vy —ivy "
Ly, = V2e Re' S ane 0= (—iwo(1 - v,)) (UL%) n (LUO(M> (8.137)
h

P v 1—w,)

for any vector-like current, where above z now stands for r -z and v; = ,/v2 + vg.

We will work with three specific backgrounds below. First, we will consider a helicity zero
background with ag = ¢g, which reduces to a scalar field ¢ = ¢g cos(wp(t — z)) as p — 0. Next, a
background with nonzero a@; reduces as p — 0 to a circularly polarized electromagnetic wave. For
simplicity, we will consider the combination of h = +1 backgrounds a_; = —a; = Ay/+/2, which

reduces as p — 0 to the linearly polarized wave

A = —Apsin(w(t — 2)) X, (8.138)
E = woAO COS(wo(t - Z)))AQ (8139)
B = wpAg cos(wo(t — 2))¥. (8.140)

By varying the ratio a;/a_1, we could also produce backgrounds with an arbitrary elliptical polariza-
tion. Finally, we consider a helicity +2 background with as; = a_s = h, which reduces as p — 0 to a

“plus” polarized gravitational wave, hqy = —hyy = hcos(wo(t — 2)).
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Extracting the Force

We can straightforwardly compute forces with the Lagrangians above, but there are multiple natural
definitions of force. To build intuition, let us first consider particles minimally coupled to scalar,

vector, or tensor fields with p = 0. The equations of motion are

(m —g¢)2t = —g(g"" — 22")0, ¢, (8.141)
mit = ez, F*, (8.142)
= k2D, 0+ Opht — 0P Duy) 2 (8.143)

where a dot denotes a derivative with respect to proper time 7, and all fields are evaluated at z#(7).
These are straightforwardly derived from the interaction actions (8.48), (8.50), and (8.59), which

correspond to Lagrangians

gov1—0? scalar
Ling(r(t),v(t)) = JeA - v vector, radiation gauge . (8.144)
(km/2) hvv;/v/1 —v?  tensor, transverse traceless gauge

All three fields produce qualitatively different effects. While the vector field yields the familiar Lorentz
force, a scalar field can affect the particle’s inertia, which can even cause singular accelerations when
¢ =m/g, at which point our entire description of matter as particles breaks down. This effect comes
from the v? term in the scalar Lagrangian. By contrast, there is no v? term for a tensor field in
transverse traceless gauge, but in this case the coordinate acceleration of a free particle initially at
rest is zero, indicating that the coordinate system itself stretches with the gravitational wave. This is
an unnatural way to describe laboratory experiments with rigid detectors, for which we should instead
use the proper detector frame, where the tensor field produces an ordinary Newtonian force [828].
For continuous spin backgrounds, we choose to define the force by F = dp/dt where p =
mv/ V1 — 02 is the unperturbed three-momentum, as this is the most natural quantity for a vector

background. The Euler—Lagrange equation yields

F

o aLint iaLint o aLint _ (8 a a ) aLint

or dt ov  Or Vior T ® oy ov (8.145)

ot or ov

This is only an implicit equation, since a in the final term is itself determined by the force. In
addition, this final term contains the inertia-modifying effects of a scalar field, which can produce
singular accelerations. We avoid both of these issues by assuming the particle experiences only a
single weak background field. In this case, both a and L;,; start at first order in the field, so the last
term is second order and can be dropped. (Of course, we are also implicitly ignoring backreaction

effects, such as radiation reaction forces.)
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Working in Euclidean notation, the resulting forces for scalar, vector, and tensor fields are

F~ g(Vo+vo— (v2/2)Vp+v(v-V)p+ O0w?)), (8.146)
F =¢(E +v x B), (8.147)
F;, = Hm(—hijvj + vjvk(aihjk — @hzk — 8khw)/2 + O(’Us)) (8148)

respectively, where a dot now represents a time derivative. As discussed above, this force is not the
most natural quantity for a scalar or tensor background, but we can still use it as a starting point to
compute corrections at nonzero p. We denote the order p" contribution to the force on a particle

with a scalar-like or vector-like current by F5™ and FY>", respectively.

Scalar-Like Currents

We now warm up by considering a particle with a scalar-like current. First, in the helicity 0

background defined above, the Lagrangian is

L%-g%aﬂm@—z»¢i~ﬁ%(/wL>. (8.149)

wo(l—wv,)
The leading term of the Bessel produces the standard force (8.146), which in this case is
Fffo = gwodo sin(wo(t — 2))(z — v + O(v?)). (8.150)

More generally, z would be the direction of propagation k of the plane wave, by rotational symmetry.

Next, the quadratic term in the Bessel gives the leading correction,

2
F52 = *2%3 gwodo sin(wo(t — 2)) (v + O@?)). (8.151)

For the same particle in the helicity =1 background, the leading term in the Lagrangian is

Lglt = \/g;; Ag cos(wo(t — Z))ﬁ Vg + O(p2) (8.152)
0 z

which corresponds to a force

By = 75 Aosin(uo(t = 2))(k + 202 + 007)) (8.153)
= —% (A +2(v- A)ﬁ) ~ (8.154)

The two terms here are like an electric and magnetic force respectively, but their relative normal-

ization differs from the usual Lorentz force, and the “magnetic” force instead points along the
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direction of propagation of the wave. Furthermore, both forces are 7/2 out of phase with the usual
definitions (8.139) and (8.140) of the electric and magnetic fields.

Thus, p-dependent corrections to forces generally have novel direction and velocity dependence.
For a higher helicity background h > 1, the Lagrangian would start at order aj(pv/w)", with

nontrivial tensor structure in v, and yields a leading force of order (pas)(pv/w)P=1.

Vector-Like Currents

We now turn to the more phenomenologically interesting case of particles with vector-like currents.
We first consider the helicity 0 background, where
\/5 ewq

V. = — sin(wg(t — 2 - L . .
L = ==——— % (wo(t = 2))(1 Z)Jo(wO(lvz)) (8.155)

In this case there should be no force when p = 0, but the Lagrangian instead appears to diverge as
p — 0, due to the constant term in the Bessel. The resolution is familiar from subsection 8.3.2: the
apparently divergent term is a total time derivative, and thus has no physical effect. Discarding this

term, the leading correction is from the quadratic term,

V.1 ep 2
F, = 7 ¢o cos(wo(t — 2)) (v + O(v?)). (8.156)
This has the same velocity dependence as (8.151), which is not a coincidence. In the nonrelativistic
limit, the leading correction to the force is always purely transverse, due to the dependence of the
Bessel functions on v, , and for a h = 0 background that force must be directly proportional to v
by rotational symmetry.

Next, for the helicity =1 background, we have

2
LV, = cA v+ %AO sin(wo(t — 2)) (vav2 + O(vh)) + O(p%) (8.157)

int —
0

where the first term recovers the Lorentz force law (8.147), and the second term yields

2 302 + 02
FlL, = —%Z Ag cos(wo(t — 2)) <12 L%+ vpvy ¥ + O(0%) (8.158)
0
_ ep’ 2 3
=352 (B-v)vi+Evl/2+0(v) (8.159)
0

as quoted in (8.2), where terms involving B appear at order v3. While this correction is suppressed by
(pv/wp)? relative to the familiar electric force, it has a distinctive direction and velocity dependence
which may be detectable. For instance, it includes a term parallel to v, . Note that (8.159) only

applies to radiation backgrounds; it does not apply to situations with static electromagnetic fields,
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where the force correction is not universal.

Finally, for the helicity +2 background, we have

LY, = —L hsin(wo(t — 2)) (v2 — 02 + O 8.160
int 2\/5&] (wo( ))( y T ( )) ( )

which corresponds to a force
UL = L heos(wo(t — 2)) (vak — v,5 + O(v2)). (8.161)

|hl=2 = V2

This has the same velocity dependence as the leading force (8.148) from a gravitational wave, but
shifted 7/2 out of phase. More generally, in a higher helicity background h > 2, the Lagrangian

starts at order vay, (pv/w)P~1 and yields a leading force of order (pvay,)(pv/w)?=2.

Discussion

In the above discussion we have restricted to plane wave backgrounds. Generalizing to arbitrary
radiation backgrounds, such as wavepackets, is computationally straightforward and may offer a useful
perspective on the localization properties of the interactions. We have also neglected inertia-modifying
effects, which, e.g. would arise for a particle with a vector-like current in an h = 0 background.
Searching for such effects would provide information about the amplitude of low-frequency background
radiation in all of the helicity modes.

It is also interesting to consider if there is a natural continuous spin counterpart to a uniform
static electric or magnetic field. Some care must be taken in defining this for several reasons. First,
the enormous gauge redundancy (8.26) and the absence of local gauge-invariant observables obscures
what a “uniform field” should mean. Second, the linearly varying potentials of uniform fields in
electromagnetism, such as A*(x,t) = (Ez,0), have no clear continuous spin counterpart that satisfies
the free equation of motion (8.19). Third, as we have seen in subsection 8.3.1, the currents of source
particles are generically spatially delocalized and thus overlap the probe particle, so requiring that
“uniform” fields satisfy a free equation of motion is not even justified. (The temporal current is not
spatially delocalized, but it is not time-independent and does not give rise to a static field.)

As a result, free background fields are not a useful concept for describing static forces. One
should instead compute these non-universal interparticle forces directly, as we have already done
in subsection 8.5.1. There, we saw that the static force law for spatial and temporal currents was
exactly 1/r, so for these currents all electrostatic forces are unchanged. We have also seen that the
inhomogeneous current has a modified static force law, and that continuous spin fields generically

have modified velocity-dependent force laws.



CHAPTER 8. CONTINUOUS SPIN FIELDS 238

8.6 Radiation Emission From Matter Particles

In this section we investigate the continuous spin radiation emitted by an accelerating particle. First,
we review radiation in ordinary scalar and vector fields in subsection 8.6.1. We cover this standard
material carefully, in a way that directly generalizes to the nonlocal currents of continuous spin fields
in subsection 8.6.2. In subsection 8.6.3 we apply these results to particles in nonrelativistic motion,
yielding concrete deviations from the Larmor formula, and show the radiated power is well-behaved
for arbitrary accelerations. Along the way, we make contact with previous work by recovering the soft

factors for CSP emission, by considering the radiation emitted by an instantaneously kicked particle.

8.6.1 Review: Scalar and Vector Radiation
The Radiation Field and Soft Factors

We first consider the radiation produced in a massless scalar field ¢ by a time-dependent source J.

Given retarded boundary conditions, the equation of motion 82¢ = J is solved by

o) = [ 'y Gl =) I) (3.162)

where G, is the retarded Green’s function. If the source J corresponds to matter particles that
eventually stop accelerating, then at late times the field contains outgoing radiation and the static

fields of these particles. We can isolate the radiation in a covariant way by defining

where ¢, () is the solution with advanced boundary conditions, corresponding to Green’s function
G,. The difference ¢,,q(7) contains only radiation, because 92¢aq = 02(¢ — ¢o) = 0, so it has the

null plane wave expansion

d3k "

Graa(z) = / L SR I B (8.164)
“ (2m)3 2|K| KO k|

On the other hand, in momentum space the retarded propagator corresponds to integrating along a

kY contour that passes above the poles at k” = £|k|, while the advanced propagator passes below

them. Their difference corresponds to integrating along a contour C' that simply encircles both poles

clockwise, so

3 0 efik-z
braa(z) = _/ (;iﬂl)(:i/cﬂngJ(k)k2 (8.165)
43k ;
:/m (i (k)™ + c.c.) - (8.166)
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from which we read off a(k) = iJ(|k|, k).
For example, if the source is a single particle that receives an instantaneous kick at the origin,

then the particle’s worldline is

T, YVT 7<0
iy = J 0T . (8.167)
Y'rAv'T) >0

Integrating the worldline current (8.49) yields

ig ig
J(w, k) = — 8.168
(k) Yw—-k-v) A(w—-k-v') ( )
which corresponds to a radiation amplitude
a(k) = (2myg) (1 - 1> (8.169)
9 2k-p" 2k-p/ 0 K| '

where m is the mass of the particle, and p and p’ are its initial and final four-momenta.

We can derive essentially the same result in quantum field-theoretic language by taking a matter
field ® of mass m with Yukawa coupling y¢>®, where matching to the particle theory sets y = 2mg.
Then in any process with a ® particle of initial momentum p and final momentum p’, the amplitude

to emit a soft ¢ particle of momentum k obeys

M(p—p' +k) = (2myg) ( L 1 ) (8.170)

Mo(p — p') 2k -p 2k-p

where the “soft factors” on the right-hand side can be determined solely using unitarity, locality,
and Lorentz invariance [773]. Of course, this matches (8.169) in form. To make the connection more
explicit one can consider amplitudes with an arbitrary number of outgoing ¢ particles, yielding a
coherent final state for the ¢ field with (a(k)) given by (8.169). We thus recover the exact same
result for the radiation field in the classical limit of many emissions.

It is straightforward to generalize these results to a massless vector field A*. Defining the radiation

field A” . analogously, in Lorenz gauge we have

rad
d*k »
AL (z )—/7 iJH(k)e * T 4 cc. (8.171)
1) = | Gz Moo
and the corresponding plane wave expansion is
A* —/ éha —ikT 4 ¢.c. 4 gauge . 8.172
rad( ) o 32‘k| (Z A a(k gaug =ik ( )
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¢ - ¢a = ¢rad

Figure 8.3: The field ¢ of a kicked particle has outgoing radiation on the forward light cone, the
final static field F’ inside, and the initial static field F' outside. Subtracting off the advanced field
¢, gives a pure radiation field, which has incoming radiation on the backward light cone, outgoing
radiation on the forward light cone, and the difference F' — F’ outside both light cones.

Here we define €y =€)/ v/2 to reach the usual normalization for helicity +1 modes. Now,
JE=(k-D)g" + (¢ J)k* — (é— - J)é‘fr — (&, - J)e* (8.173)

where the first term is zero by current conservation, and the second term corresponds to the residual
gauge freedom in Lorenz gauge. The last two terms yield

ay (k) = (iey)" - J(k) (8.174)

k°:|k\.
Returning to the example of a single kicked particle, coupled to the vector field by (8.51), a derivation
analogous to the previous one gives

ie (v,7v) ie (v, 7'V')

k) = Z s~ S e (8.175)

which corresponds to a radiation amplitude

dop -y
at(k :e( — ) . 8.176
( ) E-p k-p kO=|K| ( )

Of course, this matches the ratio M(p — p' + k)/Mo(p — p’) from field-theoretic soft factors.

Radiated Power
Defining z* = (¢, rT), we can simplify (8.164) in the far field limit » — oo using

i|k|r
iker _ oretlkl

i|k|r

2me kI A
22T 5@k —¢
iK|r (k, =)

s (k1) (8.177)
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which holds since both sides are integrated against smooth functions of k and #. This yields

1 [~dk . 4
i Graa(w) = — / 2|7‘ (—ia(\k|f~) eI 4 ja(—|Kk|E) e~ PIkICE+T) +c.c.) (8.178)
I oo 0
1 [d , _
= o 2—w (J(w,wf‘) e J(w, —wit) 67“”(“”)) . (8.179)
/I8 o

Much of the information in this expression is irrelevant to computing the radiated power. To see
this, consider a particle kicked at time ¢ = 0, and let F' (F”) be the static field that would exist if the
particle had its initial (final) velocity for all time. The spacetime profile of ¢;,q is shown in Fig. 8.3,
and contains outgoing radiation (from the first term of (8.179)), incoming radiation (from the second
term), and a combination of static fields (from both terms).

Static fields never contribute to radiated power in the far field, since their derivatives are suppressed
by 1/r. The incoming radiation is unphysical and vanishes for ¢t > 0, and more generally vanishes at
late times for any situation where the particles eventually stop accelerating. Thus, at late times we
can compute the radiated power from the physical, outgoing radiation in ¢ by working with only
the first term of (8.179). This prescription even works for periodic motion as long as we consider its
amplitude to eventually damp as ¢ — oo, which we will leave implicit below.

To compute the angular distribution of radiated power, we note that in the far field limit, the
derivatives in the Poynting vector T% = 9% 8¢ effectively only act upon the exponential e~ #="),

as other contributions are suppressed by 1/r. Then at late times,

dP(t)

& = Jim o (0°6(2)) (07 6(=) (8.180)
dw e—w(t—r) X 2
= E— wd(w,wt)| . (8.181)

Similarly, for a vector field in Lorenz gauge, the radiation field in the far field limit is

1 d -
Tlgrolo Al (z) = T / % (— /\2_;3; (& - J(w,wt)) e ™) 4 incoming + gauge) . (8.182)
We may again discard the incoming term at late times, and since the Poynting vector T = —FO*F"

is gauge invariant, we may also discard the pure gauge term proportional to k*. Now, in the far field

limit, a derivative i0* yields a factor of k* = (w,wr), so

art) _ .. L i A0) (T r
T = lim_ r? (KOA* — kM A%) (K" A, — K, AT) (8.183)
— 1 2,2 AR
= rlggow re AA, (8.184)
dw e~ w(t—r) 2

wéy - J(w,wr) (8.185)

-5

A=%

o 47
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where we arrived at (8.184) using k& = 0 and k- éx = 0. We may also perform the sum over

polarizations using k - J = 0 to get a compact expression for the total power,

—iw(t—r) 2
’/dwe wJH(w, wr)

(8.186)

As a concrete example, we can again consider a kicked particle. Since the radiation is emitted
instantaneously, it is natural to integrate (8.181) over time. We then strip off the remaining frequency

integration, pairing positive and negative w, to find the energy spectrum

dE w? g2 1 1 2
_ J(w, wi)[? = . 8.187
Todi ~ 16 @D = 15 (7(1 —Fv) (1t v’)) (8.187)

for w > 0. Similarly, integrating the vector result (8.186) yields

dE w? e? (1,v) (L,v) \?
Y T, i) = — V) % 8.188
dod = 16w (@t 1673 (1—f'~v 1—r~v’) (8.188)

which is a well-known result (e.g. see Eq. (15.2) of Ref. [506]).

Particles in Periodic Motion

Next, we consider the radiation emitted by a particle undergoing periodic motion with period

T = 27 /wp. In the scalar case, the current and field amplitude have the form
k) =21 ) jn(k) 6(w — nawo), =2or Z an (k) 0(|k| — nwo) (8.189)
where the Fourier components can be extracted by
PN dt znw t S
an(F) = ijn(nwet) = Te °% J(t, nwot'). (8.190)
0

The time-averaged power distribution is

dp dt dP(t
= :/0 T dr 87r2 > nPwdlan(t) (8.191)
n>0

where we paired terms with positive and negative n, and dropped the static n = 0 term, which does

not contribute to the radiated power. In general, we have

T
dt .
an(t) = ig / ?emwo@*”@)) 1—|v(t)]? (8.192)
0
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where the final factor comes from changing variables from 7 to ¢. This shows that the leading
contribution to a,, is of order v, where vy is the typical speed, so that in the nonrelativistic limit
radiation is predominantly emitted at the fundamental frequency.

For nonrelativistic sinuosidal motion z(t) = £ cos(wpt) X with vy = wel < 1, we have
. Tt t —ivo(#% t 2 gvo
ai(f) = ig/ - giwot g—ivo (8-X) cos(wot) /1 _ U% sin®(wot) = 7( x) + O(UO) (8.193)
0

This radiation is emitted primarily longitudinally, and the total averaged power is

2,.,2,2 2.2
p =720 /df (%) =220 (8.194)

where ag = wovg. This is simply the scalar Larmor formula.
For the vector case, we can define the components j#(k) and ai,n(f{) analogously to (8.189), and

they are now related by
a:i:,n(f) = (iéﬁ:)* : jn(nwof")~ (8.195)

To quickly recover familiar results, we time average the power summed over helicities (8.186),

dr 7r2 Z n2wd|j# (nwot) 2. (8.196)

n>0
The leading contribution to radiation at the n*® harmonic is still of order v, since
Tat :
GH (nwot) = e/o = etnwo(t=12(t) (1 v (¢)). (8.197)
Again specializing to nonrelativistic sinusoidal motion, we have
ievy

T
dt . o
]f’(nwof‘) = e/ ? ezwot—wo(r~X) cos(wot) (1, —Vo sin(wot) )A() = — 9 (f‘ . )A(,}A() + O(’Ug) (8198)
0

Now the radiation is emitted primarily along the transverse direction, and the total is

2 2,92 2 92
_ etwgu e‘a
P 00 [ di|p x x|? = —2. 8.199

3272 / L e (8.199)
which is the usual Larmor formula, since (a?) = a2/2. We can also recover the polarization content
of the radiation by applying (8.195), which shows that the radiation is linearly polarized, along the
projection of X in the plane transverse to r. Of course, these are all familiar results, but we are now

prepared to see how they are modified at nonzero p.
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8.6.2 Defining Continuous Spin Radiation
The Radiation Field and Soft Factors

Our analysis of continuous spin radiation will closely mirror the previous subsection. We work in

strong harmonic gauge, where the equation of motion (8.68) is solved by

d®k dk® J(n, k)e~ ke
)4 =— —_— 2
)= [ G L o (3.200)

where the contour C, passes above the poles at k0 = +|k|. We define ¥, with a contour C, that
passes below these poles but is otherwise identical, so that both contours enclose the same essential

singularities. Then the difference,

3k .
d (iJ(n,k)e" ™" +c.c.) (8.201)

\IIrad(nax) = \I/(’I],LL') o \I/a(77795) - / m kO=|k|

is a pure radiation field, with support on only null momenta. We have argued in subsection 8.3.2
that the U.,q produced by a current depends only on the function g, and is universal for scalar-like
or vector-like currents. This can also be seen directly by plugging the general decomposition (8.87)
of the current into the equation above. The k2X term vanishes since k is null, and the final term is
of the form D¢, which corresponds to a pure gauge field.

The mode expansion of U,,q is given by (8.36), and the gauge invariant coefficients can be found

by projecting against a helicity wavefunction by (8.37),

) = [1aa] 07 + 1) ivi ) Snk)| (8.202)
kO=|K|
We can now readily derive soft factors by considering a kicked particle with worldline (8.167).

First, for any scalar-like current we have

ige~inp/kp g e—tonp’ [k-p’

JOR) = S e~ Yok (8.203)

This corresponds to a radiation amplitude

SS / SS
aj (k) = (2mg)< ;l(fi’;) - gl(fﬁ ))k0_|k (8.204)
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where the scalar-like soft factor is

sh(k,p) = / [d*n] &' (n* + 1) 5, (m)e PP/ B P (8.205)
h
= (|E_:§|> Jn (ple~ - p/k - pl). (8.206)

Here we evaluated the integral using (8.273) with V' = p(q¢ — p/k - p). Up to differences in phase and
normalization conventions, this matches the scalar-like CSP soft factors from Ref. [780]. Explicitly,

defining z = e_ - p/k - p for brevity, the leading terms are

%;}222 h=2
502 h=1
si(k,p)=1-1p222 h=0 +0(°) (8.207)
—%pz* h=-1
102(z%)2 h=-2

In general, the leading contribution to sf is of order p!"!, so in the p — 0 limit all the soft factors
vanish except for s§ = 1, recovering the result (8.170) for ordinary scalars.
For vector-like currents, the results are identical up to the substitution g — (v/2e/p)(ik - 2). Then

the radiation amplitude is

V(k,p) sy (k,p)
aY (k =e<5h( D) Sn ) 8.208
(k) ) (5.208)

where the vector-like soft factors are

V2 k

ip

s¥ (k,p) = Py (k). (8.209)
This agrees with the vector-like CSP soft factors of Ref. [780], up to differences in conventions. As
already noted there, the soft factor for h = 0 diverges as 1/p, but this contribution cancels between
the two terms of (8.208), and more generally it will cancel from the soft emission amplitude for any

process by charge conservation. Thus discarding this term, the leading contributions are
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In general, the leading physical contribution to s} is of order plM=11 5o in the p — 0 limit all the
soft factors vanish except for s¥; = Fié% - p, recovering the result (8.176) for ordinary vectors (up to
the phases used to define the helicity basis (8.35)).

We have therefore recovered all the physical results of Ref. [780], up to the tensor-like CSP soft
factors, which we defer to future work. The agreement is heartening but unsurprising, since soft

factors are highly constrained by symmetries. We now turn to deriving new results.

Extracting the Radiated Power

We can compute the radiated power using the canonical stress-energy tensor [781]

oL
MY oV 4 v
T g £+/[d 7] a(aﬂ)a v (8.211)
1
= —g" L+ /[d4n] §'(n? 4+ 1) 0" oY — 58¢;(5(772 +1)AT) 9" . (8.212)

Compared to the examples in section 8.6.1, there is a new subtlety: the stress-energy tensor is not
gauge invariant, even after Belinfante improvement terms are added to yield a symmetric tensor ©#%.
This is not surprising since the same phenomenon already occurs in linearized gravity; it reflects
the fact that both general relativity and continuous spin theories do not have local gauge invariant
observables. The resolution here is exactly the same as in linearized gravity [828]: for radiation and
gauge transformations with typical wavelength A, the average () of the stress-energy tensor over
a spacetime region of typical size L > A is approximately gauge invariant, up to terms suppressed by
powers of A\/L. Thus, one can meaningfully describe energy-momentum flow on scales longer than
the wavelength.

To see how this works, note that averaging and discarding terms suppressed by \/L allows us
to perform integration by parts, and more generally to discard total derivative terms such as the
Belinfante improvement terms, which yields (©#*) ~ (T""). Furthermore, the variation of (L)
approximately vanishes for the same reason that the action (8.9) is gauge invariant. The variations
of the remaining terms cancel after using the equation of motion (8.19) and integration by parts, as
shown by a tedious but straightforward calculation in appendix 8.9.5.

There is another subtlety which is unique to continuous spin fields. In section 8.6.1, we neglected
the initial and final static fields F' and F’ when computing the radiated power because their derivatives
fall off as 1/r2. But continuous spin fields have currents which are not localized to the worldline, as
discussed in subsection 8.4.1, leading to different behavior at large r. For example, the derivatives of
the static field of the spatial current (8.96) do not simply scale as 1/r2, but they do fall off faster
than 1/r, and thus do not contribute to radiated power in the far field. We do not know how to
prove this in general, partly because our analysis is framed in terms of fields with a high degree
of gauge redundancy. For example, the temporal current depends explicitly on a particle’s past

history, so that even the “static” field (8.98) depends explicitly on time and an early time cutoff.
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These features obscure the asymptotic behavior of the field and its derivatives. In lieu of a proof, we
make the physically well-motivated conjecture that W,,q(n, x), which encodes “on-shell” null modes,
provides the sole contribution to the far-field power, for all physically sensible currents satisfying the
continuity condition.

We can now derive results. Our discussion of gauge invariance implies that we may work in any
gauge, as long as we only compute spacetime averaged quantities. We use harmonic gauge, where

only the second term of (8.212) contributes to the Poynting vector,
70 = /d4n §'(n* +1)0°Wwo . (8.213)
In analogy with (8.179), the part of ¥,,q containing outgoing radiation in the far field limit is

Jim Wraa(n, @ 47”,/ me) /[d4n’] &+ 1) v5 ()T, k) (8.214)

where we defined k = (w,wr) for brevity. As discussed above, we use this piece alone to compute the
far field radiated power flux, omitting contributions from “static” fields. Following the same steps
that led to (8.181) and applying the orthogonality relation (8.264) yields the radiated power in each
helicity mode,

2
dPh dw w e““(’" t) .
N e K LR RO Y (3.215)
We can sum over h using the completeness relation (8.282), giving the total
dP(t) dw (=) 2
- /d4775’ (" +1) ‘/ wJ(n, k) (8.216)
4

The total radiated power distribution (8.216) is Lorentz invariant, but its distribution in helicity (8.215)
is not. This reflects the fact that the helicity of a continuous spin particle is not Lorentz invariant, as
mentioned in section 8.2.

To render (8.215) and (8.216) gauge invariant and physically meaningful, it suffices to average in
time. This fact follows from the same argument as in the gravitational wave literature [828]: in the
limit » — oo, evaluating the power emitted through any nonzero solid angle automatically involves a
large spatial average over the transverse directions. Furthermore, since the power is written in terms
of fields that are purely outgoing spherical waves, an average in ¢ is equivalent to an average in r, so

no further averaging is needed.
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8.6.3 Computing Continuous Spin Radiation

As a first example, we can integrate over all times to find the radiated energy spectrum for a kicked

particle. In terms of the radiation amplitudes defined above, we have

dE Z w? lan (w)|? scalar-like
= X

_— (8.217)
dwds < 167 la) (wt)|?/2  vector-like

where the factor of 1/2 is due to the normalization of the frame vectors €/{. As expected, these
results reduce to (8.187) and (8.188) as p — 0.

Our main interest in this section is on particles in periodic motion, for which we can compute
a gauge invariant radiated power by averaging over a period. As in section 8.6.1, the currents and

amplitudes satisfy
J(n,w,K) =21 jn(n,K)d(w —nwo),  an(k) =21y ann(k)d(k| — nwp) (8.218)
n n
and the Fourier components can be extracted by
ann®) = [ (00807 + 1) Ui, (). ) (3.219)

where we define k,, = nwo(1,#). The time-averaged power distribution is

= |ann(E)[. (8.220)

With this single expression we can compute the universal radiated power, differential in direction r,
helicity h, and harmonic n > 0, for both scalar-like and vector-like currents.

First, for any scalar-like current,

T
dt . A .
ap () = ig/ RV IV(t)P/[d“n] 8 (11? + 1) W, (e o 2O 20 (8,291
0
Tdt .
_ ig/ ? eznwg(tfrz(t)) /1 — |V(t)‘2 (
0

€_ -2

h
: Z.|) T (ple— - 2/ - 2] (8.222)

where we performed the integral using the same logic as in (8.206). This can be written more

transparently by writing z = (1,v) = (1, v, 4+ v_ ), and choosing frame vectors with €/, = (0, €e), so

that ey -+ =0 and |ex - v| = v . This yields

T
dt , ¢ v
S inwo (t—i2) 1— 02 (— o\ pUL 929
ap,n(t) zg/o T e v2(—e_-v1) Jy <nw0(1 — Ur)) . (8.223)

Notice that while the original expression (8.221) had direct dependence on p/wy, our final result only
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depends on the combination pvy/wg, which is physically reasonable since this parameter controls
the mixing of helicity states under boosts, as discussed in section 8.2.1. Thus, the amplitude can be
viewed as a series in the dimensionless variables vy and pf, where ¢ = vg/wy is the typical length
scale of the particle’s path.

We have seen that for nonrelativistic sinusoidal motion, the amplitude (8.193) for ordinary h = 0,
n = 1 scalar radiation begins at order vy. By contrast, the leading continuous spin corrections begin

at zeroth order in vg, and are

T
afh,n(f') _ ig/ %einwot (—6_ . ‘A"L)h Jn (?;) + O('UO) (8224)
0 0
Tde , ¢ sin 6
= ig/o % etn? (—e'" sign(sin ¢))h Jh <p s;n |sin d>|) + O(vo) (8.225)

where we changed variables to ¢ = wpt, € is the angle of  to the direction of motion X, and the
constant phase e® depends on the phase convention for the polarization vector e_. Discarding the

irrelevant phases by taking the magnitude yields

27 .
lann(®)] = g ‘/ % ¢iné g, <p€2n0 sin ¢>) ‘ + O(vp). (8.226)
0

Thus, for nonrelativistic sinuosidal motion the leading contribution to radiation at helicity h > 0
has order (pf)" and appears at harmonics n = h, h — 2,.. ., while higher order terms in p¢ can also
contribute to higher harmonics.

The resulting radiated power distribution, illustrated at left in Fig. 8.4, is

v cos?0(1— (plsinh)?/8) h=0,n=1
(plsin 0)? /4 |h|=1,n=1+... (8.227)
(plsin 0)*/1024 |h| =2,n =2

dph’n B g%.)% y
dir 3272

where we show the leading p-dependent corrections for a few h and n. Note that the familiar scalar
radiation is primarily emitted longitudinally, while the h # 0 radiation is primarily emitted in the
transverse directions, due to the dependence of the amplitude on v . As expected, the familiar scalar
radiation dominates for small p < wy.

It is also interesting to consider how the radiated power behaves in the deep infrared limit pf — oo.
As shown at left in Fig. 8.5, the radiated power in each helicity and harmonic initially increases
monotonically with p, then oscillates and decreases. This is a consequence of the rapid oscillation of
the Bessel function in (8.226); roughly evaluating the integral with the method of stationary phase,
we find that at large p¢ the radiated power is distributed democratically among helicities h < n, and
dominated by harmonics n < +/pf.

To confirm this behavior numerically, it is easiest to sum the power (8.220) over all helicities
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Figure 8.4: Angular distribution of helicity h radiation (not to scale) from a particle in nonrelativistic
sinusoidal motion with amplitude ¢ and pf < 1, for a scalar-like (left) or vector-like (right) current.
The dashed curve shows the total power emission in all helicities in the deep infrared limit p¢ — oo.

using the completeness relation (8.282), which yields

@ _ g*wi an/[d‘l 16/ 24 1) /T @einwo(t—f“z(t)) 1— |V(t)‘2e—ipn‘2'(t)/kn~é(t) 2 (8.228)
i~ 8n? e o T ‘
2
2,2 T
— g wo an/[d4ﬂ] 5/(772 + 1) / ﬂ einwotefip(novr(t)fn~v(t))/nw0 (8229)
82 n>0 0

2,2 T T 341 /
9wy o [T dl / At o (t—t) plvi(t) —vi(t)]

_ e (7 dt’ J 8.230
82 nz;()n/o T /), T ¢ 0 nwo ( )

where we took the nonrelativistic limit, cancelled a phase, and evaluated the n integral using (8.255).
In the special case of sinusoidal motion, one can evaluate the integrals in terms of hypergeometric

functions, yielding
dP 2,2
Jim T = 987‘:10 plsind. (8.231)

This scaling, shown at right in Fig. 8.5, has an important physical consequence. Working in terms
of the independent measurable quantities vy and ag, where ag = wgvg is the typical acceleration,
the infrared limit p¢ > 1 is precisely the low acceleration regime ay < pv3. Combining (8.194)
and (8.231) yields

5 g*a3 /24w ag > pvd (8.232)
g%pag/87%  ag < pv

so that the radiated power smoothly goes to zero as the acceleration vanishes, even though radiation
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Figure 8.5: Radiation from a particle with a scalar-like current in nonrelativistic sinusoidal motion of
amplitude ¢. The left panel shows the power emitted in each given harmonic and helicity, evaluated
with (8.226). It does not show the ordinary, p-independent scalar radiation at h = 0, n = 1, as this is
suppressed by v3. The right panel shows the power summed over helicities, evaluated using (8.230).
As discussed in the text, it implies the total power is well-behaved in the limit of low accelerations.

is emitted into an unbounded number of helicities. This is a general phenomenon: as shown in
appendix 8.9.5, one can extract the scaling of (8.231) from applying a stationary phase approximation
to (8.230) for any smooth trajectory. This is another striking example of how continuous spin theories
are well-behaved compared to naive expectations.

As in section 8.6.2, we can easily convert our results to vector-like currents by replacing g with
(v2e/p)(ik - dz/dr), giving similar results. The analogue of (8.223) is

\/ienvo Tat . (t—i-2) h pUL
L(B) = Y20 T ginwo(t=F2) (1 _ 4 Y (—e_ . I k= I 9
apn(t) ) /0 T € (1 —vp)(—€_ V)" Jy <nwo(1 — Ur)> (8.233)

The p — 0 limit appears to diverge for h = 0, due to the constant term in the Bessel function.
However, that contribution vanishes since the integrand is a total derivative.

The integral may again be expanded in p¢ and vg. Taking the nonrelativistic limit for sinusoidal

motion by removing terms subleading in vy, as in (8.226), yields

2m :
i/ d¢ e Iy, (pﬁine singb) + O(wo)
0

n r)| =v2
|an (L) V2 envg P o

. (8.234)

Unlike the scalar-like case, this expression also contains the usual p-independent amplitude, since it

appears at the same order in vy as the leading corrections. The leading contribution to the radiation
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Figure 8.6: Radiation from a particle with a vector-like current in nonrelativistic sinusoidal motion
of amplitude ¢, normalized to the power at p = 0. We evaluate (8.234) to find the power emitted in
each harmonic and helicity (left), and (8.236) to find the power summed over helicities (right).

amplitude at helicity A is of order vo(pf)/"=!!, and the radiated power is

P 2 = (p0)? sin® 0 h=0,n=2
hn 0Y0 ) 3 s 4 _ —
= oaez XS’ g5 (p0)?sint0 |hl=1n=1+.... (8.235)
L (pl)?sin 0 |h| =2,n=2

All the radiation is primarily emitted in the transverse directions, as shown at right in Fig. 8.4.
Integrating this equation over angles yields our earlier stated result (8.3).

Numeric results extending to large pf, where high harmonics and many helicities contribute, are
shown in Fig. 8.6 and earlier in Fig. 8.1. Again, to find the total power emitted it is easiest to sum

over helicities. The analogue of (8.230) is

dP _ 320,)31}8 Z ni /T ﬂ /T iﬂ emwg(t—t/) J P|VL(t) — Vl(t/)‘
di — 4m? 0?2 ), T )y T 0

nw,
n>0 0

(8.236)

which can again be evaluated in terms of hypergeometric functions, yielding the simple result

. dP  e2wiv? .
lim — = 020 ¢in2g.

pl—00 dr o 6472

(8.237)

This is precisely half the radiated power distribution for an ordinary vector field, though the radiation
is now distributed over many helicities. Again, for a general smooth motion one can derive the same
result, up to a different numeric constant, by applying a stationary phase approximation to (8.236).
This again illustrates how continuous spin physics is surprisingly well-behaved, yielding sensible

results for arbitrary accelerations.
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8.7 Discussion and Future Directions

Is Continuous Spin a Fundamental Feature of Nature?

All observables in the continuous spin theories computed in this chapter reduce to those of familiar
theories when w > p. This motivates a bold conjecture: all massless degrees of freedom in nature
could have continuous spin. One could begin exploring this possibility along two independent
directions. First, the Abelian gauge theory of this paper must be generalized to theories with nonzero
p that reduce as p — 0 to non-Abelian gauge theories and general relativity. Second, one must embed
the Higgs mechanism within a continuous spin theory, which could initially be pursued in the context
of Abelian Higgs models.

Intriguingly, a “continuous spin Standard Model” may provide insight on the gauge hierarchy
problem. In familiar theories, a massless scalar field that mediates a 1/r potential is unstable against
radiative corrections from interactions with other massive degrees of freedom. Continuous spin
fields with scalar correspondence behave just like such fields as p — 0, but have a gauge symmetry
which forbids a mass term, and thus could render a light scalar technically natural. This simple
observation strongly motivates developing interacting continuous spin theories to the point where one
can compute radiative corrections. The result is not clear a priori; for instance, the gauge symmetry
might be anomalous at the quantum level, or supersymmetry might be required. Or perhaps an
entirely new mechanism, related to analytic structure in n-space, will play a role. Even if p is zero in
our universe, such investigations may inspire new resolutions to the hierarchy problem.

Investigating the possibility that the graviton is a CSP requires developing a non-Abelian
continuous spin theory with tensor correspondence, i.e. one which reduces to general relativity as
p — 0. This challenging task is motivated by the cosmological constant problem. In general relativity,
a cosmological constant term is allowed by general covariance, and quantum effects are generically
expected to produce large corrections to such a term. However, continuous spin fields have a larger
gauge symmetry which forbids this term when p = 0, which could render a small cosmological
constant technically natural. A first step toward developing this idea would be to construct currents
which reduce to the contribution of vacuum energy to 7},, in the limit p — 0. An even more radical
possibility is that the cosmological constant is completely forbidden, and the accelerated expansion

of the universe instead results from p-dependent corrections to the static force law.

Future Theoretical Developments

We highlighted some long-term goals of a continuous spin research programme above; we now list
some theoretical developments which can serve as intermediate steps, and may also open new avenues
for experimental measurements and detection.

First, in this paper we have focused on spinless matter particles, since these give rise to the

leading contributions to long-distance forces and radiation. It would be interesting to see how our
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universal decomposition of currents is modified for matter particles with spin. Understanding the
role of spin would also enable precision tests using nuclear or electronic spin precession.

Second, we have only computed classical observables in this chapter, but nonzero p could also
produce distinctive signatures at microscopic scales, such as forbidden atomic transitions through
emission of partner polarizations, or modifications to atomic energy levels. As already discussed in
Ref. [781], the free continuous spin field is straightforward to quantize, and the mode amplitudes
ay, (k) and ay (k) simply become raising and lowering operators for field modes with momentum k and
helicity h. There are well-known techniques for computing quantum amplitudes for matter particles
and gauge fields (e.g. see Refs. [832, 833, 834]) which in fact predate [835] the traditional approach
using matter fields. These formalisms could be a starting point for computing matter-CSP transition
amplitudes from our action (8.1). It is not obvious if such quantized theories will be fully consistent,
but the completeness relation (8.282) strongly suggests that correct unitarity cuts will be obtained
at least for tree-level CSP-mediated matter scattering.

Third, as already discussed in subsection 8.4.2, it would be interesting to explore causality more
thoroughly, as well as local completions of the action involving intermediate fields. This may shed
light on the physical interpretation of our delocalized effective currents and might be necessary to
properly define and compute radiative corrections.

Fourth, it would be interesting to tie our work to the broader field theory literature. For instance,
one could generalize our interacting formalism to supersymmetric continuous spin fields, or investigate
its relation to interactions in higher spin theory, which also often require towers of arbitrarily high
helicity modes. In addition, while massless CSPs do not appear in the perturbative treatment of the
familiar bosonic string [836], it would be interesting to see if they can emerge from other types of
string theory.

Fifth, we have focused on the coupling of continuous spin fields to matter particles, and it would
also be interesting to consider their coupling to matter fields. As discussed in appendix 8.9.3, existing
currents built from matter fields do not obey gauge invariance, do not contain the most relevant
minimal couplings, and appear to have vanishing coupling to radiation. We suspect that suitable
currents can be built from matter fields, but they must be either nonlocal or involve additional
intermediate fields. Understanding this structure is likely a prerequisite to developing non-Abelian
continuous spin theories, which require matter-like couplings for the continuous spin field itself.

Finally, since CSPs are known to exist in (A)dS spaces, it would be interesting to study continuous
spin fields in curved spacetimes, such as black holes. For a black hole with radius rs < 1/p, a photon
CSP should be equivalent to one particle of each integer helicity, yielding an unambiguous deviation
from the ordinary Hawking radiation rate. More spectacularly, since p provides a length scale, a
continuous spin field might be exponentially amplified around a black hole through the superradiant
instability. Alternatively, our formalism could simply be inconsistent in curved spacetime. It might

even be that the only fully consistent gravitational theories of interacting CSPs require the graviton



CHAPTER 8. CONTINUOUS SPIN FIELDS 255

to be a CSP as well.

Towards Experimental Tests of the Photon and Graviton Spin Scale

In the near-term, the formalism explored in this chapter can already be used to devise probes of the
photon or graviton spin scale. These phenomenological tests should be largely independent of the
ultimate origin of the spin scale.

If the photon has a nonzero spin scale p,, then the familiar charged particles in nature must couple
to it through vector-like currents, leading to distinctive deviations from ordinary electromagnetism.
One promising avenue is to try to detect the “nearest neighbor” partner polarizations with A = 0
or |h| = 2, which can be both produced and detected by antennas and electromagnetic resonators.
For example, if an electromagnetic cavity is excited, then it will emit in the partner polarizations,
which pass out through its walls and can be detected by a second cavity. The partner polarizations
could also be produced deep within the Sun. Anomalous cooling caused by such emission should
set a bound on p. Even below this bound the partner modes can freely propagate to a “helioscope”
detector on Earth, where they would appear as X-rays which penetrate conventional shielding. While
we have not yet performed detailed calculations, we can certainly say that p, < 107%eV due to the
nonobservation of strong deviations from ordinary electromagnetism in microwave/radiofrequency
technology and we roughly estimate stellar cooling constraints imply p, < 10~?eV.

Our results strongly suggest that continuous spin fields have well-behaved thermodynamics, and
furthermore make it possible to probe p,-dependent corrections to ordinary thermodynamics. For
example, nonzero p. changes the effective number of light degrees of freedom in the early universe,
which might be constrained through precision cosmological measurements, or detected through the
cosmic background radiation in the partner polarizations.

In these respects, searches for the photon’s partner polarizations bear a strong resemblance to
ongoing searches for weakly coupled, ultralight fields, such as axions, dilatons, and dark photons.
One crucial difference is that deviations from radiation-induced forces are purely velocity-dependent.
Another difference is that all p-dependent effects are enhanced in the infrared, with forces from nearest
neighbor polarizations suppressed by p./w, which might enhance signals for telescopes sensitive to
lower frequency radiation. Very low momentum scales could be probed via long distance modifications
of force laws, such as from astrophysical or cosmological magnetic fields, though here the deviations
are not universal.

We suspect it is possible to probe the spin scale p, of the graviton within the context of linearized
general relativity, by suitably adapting the tensor-like current discussed at the end of subsection 8.3.2.
Using the formalism developed in this chapter, it would then be relatively straightforward to
compute pg-dependent corrections to gravitational radiation, recover the tensor-like soft factors
derived in Ref. [780], and investigate deviations from ordinary gravitational dynamics on galactic

and cosmological scales.
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We have discussed a broad set of future directions, but it is also likely that the most exciting new
ideas are still waiting to be found. This subject is still in its infancy, and we hope this work will

serve as a solid foundation for many developments to come.

8.8 Appendix: Vector Superspace Integration

In this section, we define vector superspace integrals of the form
Jlatser e rw, [l s e+ Fw (5.238)

for arbitrary analytic functions F(7), and present two equivalent procedures for evaluating them.
These approaches were introduced in Ref. [781], but we include a streamlined summary to make this
paper self-contained and provide complementary derivations. We also derive several powerful new
identities (8.269), (8.273), and (8.282) used throughout the paper.

Integrals over an ordinary measure dn diverge, as the hyperboloid 1% 4+ 1 = 0 has infinite volume.

Heuristically, the regulated measure [d*n] is defined by factoring the volume out,

d*n = [d*n] / d*ndé(n® +1). (8.239)

While this is merely a formal definition, requiring that the integration results obey sensible constraints,
such as Lorentz covariance, fully determines all integrals of the form (8.238). This approach is pursued
in App. 8.8.1 and used to write the integrals in terms of generating functions, and derive new identities
in App. 8.8.2. Alternatively, the regulated measure can be concretely defined by analytic continuation
to Euclidean signature, as shown in App. 8.8.3.

These two formulations are completely equivalent, but complementary. The generating function
approach can always be straightforwardly applied, but often produces tedious combinatorics. By
contrast, the analytic continuation approach requires more geometric insight to use, but can yield
elegant shortcuts. We will show how both approaches can be used to derive the “master identity”
(8.269) from which our other new identities follow. Finally, although both approaches use analyticity
of the integrand F(n), they only require analyticity on an appropriate region, as we show in an

example at the end of App. 8.8.3.

8.8.1 Generating Functions

We begin by deriving generating functions for the integrals (8.238) from six basic properties they

must satisfy. First, the heuristic definition (8.239) implies the normalization

/[d477] S(* +1) =1. (8.240)
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We further require integrals over §(n? + 1) to respect the delta function and integration by parts

identities,

[t 56+ 1) + DE) = o (3.241)

/ [d*n] 0% (6(n* +1)F(n)) =0. (8.242)
To relate these to integrals over ¢'(n? + 1), we impose the distributional identity

S+ D) +1) = =5(n*+1) (8.243)

underneath an 7 integral. Finally, we assume that integration is linear and the results are Lorentz
covariant, in a way we will describe more concretely shortly.

The above properties determine the integrals (8.238) for any analytic function F'. To show this,
note that by linearity, it suffices to define the integral for each term in the Taylor expansion of F,

which in turn follow from integrals of the form

/ [dhn] 6(n* + 1) it - oot (8.244)

By Lorentz symmetry, the result must be a fully symmetric rank-m tensor built from ¢g#*. Thus, it

must be zero for odd m, while for even m = 2n, we must have
/[d477] 5(7’2 + 1) nulnlm .. 77.”’2'” =c, (gmuz .. .g/‘2n—1/’b2n + perms.) (8.245)

where the right-hand side has (2n)! terms. Contracting this with g,,, ,,,, the left-hand side is

gmHQ /[d477] 5(772 + 1) 77#1,,7#2 . n#zn — _Cn_l(g#3#4 .. ,g#Qn—1,u2n + perms.) (8.246)

where we used (8.241). The right-hand side has the same tensor structure; to find the numeric
coefficient, note there are 2n(2n — 2)! terms containing g#t#2 or gh2#1 which each produce a factor
of D = 4 in the contraction, and the other (2n)(2n — 2)(2n — 2)! terms yield a product of metric

tensors with unit coefficient. Comparing the two sides yields the recursion relation
—Cp_1 = (2n)(4+ (2n — 2)) cp. (8.247)
Since ¢y = 1, the general solution is

(~1/4" ) -1/8 n=1

T : (8.248)
i+ 11192 n=2

Cp —
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Both types of ) integral can be written economically in terms of generating functions,

[t 0w =6 (/27) Fon) (8.249)
n=0
/ [d*n] &' (* + 1) F(n) = G’( 6%) F(n) (8.250)
n=0
where we have just shown that
= 2J1 (,T)
Gz) =) coa™ = : 8.251
ENESE 8251
To address the other integral, note that the above properties imply
4,1 51, 2 4 2 1
Jina e+ vrm = [t 1) (50,0-1) 7o (8.252)

which is readily verified by integrating the right-hand side by parts and applying (8.243). This result
holds for general D, and for D = 4, the term in parentheses produces a factor of n 4+ 1 when acting

on n?". Thus, the Taylor series of G’ has coefficients

—1/4)" —-1/4 n=1
d, = % = / (8.253)
() 1/64 n=2
which sums to -
G'(z) = Z dn2®™ = Jo(x). (8.254)
n=0

The appearance of Bessel functions is not surprising from a geometric standpoint, and we can
see more directly why they must appear with an alternate derivation. Note that showing (8.254) is

equivalent to showing

(V)= /[d“n] §' (P +1) e = Jo(v/-V?) (8.255)
for any four-vector V', since each factor of 83 yields a factor of —V2. Now, by (8.243) we have
ORIV) = [ld] 8 + 1) (o) (8.256)

= /[d4n} S +1) eV + /[d477] S(n® 4+ 1)V, (8.257)
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On the other hand, we can use integration by parts (8.242) to show that

oIV = [ldn) 8o + 1) () (8.258)
_ % / [d4] (926 (n? +1)) eV (8.259)
=5 1@t s + 1 (-ope (8.260)
-1 / (dn] 8( +1) VeV (8:261)

Combining these results yields the differential equation
VZOLI(V) =2V -0yI(V)+V2I(V). (8.262)

Since I(V) is a scalar function of V#, it must be solely a function of z = +—V2. In D spacetime
dimensions, (8.262) implies 221" (z) + (D — 3)zI'(x) + 2%I(z) = 0, which for D = 4 is the Bessel

differential equation of order zero. The normalization I(0) = 1 fixes I(z) = Jo(z).

8.8.2 Useful Identities

With the generating functions in hand, we can prove the concrete identities used in the main text.
Most of these identities involve the null frame vectors defined in the conventions. They can be

efficiently handled in the generating function approach because (8.4) implies
02 = 2(q- 0,)(k - Oy) — (e4. - Oy) (e - D). (8.263)

In other words, applying 8,27 produces contractions between the 7 - ¢ and 7 - k components of the
integrand, as well as between the 7 - €, and 7 - e_ components.

As a simple example of this, consider the overlaps of the helicity modes,

(nklibn i) = / (d4n] &' (7 + 1) 1 ()b () (8.264)

= [l 3+ 1) i )i - ) (3.265)

where the top and bottom signs apply for positive and negative h and h'. When h # h’, the result
must be zero because there are an unequal number of copies of ¢, and e_. (Similarly, the result

would automatically be zero if the conjugation in (8.264) was not present, since the factors of e~
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would not cancel.) If h = b/, then for positive h the norm is

(nkloni) = dn ()" (- e-)"(n-ey)" (8.266)
h=0
= dp (=1)" (e - 8y)" (- e2)" (= - 8y)" (- ex)" (8.267)
h=0
=dp (=D ((eg - e_)"A)2 =1. (8.268)

with an identical result for negative h. This shows the helicity basis is orthonormal.
Using this result, we can derive a powerful “master” identity, which reduces certain vector

superspace integrals to integrals over the unit circle in the plane spanned by e, and e_,

db
F

/[d“n} & +1)F(n) = /% when §(n? + 1) k-8, F =0 (8.269)

n=Re(e?fe_)

()

for some null k. The condition above is equivalent to letting
k-0, F=(n*+1)B(n) (8.270)

for an arbitrary analytic function 3.

To prove (8.269) in the special case 8 = 0, consider Taylor expanding F' in the variables n - k,
7 -q, and 7 - ex. Terms involving 7 - ¢ would contribute to the Taylor expansion of k - 9, F', and
so must vanish by assumption. But then (8.263) implies that 7 - k£ terms do not contribute to the
left-hand side, since they have to be contracted with 7-¢ terms. Only terms of the form (n-e; n-e_)"
contribute, with unit coefficients as we have just shown, and this is reproduced by the integral on
the right-hand side.

It is possible, but tedious, to verify (8.269) for nonzero 8 by Taylor expanding both F' and
and evaluating the left-hand side using the generating function. Alternatively, consider decomposing
F = Fy + Fj, where the “homogeneous” solution Fy satisfies k - d,) Fy = 0. The previous paragraph
shows that Fj obeys the master identity, so it suffices to construct a “particular” solution Fj3 which
does not contribute to either side of (8.269). To do this, let

nq
Foln) = | do (* +1+2(n-k)(x—n-q) B+ (z—n- k). (8.271)
By construction, k - 9, annihilates the integrand, so that k- 8, Fs = (> + 1) 8(n) from differentiating
the integral’s upper bound. Now we show that Fjg does not contribute to either side of (8.269). On
the right-hand side, - ¢ = 0 on the unit circle, so the range of the x integral vanishes. The left-hand
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side vanishes because its integrand can be rewritten as a total derivative,

4 . 2 n.q x x— . x— . f—
[iati m(an+4y4 de (@ — - 4) Bln + ( 77@m) 0, (8.272)

as can be checked by carrying out the derivative and using (8.243).
As a first application of the master identity, we prove a result which is often useful when evaluating

projections against helicity modes,
/[d477] 5/(772 + 1)(i77 . ei)hei”'v — etharg(ex-V) Jh(’ /_V2) when V- -k=0 (8.273)

for any nonnegative integer h. Note that the h = 0 case is simply our earlier result (8.255), and that
conjugating the result for the upper sign gives the result for the lower sign. Also note that when
applying this identity to helicity modes with negative h, it is often convenient to simplify the final
result using J_, (z) = (=1)"J,(z).

To prove the result, note that the condition V - k£ = 0 implies V' can be decomposed as

*

v v

where v = €, - V, which in turn implies [v|?> = —V?2. Now, applying the master identity to the
left-hand side of (8.273) gives
. i do . o
Jlams? + -y = [ i epen? (8275)
7T' n=Re(e'fe_)
— / ;Zj 62']1(9—71'/2)61'|4u\ cos(f—argv) (8276)
w
_ eiharg'n / ﬁ eih(a—w/2)ei|'n\cos9 (8277)
27
= etharsv 1, (Jo)) (8.278)

where we plugged in = Re(e?e_) = (ePe_ + e "¢, )/2, shifted 0, and used the integral representa-
tion of the Bessel functions. This is the desired result (8.273) for the upper sign.
Of course, we can also show the result by using generating functions to directly evaluate the

left-hand side. The first term in (8.274) produces factors of 7 - k which have no factors of n - ¢ to
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contract with, so it can be dropped. The left-hand side is then

— (=1/9"h o in h = (i/2) (e 0" —(i/2)(m-e)
Sy (0)" T (i - ey ) e TR e TR e (8.279)
RZ:% (n+ )2 7" * =0
2 (=1/4)"t (n 4+ h n
:Z n—/i—h 2 ( h )((Q)hvhh!) 0| (8.280)

<

which in the first step, h of the copies of 872] acted on an in - €4 and the first exponential, and the
other n copies acted on both exponentials. This is the desired right-hand side.

As another example, we prove the completeness relation for the helicity modes,
> ki k() 8 (0 + 1) 8 (0 + 1) ~ W (=) §'(n* + 1), (8.282)
h

which holds when both sides are integrated over n and n’ against F'(n,n’, k) satisfying

(tk - Oy + p)F
(=ik -0, + p)F

(i +1)8, (8.283)
(n?+1)8" (8.284)

A key physical example is F(n,n', k) = J(n,—k)J' (', k) where the currents J and J' satisfy the
continuity condition (8.69). In that case, (8.282) implies that the continuous spin propagator between
two currents is equivalent to a sum over physical polarizations, as expected by unitarity.

To show the result, first note that the integrated left-hand side of (8.282) is

/[d4n] [d*n'18"(n® + 1)6' (" + 1) Y (e UE (g, k) (- €)™ (' - )M (8.285)
h

where the upper and lower signs apply for positive and negative h. The function in brackets satisfies

the condition (8.270) to apply the master identity in both n and 7/, giving

de do’

2
27 271 (8.286)

P k)Y (- ex) (- e

h

de
n=Re(ee_) :/EF(UJ%M

o —Re(e” c_) n=Re(ei?c_)

as the summation yields a delta function, ), eM0=0") — 97 §(0 — ¢'). On the right-hand side, we

have a single integral over F'(n,n, k), and using the master identity gives the same result.
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8.8.3 Regulated Measure From Analytic Continuation

In this section, we concretely define the regulated measure [d”7] by analytic continuation. While
we have already shown that vector superspace integrals can be determined without specifying a
regulator, this new perspective readily generalizes to any spacetime dimension D and provides
geometric intuition for the identities proven above.

Specifically, we analytically continue to complex n° and rotate the n° integration contourclockwise,
going up the imaginary axis. The resulting integral is naturally expressed in terms of Wick rotated
coordinates 7™ = (n',...,nP~1 —in®), where M = 1,..., D. Euclidean inner products are always
implied for barred quantities, e.g. the quantity n? analytically continues to —72. Integrals over the
Minkowskian unit hyperboloid n? + 1 = 0 thus continue to integrals over a Euclidean unit sphere
72 — 1 = 0. This will yield finite results since the unit sphere has finite area Sp_;.

For any analytic function F(n), we therefore define

/[an] 8(n° + 1)F(n) = z & /dDﬁ 5(7? — 1)F(7), (8.287)
D—1

where the prefactor ensures the normalization condition (8.240) is satisfied. Similarly,

2 _
JlaPn s+ 0Fe) = - [aPasa - vFm) (8.258)
D—1
where the minus sign appears because §'(—x) = —d’(z), and ensures consistency with (8.243). This is

the same definition as used in Ref. [781], though the analogue of (8.288) in that work does not show the

factor of 2. Note that F is also defined by analytic continuation, i.e. F'(7) = F(in?,7",...,7P71) =

F(n).

Recovering the Generating Functions

As a simple example, we will use analytic continuation to evaluate the integral
10V) = [1a) 867 + e (5.259)

As explained around (8.255), this is equivalent to finding the generating function G’, which together
with the property (8.243) determines G and thus all vector superspace integrals. It therefore suffices
to evaluate the above integral for D = 4 to show the equivalence of analytic continuation to the
symmetry-based arguments in appendix 8.8.1.

We define V = (V1,..., VP~1 —iV?) so the integrand can be written in terms of Euclidean inner
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products, - V = —7 - V. Applying (8.287) and the Euclidean analogue of (8.252) gives

2

1 R
IV)=g— /dDﬁ 01 =77) 5y -7 = 2)e™Y (8.290)
= Sl /dDﬁé(l — ) (D —=2+7-05)e TV, (8.291)
D—1

Note that V is complex in general, but it suffices to evaluate (8.291) at real V and analytically

continue the result. Specializing to D = 4, the measure in spherical coordinates is
d*n = |7)>d|q| sin® 0 dO d*Q, (8.292)
where 6 is the angle between 7 and V' and {25 indicates the remaining angular integral. Then

1 [e’e] s _ A
(V) = ng/O dial 61 — 172) |m3/0 i sin?a(z—z'|77||V|cose)wmwlCOS‘"/dm2 (8.203)
1 /™ _ e
== / d6 sin? 0 (2 — i|V | cos f)e VI cos? (8.294)
T Jo

= Jo(|V) (8.295)

where we used Sy = 47 and S3 = 22, This matches our earlier result (8.255), as [V| = v/~ V2.
The D-dimensional analogue of this result is given in Ref. [781], and can also be derived using
spherical coordinates. However, it turns to be simpler to use polyspherical coordinates, even though
they employ weaker symmetry properties of the integrand. To do this, group the 7 coordinates into
a two-dimensional subspace 17, orthogonal to V and a (D — 2)-dimensional subspace 7. Using polar

coordinates for 7y, the measure is

dlnz| d9
dPn = dP~? LLQ‘ (8.296)

and since 77 - V = 7j - V, the integral (8.291) becomes

1 2. . 7 iV
I =357 / P2yl | d6 (1 = il = [nel?) (D =247 dp)e TV (8.297)
Sp-1 Jigi<1
_ S7r / dP~%30; - (i efiﬁ-f/) (8.299)
D-1 Jyq|<1
_ 7 / dDiSQﬁ e—if/ﬁ (8.300)
Sp-1 Jjj1=1

where we performed the integral over iy and used the divergence theorem. The integral thus cleanly

reduces to one over a (D — 3)-dimensional unit sphere. For example, when D = 4 the remaining
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integral is over a unit circle, dQ5 = df, giving
1 2 o B
(V) = 7/ dge=ilV1eos0 — 7)) (8.301)
21 0
in agreement with our previous result.

Generalizing the Master Identity

We now use analytic continuation to generalize the master identity (8.269) to D dimensions, and

shed light on its geometric meaning. We consider the integral

B 2
Sp-1

a7 + 1) F ) = [ Pnear - nE@ (3.302)
where k - 0, F = (n? 4 1)3 for some null k. We first take 8 = 0, in which case k- 9; F = 0.

The first step is to parallel our earlier derivation, but in Euclidean signature. We decompose 7
into a (D — 2)-dimensional subspace 7 which is orthogonal to k, and a two-dimensional subspace 77,
spanned by k and g, which satisfy k2 = ¢> = 0 and k- ¢ = —1. (This is possible because k and G are
complex Euclidean vectors. And as in Lorentzian signature, there is freedom in the choice of g.) The
requirement k - O F =0 then implies that ' cannot depend on 7 - §. To handle the 7 - k& dependence,
we write

F(i,7-k) = F(i) +7-kG(0,7 - k) (8.303)

which is always possible since F' is analytic. The second term does not contribute to the integral (8.302).

To see this, note that & - 0y G = 0, so we may write

/chﬁ(S’(ﬁ2 ~1)7-kG = %/d’?ﬁl& 205 (6(7* — 1)G) . (8.304)

The integrand is a total derivative, which vanishes at infinity due to the delta function.

Therefore, only F'(77) contributes to the right-hand side of (8.302). Now, note that in the derivation

of (8.300), the only property of the function e~V we used was that it did not depend on 7p,. Since

this is also true of F (77), we may use the exact same reasoning to show

/[an] §'(n” +1)F(n) = S;r_l /ﬁ=1 dP=3Q; F(7). (8.305)

Using the recurrence relation Sp_1 = 2nSp_3/(D — 2) and analytically continuing the right-hand

side back to Lorentzian signature (which is trivial when the 7 subspace does not contain 7°) yields

/[an] &'(n” +1) F(n) = 2[;;_2 /S dP=3Q; F(n), (8.306)
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where 7> = —1 and - k = 0 on the sphere S;. This is the generalized master identity. For D = 4,
Sj is a unit circle in the plane spanned by e - 1, which recovers (8.269).

The above proof only applies to S = 0, but our earlier method to generalize the proof to nonzero
[, based upon constructing an explicit particular solution, carries over unchanged. Also note that for
Lorentz scalar F, the right-hand side of (8.306) is not manifestly Lorentz invariant. However, any
Lorentz transformation that fixes k& simply maps the sphere S5 to another sphere which satisfies the
same condition 7 - k = 0, leaving the result unchanged.

Our derivation above sheds light on why a useful identity should exist specifically for a ¢'(n?+1)F
integral and a null k. If we had a timelike k, such as k* = (1,0,...,0), then we would only have been
able to conclude that F' does not depend on 7%, and performing the 7° integral leaves an integral
over a (D — 1)-dimensional ball. For null k&, we have seen that we can drop dependence on both 7 - k
and 7 - g, leaving an integral over a (D — 2)-dimensional ball. Finally, 6'(n? 4+ 1)F turns out to be a
total derivative, which would not have been true for §(n? 4+ 1)F, reducing the integral to one over a
unit (D — 3)-sphere.

This is an enormous simplification, especially when D = 4. It is connected to the observation
in Ref. [781] that, to encode spin in a scalar function of 7 and z, the function must be defined on
the first neighborhood of a hyperboloid in 7-space. Indeed, the final integral over Sj is an integral
over the continuous basis for CSP representations of the massless little group ISO(D — 2) in general
dimension, e.g. for D =4 it is an integral over the angle basis |#) mentioned below (8.7). This is the
fundamental reason the action (8.1) may be written solely in terms of integrals over §(n? + 1) and

§'(n? + 1), without requiring 6”(n? + 1) or higher derivative terms.

A Non-Entire Example

While most expressions we encounter are analytic everywhere in 77, we can also encounter expressions
with branch cuts, such as the static field (8.96) which depends directly on |n| = W Integrals
of such functions are still well-defined by either the generating functional or analytic continuation
approach because they are analytic in an appropriate region. As a simple example, consider the
integral

1= [l 507 + 1) (3.307)

The integrand does not have a Taylor expansion about 7 = 0 because of the branch cut starting
at the surface >, n? = 0, which passes thorugh the origin. However, on the support of the delta
function the integrand is equivalent to /1 + (7°)2, which does have a Taylor expansion. We can

thus use the generating function (8.251) to conclude

I= /{d“n] S + 1)1+ (10)2 == 2573;,()22"(;3);), = 3%. (8.308)

n=0
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Alternatively, |n| is analytic in 7°, so that by the definition (8.287) we have

I= 533 /d4775(172 -1 nl = gz/o sin® 0 = 3% (8.309)
by analytic continuation. By similar reasoning we can make sense of any integral over §(n? + 1) of a
function of |n|, and by applying (8.252), any integral over &'(n? + 1) as well.

We do not have a precise definition of the space of functions F'(n) for which the integrals (8.238)
are well-defined, but this toy example illustrates that the space includes non-entire functions. It may
be valuable to define this space more carefully, and in particular to understand whether allowing
fields ¥(n, z) non-entire in 7 would admit physically inequivalent solutions to the free equation of
motion (8.19).

8.9 Appendix: Vector Superspace Computations

This appendix collects derivations of more technical results. In App. 8.9.1 we prove the statements
made in subsections 8.2.2 and 8.3.2, which relate the continuous spin theory to familiar theories
when p = 0. In App. 8.9.2 we parametrize the set of all worldline currents obeying the continuity
condition, and in App. 8.9.3 we compare the results to currents built from matter fields. In App. 8.9.4
we compute the spacetime profiles of some simple currents by evaluating integrals with essential
singularities, deriving results quoted in subsection 8.4.1. Finally, in App. 8.9.5 we establish some

results for radiation emission quoted in section 8.6.

8.9.1 Tensor Decompositions
Absence of Cross-Couplings of Tensor Fields

In subsection 8.2.2, we claimed that for p = 0, the action and equation of motion do not contain
cross-couplings between distinct tensor fields. To show this, we first recall that gauge symmetry
allows us to add terms proportional to (7% +1)? to the field ¥. This freedom is sufficient to eliminate
the double trace of every tensor component, i.e. gb(")// =0 for n > 4.

For fully symmetric, double-traceless tensors ¢(™ and (™ of rank n and m, we have
/ [d*n]8'(n* + 1) Py - 6™ Py - 0™ o< (8.310)
/[d4n] 50 + 1) APy - 6™) A(Pmy - ™) ¢ G- (8.311)

These show that there are no cross-couplings in the first and second term, respectively, of the action
and equation of motion.

Let us first motivate (8.310), taking n > m without loss of generality. As shown in appendix 8.8.1,
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the 1 integrations above produce full contractions of the tensors in the integrand. If n —m is odd, the
total number of indices is odd, so no full contractions exist. If n —m > 4, at least two pairs of indices
on ¢™ must be contracted, which produces a double trace which vanishes by assumption. Similar

logic applies to (8.311), so in both cases we need only check there is no contribution from n —m = 2.

Proof of the Orthogonality Theorems

To derive (8.310), note that since the tensors are double-traceless, the only possible contribution
when n = m+ 2 is of the form ¢(m+2)/ (™) 5o we must show its coefficient vanishes. The coefficient

is simplest to calculate by rewriting the main results of appendix 8.8.1 as

/[d477] S+ 1)pkaghz .o = &, (gHihez ... ghan—1k2n 4 other pairings) (8.312)

/[d477] §'(n? 4 1) ptrinh2 .. ph2n = d,, (gM+2 ... gl2n—1H2n | other pairings) (8.313)

3

where ¢, = (—=1/2)"/(n +1)! and d,, = (—1/2)"/n!, and we sum over the (2n — 1)!! distinct ways to
pair up indices.

Now, we write the integral in (8.310) as a sum of three integrals,

2(n+m)/2¢y1.‘.und)m.-.#m « [/[d477] 5'(772 + 1) Ny Mo My *** Ny, (8.314)
n(n—1
: 1 E gmuz/[d‘*n] (0 + 1) Mg = Mo My =T, (8:315)
m(m —1)

+ 4 Jmpe /[d477] S(” + 1)1, - MvaMus = Nm (8.316)
where we simplified using (8.241) and (8.243) and removed a redundant symmetrization. The final
integral (8.316) cannot produce terms of the form ¢(m+2)/ (™) since it already contains a trace of
(™) so we need only consider the first two integrals.

In the first integral (8.314), we count pairings which contract two v indices, and pair all remaining
v indices with p indices; this yields a combinatorial factor of (m; 2) m!. The second integral (8.315)
already has a trace on ¢("+2) so we only count pairings where all remaining v indices go with

indices; this yields a combinatorial factor of m!. The overall coefficient is

- 2 2 1
gt {dmﬂ (m; ) ml+ & w ml] —0 (8.317)
which establishes the result.

It will also shortly prove useful to derive the value of the integral when m = n,

n(n —1)

/[d4n] 5 (0 + 1) Py - 6™ Py - ™ = (<1)" (¢,<n> 0 - 202D ¢<n>’> (8.318)



CHAPTER 8. CONTINUOUS SPIN FIELDS 269

The two terms on the right-hand side are the only ones that could have appeared, so we need only
compute their coefficients. Only (8.314) can produce ¢(™ -1)(™) terms, with coefficient 2" d, nl = (=™
as desired. By contrast, all three integrals can produce qb(”)/ . 1/1(”)/ terms. The relevant combinatorial
factor for (8.314) is (g)z(n —2)1, and the combinatorial factor for each of the other two integrals is
(5)(n — 2)!, giving a total coefficient

on [dn (;L)Q(n — )+ 26,1 w (’;) (n— 2)!] = (—1)"1 w (8.319)

as desired. One immediate consequence of (8.318) is that the action (8.9) has canonically normalized
kinetic terms for the tensor fields ¢("). The alternating sign (=1)™ is due to the mostly negative
metric, as the physical components of ¢(™ have n spatial indices.

The other orthogonality theorem (8.311) can also be derived with straightforward combinatorics,

but there is a faster route. The integral contains terms of the form

nin —1)

A(Ppyy - ¢)(n)) o 0y (77”1 st — 1

Wtz gt (i o 1)) O, (8:320)

where the 7 derivative can hit any of the n factors of 5 in the first term, but must hit the factor of

n? + 1 in the second term due to the delta function. The result is

n n(n—1 y )/
nptt - ptn=1(9 - ¢( ))m...un_l _ %nm cophnezp 3»¢( )m---un—z (8.321)
which, by symmetry, is equal to
1 )
.. phnet <(5 . ‘b("))m...unq -3 Z allzk¢(n)ul...uk_1ﬂk+lu-u’n1) . (8.322)
k=1

The quantity in parentheses is traceless. Thus, the integral (8.311) involves contractions of traceless
tensors, which can only be nonzero if m = n.
Dual Polynomials for the Current Expansion

Now we motivate the “dual” polynomials (8.66) used to define the tensor components J (") of the

current. If we expand J(n,z) in the same polynomials as the continuous spin field,

J(na x) = Z P(n) (7]) ](n) (CU) (8323)
n>0
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and use the freedom to add terms proportional to (n? 4+ 1)? to the current J to eliminate the double

trace of every 5™, then (8.318) immediately implies

n>0

The unwanted trace terms for n > 2 can be removed if we define tensors J™) by

1 !
(n _ s(n s .(n
J[Ll»)»-lln = jl(tl?»-ltn 4 (TL — 2)| g(/u,uz.?“gm“n)

(8.325)
where J(?) is the trace reversal of (2, and generally Jm' = (1-— n)j(")/ with double traces still
vanishing. This produces an interaction (8.67) in canonical form, and is equivalent to expanding the
current in the dual polynomials P(n) defined in (8.66). For completeness, we note that the p(n) obey
an orthogonality relation like (8.310), and the analogue of (8.318) is

mn+1)
4

/ [d*n) &' (% + 1) Py - J™ Py - K™ = (—=1)" (JW LK™ — Jm'. KW) (8.326)

for double-traceless J(™ and K™,

Conservation and Continuity Conditions

Finally, we derive the tensor form (8.70) of the continuity condition. Note that for a symmetric

tensor A of rank n, the trace subtraction is defined for n > 2 by

1

gy oA (3.321)

<AN1-~'Nn> — A/“l-“ﬂn _
and has no effect for n < 2.
We warm up by considering the case p = 0, where the result reduces to (9 - Ji,y) = 0. To derive

this result, note that the continuity condition (8.69) expands to

n n—2
0=0(n*+1) Z 2P0y My M M (0 + Ty )P 4 1 (@ - J(my)retin=r] (8.328)
n>1
=07+ 1) 2P, i, (0 Ty (8.329)
n>1

where the second term in the first line is only nonzero for n > 3, and we reached the second line
by multiplying that term by —n?, which is equal to one on the support of the delta function. We
can show that each term in the sum individually vanishes by induction. Integrating (8.329) over
7 immediately produces (9 - J(1)) = 0, because all other terms would be proportional to vanishing

traces. Next, suppose we have shown (9 - J,,y) = 0 for all n < m. Then if one multiplies (8.329) by



CHAPTER 8. CONTINUOUS SPIN FIELDS 271

My, - - - Ny, before integrating over 7, the only term that can contribute is n = m + 1, and performing
the integration yields (0 - Jimm+1)) = 0.

For p # 0, a similar calculation to the one above shows the continuity condition is

p 1 H1--Mn—1
0= 6(,’72 + 1) Z 2”/271 nul . an71 <a . J(n) + ni\/i<t](n71) + 2J(/n+1))> (8330)

n>1

and an identical inductive argument shows that each term in the sum vanishes.

8.9.2 General Worldline Currents

In this section we parametrize the general f(n,k, %) obeying the continuity condition (8.74), and
derive the general decomposition (8.87). We also give a simpler parametrization specialized to null k,

and another suited for static particles.

General Solution for Null Momenta

We warm up by writing the general solution to the continuity condition for only null k. First, note

that any solution can be decomposed as
Flnks2) = e (foln ke 2) 4 falno e 2)) (8.331)
where the “homogeneous” solution fo and the “particular” solution fa obey

k- 9y fo =0, (8.332)

We have factored the phase of the scalar temporal current (8.76) out of tilded variables, which is not
necessary, but yields the most convenient parametrization for radiation problems.

To find the general homogeneous solution for null k, note that its dependence on 7 can be written
solely in terms of the variables 1 - 2, n - k, and n? + 1. We drop terms with more than one power
of 7% + 1, as they can never couple to the continuous spin field due to the delta function in (8.63).
Since k - 0,) annihilates 7 - k, the general solution is parametrized by two analytic functions of 7 - £

and the single kinematic variable k - 2,

- ) - Z .
fo=g0(n-k,k-2)+ <n2+1—2n~k2.2> g1(n-k,k-2). (8.334)

For null k, we can construct a particular solution using the same trick as in appendix 8.8.2,

fa/On.qdm(n%rl2n-k(n-qw))a(n(n'qx)k,kw') (8.335)
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While many other particular solutions are possible, this one has the special feature that it vanishes

when 7 - ¢ = 0, i.e. all terms in its Taylor expansion have at least one power of 7 - q.

General Solution for Arbitrary Momenta

It is straightforward to extend the above derivation to general k. As before, we may drop terms
with more than one power of 72 + 1, and the remaining 7 dependence is through 7 - 2 and 1 - k. The
general solution still depends on only three functions gg, g1, and «a, but they can now depend on two
independent kinematic variables k2 and k - 2.

In general, k - 0, does not annihilate n - k. However, if we define

e _nz
u=mn-k k-ék’ V=0 (8.336)
then k - 0,y u = 0. In these variables, we have k - 0, = 0, so the homogeneous solution is
fo=goluk -2,k + (n* + 1 — 2uv — v?k?) g1 (u, k - 2, k?). (8.337)

As for the particular solution, we can no longer use the null frame vector ¢, but the same role can be

played by Z/k - Z as it also has unit inner product with k,

fam [ o0 41200 0) - (2 - U aln - 0 -k k). (833)

These expressions contain the full freedom in the solutions to the continuity condition.

To derive the decomposition (8.87) of the general solution, it suffices to show that
FOnk,2) = e #1382 gk - 2) + K2 X (n, k, 2) + DE(n, k, ) (8-339)

where X and ¢ are both regular as k> — 0. This is because the continuity condition automatically

implies a relation between X and &,
0=0(n*+1DAf =8n*+1)(K*AX — k%) (8.340)

where we used the momentum space form of (8.27). Since we have dropped terms in X and & with
more than one power of n? + 1, this implies ¢ = AX and hence (8.87). Equivalently, we can always
add terms proportional to (7% + 1)2 to set £ = AX for any current.
It is convenient to work entirely in terms of tilded variables, which all have the temporal current’s
phase factored out. Defining _
D= %(nQ +1)(k-8,) —in-k (8.341)

we aim to show that f = § + k2X + DE. First, using —2iDv = 1% + 1 — 2uv — 202k2, we can write
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the contributions of g; and « as

fo O D(=2ig1v) + k*(g1v?), (8.342)

~*~Ux7ivfxa7vfx 2vxvfx2afvfx
foz*D\/Od (—2d)( Jor(n — ( )k)+k/0d( )7a(n — ( )k). (8.343)

From these results we can read off X and £, and also readily confirm the expected result £ = AX =
(—ik - 9,)X, by using Av = —i and A(n — (v — z)k) = 0.

As for gy, we can decompose it by separating out terms with powers of u or k2,
go(u, k- 2, k%) = g(k - 2) + ugy(u, k - 2) + k2 g (u, k - 2, k?) (8.344)
which we can write in the desired final form as
fo D> g+ (k* 4+ DA) (g — guv). (8.345)

General Solution for Static Particles

For computations involving static particles, where 2* = (1,0), a time integration often sets the
frequency to zero, so that k* = (0,k) and k- 2 = 0. In this case the expressions above are not useful
because they factor out a divergent phase, which is tied to the problems with defining a static limit
for the temporal current. We instead parametrize the general static solution by factoring out the

phase of the static spatial current,

f(n,k) = e= P RKL(fo(n, k) + fa(n, k) (8.346)
so that the homogeneous and particular solutions satisfy

k-Vyfo=0, (8.347)
k- -V, fo=0*+1)a(nk). (8.348)

To compactly write the general solution, note that the dependence on 7 can be written in terms of
the variables n°, ) - 1A<, and |n x 1A<|2 In these variables, (8.347) states that the homogeneous solution
must be independent of 7 - k, and the decoupling of higher powers of n? + 1 implies we do not need
to consider terms with more than one power of | x R\Q Then the general homogeneous solution is
simply

fo = go(n", [K[) + Im x k|* g1.(n", k). (8.349)

For example, the scalar-like inhomogeneous current (8.79) has go = g cos(n°Bp?/|k|?) and the vector-

like spatial current (8.83) has gg = V2 en®, with both having zero §;. Finally, a particular solution
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is

- n-k/|K]| . . .
fom [T e 4 1= R ) alr - (k- ol (5350

8.9.3 Comparison to Currents From Matter Fields

In section 8.3 we coupled continuous spin fields to matter particles and identified the most relevant
interactions, which reduce to familiar scalar and vector minimal couplings as p — 0. It is interesting
to compare to previous work which instead described the matter with fields [807, 809, 808, 810]. The
most comprehensive analysis for scalar matter fields is Ref. [810], which gives a current quadratic in
matter fields ¢; and ¢o of mass M, parametrized by nonnegative integers ng, ni, and ns, and two
real parameters A\; and \g related by p = (A + Ao) M 2. For illustration, let us consider the case

ng = 2, ny = ny = 0, which in our conventions is

A1+ A2
2

J(1,2) = g0 02)(B162) + gl + 1) (2M2 Fid - (2 n p- am) 0", fwz) - (3351)
Above, we have defined ¢; = ¢;(z + A\;n), which should be interpreted as a series in ;. It is
straightforward to show this current obeys the continuity condition for on-shell matter fields, but only
to first order in the coupling g, i.e. only when one uses the free equations of motion (9% + M?)¢; = 0.
This feature is shared by all currents previously found, and it is therefore unclear to what degree
they can be trusted when computing physical observables.

Furthermore, these currents have no relation to the phenomenologically interesting scalar-like
or vector-like currents we have identified. The leading terms in the currents have n = ng + ny + no
derivatives, while a minimal scalar or vector current has 0 or 1 derivative, respectively. Thus, the
currents could only be scalar-like or vector-like for n < 2, but when ng < 2 the current contains
undefined negative powers of 1. As discussed in Refs. [808, 810], if one treats these negative powers
as equivalent to zero, then the continuity condition cannot be satisfied even at first order in g for
equal mass scalar fields.

One might hope the current (8.351) is somehow a tensor-like current, but this is not the case either.
In the limit p, A\; — 0 it instead reduces to a combination of a nonminimal current J = 92(¢?)/2 for a
scalar field, and a trivially conserved current 7}, = (0,0, — guy82)¢2 for a tensor field. Furthermore,

the current in general can be rewritten in the form (8.339),
. 2(9, 2 I 7 77
J(n,) = =02 ($0? +1) (9102)) + Dlgn- 0a(9162) (8.352)

which indeed obeys (8.340). As discussed below (8.87), this implies the current does not affect
radiation emission or the response of the matter to a free field background; in our classification it
corresponds to the trivial case § = 0.

It would be interesting to see if the currents in our work, which satisfy the continuity condition
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to all orders in g, can be recovered in terms of matter fields by relaxing the assumptions of
Ref. [807, 809, 808, 810]. In particular, one could either allow explicitly nonlocal Lagrangians or

resolve the nonlocality by introducing appropriate auxiliary fields.

8.9.4 Fields and Currents in Spacetime
The Scalar-Like Spatial Current

To evaluate the scalar-like spatial current in position space, it turns out to be easier to first evaluate
the field, which satisfies Wg(n,k) = Js(n,k)/|k|? in strong harmonic gauge. Defining k = |k,
expanding dk = (k2 dk) dk and performing the k integral gives

Wg(n,r) = % /OOO dk Sin|£|?’7’7k{k__k§r|) (8.353)
_ g [, sin(Vall—1/2)?+5)
- /O d e (8.354)

where we have switched to the dimensionless variable z = k\/W , defined o = |pn|r and
B =2(1 — cosf), and always use the positive branch of the square root. The remaining integral is
difficult to evaluate directly because of the essential singularity at * = 0, but we can avoid it by
exploiting the symmetry of the integrand. Mapping the integration range x € [0,1] to x € [1,00) by

sending x — 1/x gives, for any function f,

/OOO da (0 — 1/2)?) = /100 da (1 " ;) Fl(z—1/2)) = /Ooo duf@?).  (8.355)

Applying this trick, the static field reduces to

[e%s) : 2
st = g [ D) (350
. /0 dz sin (y/aB cosh ) (8.357)
= = Jo(+/aB) (8.358)

where we let u = /3 cosh z and used an integral representation of the Bessel function. This is

precisely (8.96), applying —V? yields (8.95), and removing the time integration yields (8.89).

Temporal Currents

The frequency integral (8.91) for the scalar-like temporal current encloses an essential singularity
at w = 0. While this situation may be unfamiliar, such integrals are well-known in the literature

(e.g. see section 4.6 of Ref. [837]) and can be handled straightforwardly because the integrand has a
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convergent Laurent series for all z # 0. The basic identity we will need is

d o (+1)/2
/ B2 oy e=ivzgials _ (%) T g (2Vab) (8.359)

027('

where C' is a counterclockwise contour encircling the origin, and p is a nonnegative integer. It is

derived by simply expanding the integrand in z and applying the residue theorem,

L%( ) —ibz 7za/z_/ dz Z sz ( Z:‘r{"z)m (8360)

n,m>0
= —iaP*t! 8.361
la /QWZZTL'TL+[)+1) ( )
p+1
=a va n+p+1) (8.362)

Note that we would find the same result if any of the p + 1 initial terms in the Laurent expansion of
e~%/% were removed, because such terms cannot yield simple poles.
Now, to evaluate (8.91) we rewrite the integrand as
dw —iwt —ipn°®/w dw —iwt dw —iwt (,—ipn® Jw
— = | — — -1 8.363
/ m e o € + or ¢ (e ) ( )
where the first integral yields 6(t), and the second falls off at large w, so that the contour integral can
be closed at infinity. We may therefore close the contour in the upper-half plane for t < 0, giving zero,
and in the lower-half plane for ¢ > 0. In the latter case, we can shrink the contour to a clockwise

one enclosing the essential singularity and apply (8.359), which yields the result (8.92). Similarly, to

derive (8.94) for the vector-like temporal current, write

2 d ) di ) )
e = Y2 ([ 5o mPens [Grivett @ mipp/a) (300

21

where the first term produces the delta function and the second can be evaluated using (8.359).
Incidentally, for real a, integrals like (8.359) are well-defined even when the contour passes directly

through the essential singularity along the real axis, where the integrand is bounded. When a is

positive (negative), the contour can be deformed off the origin in the positive (negative) imaginary

direction, and the remaining integral can be evaluated using (8.359).

Currents for Arbitrary Motion

For completeness, we note that it is straightforward to write expressions for the currents of particles
in arbitrary motion, once one has evaluated the current of a worldline element at rest. For example,

if we expand k* = kezH(T) + k', where % -k, = 0, and do the same for z and z, then the scalar-like
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temporal current is

3
Jr(n, x) :g/dzr/(d2k)1;e_ikp'(xp_zp)/d2k€e_ipnf/(kf+i6)e—iké(xz—Z[). (8.365)
s s

By the same reasoning used to derive (8.92) above, we have

0

Jr(n,x) = g/dT 5@ (x—2) —0(xp — 20) §® (xp — 2p)

I (QW) . (8.366)

Te— 2

Performing the 7 integral for a static particle with a cutoff 7 = —T yields (8.97). Similarly, the

scalar-like spatial current is

dBkP —ikp-(xp—2p) ,—ipkp-np/k>
Js(n,x) = g/dT/ o) O(xe—z0)e e (8.367)

where the k, integral can be evaluated analogously to (8.90). However, while expressions like these
make the spacetime support of the current manifest, they are seldom useful for calculating physical

quantities, where the momentum space expressions are more convenient.

8.9.5 Radiation Emission Results
Gauge Invariance of the Averaged Stress-Energy Tensor

As discussed in section 8.6.2, it suffices to consider the variations of the second and third terms of
T in (8.212) under an infinitesimal gauge transformation §.¥ = De. Since we are implicitly taking
a spacetime average, we can freely integrate spacetime derivatives by parts, and we can simplify
terms involving the operator D using the identities (8.27) and (8.28).

First, defining € = 0”¢ for brevity, the variation of the second term is
0Ty = —2/[05477] &' (n* +1) ¥ D(9"9"e) (8.368)
= - /[d4n] UA(S(n? +1)0e”) (8.369)

=~ [l ser + 1) aw) ore (8.370)
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where we integrated by parts and used (8.28). The variation of the third term includes

0Ty = —% /[d477] O (8(n” +1) ADe) 0" (8.371)
= [t opsee + n e (s.372)
= /[d‘*n} (02W) (;5(7,2 +1)0ke” +6'(n” +1) nﬂ&) (8.373)

where we integrated by parts and used (8.27). The other part of the third term’s variation is

0T(y = % / [d'n] 6(n® + 1) (AW)(0}0" De) (8.374)
= % /[d477] 5% + 1) (AD) (- 9,)(Dle”) + (9" — 1" A)e”) (8.375)
= /[d4n] S(n? +1) (AD) <;(n F0,)(Oe”) + O’ — ;Anw> (8.376)

where we simply performed the 7 derivative using the definition of D. The middle term of this

expression cancels with 5T(‘; '; The last term cancels with the last term of 5T(‘;l)' upon using the

equation of motion (8.19). Finally, note that multiplying the equation of motion by 7 + 1 and
simplifying gives the identity
S+ 1) 020 = 6(n* +1) (- 0,)AT (8.377)

which implies the remaining two terms cancel.

Stationary Phase Approximation for Total Power

Here we extract the scaling behavior of the integral

T T 1. ,
dt dt’ . o plvi(t) —vi(t)]
2 inwo (t—t")
I= E n /0 —/0 —e Jo ( . (8.378)

nw
n>0 0

Consider an arbitrary generic linear motion, meaning that v, (t) = vof(wot)sin @ where vy is the
typical speed, and f(¢) is an order one periodic function with order one derivatives. Defining

x = (pvg/wp) sin @ and changing variables to the phase sum and difference gives

13 [l [avenen (S0 + 072 - 16~ 972) (3.379)
— [0 S w [ o g () ) (5.380)

n>0
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where gy (¢) is another order one periodic function. Since z and n are large, the integrand is
rapidly oscillating and thus dominated by contributions from points of stationary phase. Using the

asymptotic expansion of the Bessel function gives, up to overall phases,
I~ [dg S n? / d | = eilnétegs /n), 8.381
[ Sont faoyf5e (3.381)

The integrand has stationary phase when n + xg;), /n = 0, which is generically possible only when

n < y/x, and at such points, the rate of change of phase is xgg, /n. Then we have

/ vz
I~ / d¢ / dnn®Z ~ g (8.382)
0 X

\/ 9

where the ¢’ integral is of order one because gg, is generically of order one. This recovers the scaling

exhibited in (8.231), as well as the rough distribution of the power in harmonics.
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